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PREFACE. 

The present Wotk on Elementary Trigonometry 
contains that part of the subject which can con- 
veniently be explained without the use of infinite 
series. It is intended either for class-teaching or 
for private study. Accordingly the Examples are 
numerous and for the most part easy. Those which 
are not original have been selected from the Cam- 
bridge and Army Examination Papers of the last 
few years. 

The Miscellaneous Examples are somewhat more 
difficult, and should in most cases be postponed until 
the student reads the subject for the second time. 

The order in which the chapters are read may 
be varied at the discretion of the Teacher. 

The last three Chapters are not required in the 
Previous Examination of Candidates for Honours at 
Cambridge. 

J. B. L. 

Etoiv, 
March, 1882; 



In the Second Edition a short course has been 
indicated for the use of Students who wish to read 
the Solution of Triangles as early as possible. Such 
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vi PREFACE. 

Students are advised to omit every article that is 
marked with an asterisk. 

A double asterisk has been placed before those 
articles which should be omitted by all Students 
until they are reading the subject for the second 
time. 

At the suggestion of Mr H. S. Hall, Master at 
Clifton College, an Appendix has been added con- 
taining examples of a kind which occurs frequently 
in Examination Papers and which illustrates the 
principles explained in Chapters XVI. and XVII. 

GONVILLE AND CaIUS COLLEGE, 

August, 1884. 
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CHAPTER I. 
On Measurement. 

1. It is usual to say that we have measured any con- 
crete quantity, when we have found out how many times it 
contains some familiar quantity of the same kind. 

We say for example, that we have measured a line, when we 
have found out how many feet it contains. We say that we have 
measured a field, when we have found out how many acres or 
how many square yards it contains. 

2. To know the measurement of any quantity then, we 
must have two things. First, we must have a unit^ or 
standard of reference, of the same kind as the thing 
measured. Secondly, we must have the measure, or the 
number of times the thing measured contains the unit, or 
standard quantity. 

3. Hence, the moasuro of a quantity is the nxuuber, 
and the unit is the Concrete quantity^ by means of which 
it is measured. 

Example 1. A line contains 261 feet. Here the measure or 
number is 261 and the unit a foot. 

Example 2. What is the measure of 2^ miles when a yard 
is the imit ? 

2 J miles =f x 1760 yards, 

=4400 yards =4400 x 1 yard, 

therefore the measure is 4400 when a yard is the unit. 
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2 TRIGONOMETRY. 

Example 3. What is the unit when the measure of a field of 
10 acres is 242 ? 

10 acres 



10 acres =242 X- 



242 



.-. the unit IS — ^^o" =200 square yards. 

Example 4 If the unit be a yards, what is the measure of 

h miles? 

h miles=6 x 1760 yards, 

- ., 6x1760 , 

.*. miles= x a yards, 

^, . , . 6 X 1760 
.*. the measure required is -. . 



EXAMPLES. L 

(1) What is the measure of 1 mile when a chain of 66 feet is 
the unit ? 

(2) What is the measure of an acre when a square whose 
side is 22 yards is the unit ? 

(3) What is the measure of a ton when a weight of 10 stone 
is the unit ? 

(4) The length of an Atlantic cable is 2300 miles and the 
length of the cable from England to France is 21 miles. Express 
the length of the first in terms of the second as unit. 

(5) The measure of a certain field is 22 and the unit 1100 
square yards : express the area of the field in acres. 

(6) Find the measure of a miles when h yards is the unit. 

(7) The measure of a certain distance is a when the unit is c 
feet. Express the distance in yards. 

(8) A certain sum of money has for its measures 24, 240, 
960 when three different coins are units respectively. If the first 
coin is half a sovereign, what are the others ? 
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ON MEASUREMENT. S 

* 4. The measure of a quantity is the number of times 
which that quantity contains the unit. 

We may express the same thing in different ways, 
(i) The measwre of a quantity is the ratio of that 

quantity to the unit. 

(ii) The rneasure of a quantity is the firaction that 

the quantity is of the unit 

* 5. This last statement is in the language of Arith- 
metic, and the word ' fraction ' is to include whole numbers, 
and improper fractions. 

* 6. The following are therefore different forms of the 
same question : 

(i) What is the measure of 4 miles when 66 feet is 

the unit 1 

(ii) How many times does 4 miles contain 66 feetl 
(iii) What is the ratio of 4 miles to 66 feetl 
(iv) What fraction of 66 feet is 4 miles ? 
Example (i) What is the measure of a yards when h feet is 

the imit ? 

a yards = 3a feet=-T- x h feet, 

,, . 3a 

.*. the measure is -r- . 

(ii) How many times does a yards contain h feet ? 

As in (i), a yards=-r- x h feet. 

3a 
Answer, -r- times. 



(iii) What is the ratio of a yards to h feet ? 

As in (i), a yards=-T- x b feet, 

a yards _ 3a 
•'• TfSr""T' 

•. the required ratio is -r . 



b 



1—2 
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4 TRIGONOMETRY. 

(iv) What fraction is a yards of h feet ? 
. . ,...v a yards 3a 

^"'('")' 6feiF=T' 

.•. the required fraction is -j- . 



« EXAMPLES, n. 

^^1) The ratio of the area of one field to that of another is 
20 : 1, and the area of the first is half a square mile. Find the 
number of square yards in the second. 

(2) The ratio of the heights of two persons is 9 : 8, and the 
height of the second is 5 ft. 4 in. What is the height of the first ? 

(3) The measure of a field with 3 acres for imit is 65. Find 
the ratio of the field to an acre. 

(4) One field contains a second of 2 J acres, 6 j times. 
What is the measure of the first field in terms of the second ? 
What is the ratio of the first field to the second ? 

Express the first as the fraction of the second. 

(5) A certain weight is 3*125 of a ton. 
What is its measure in terms of 4 cwt. ? 
How many times does it contain 4 cwt. ? 
What is its ratio to 4 cwt. ? 

What fraction is it of 4 cwt. ? 

(6) The ratio of a certain sum of money to 3 guineas is ^. 
Find its measure in terms of one pound. 

Find the unit when its measure is 22. 

(7) What is the measure of a miles when h chains is the 
unit? 

How many times do a miles contain c chains ? 
What is the ratio of a miles to d chains? 
What fraction is a miles of k chains ? 
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EXAMPLES, n. 6 

(8) What is the unit when the measure of £20 is ^ ? 
£25 contains a certain sum ^^ times. What is that simi 7 
The ratio of £30 to a certain sum is ^. What is that sum ? 
The fraction which £10 is of a certain sum is ^^. What is 
that sum? 

7. It is explained in Arithmetic, in the application of 
square measure, that the measure of the area of a rectangle 
is found in terms of a square unit, by multiplying together 
the measures of the sides in terms of the corresponding 
linear unit. 

Example, Find in square feet the measure of a square 
8ur£a<;e whose side is 12 feet. 

The area is 12 x 12 square feet = 144 x 1 square foot, 
.*. the measure required is 144. 

8. We shall apply this result to Euclid I. 47. 

Example 1. The sides containing the right angle of a right- 
angled triangle are 3 ft. and 4 ft. respectively ; find the length of 
the hypotenuse. 

Let X be the number of feet in the hypotenuse. 

Then by Euclid I. 47, the square descTibed on the side of 
X feet = the sum of the squares described on the sides of 3 feet 
aad 4 feet respectively, 
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6 TRIGONOMETRY. 

/« tt^ square feet»9 square feet +16 square feet 

b25 square feet, 

Therefore the length of the hypotenuse is 5 feet 

MxampU 2. Find the length of the perpendicular drawn 
from the vertex to the base of an isosceles triangle whose equal 
sides are 10 feet each, and whose base is 12 feet. 

Let ABG be the isosceles triangle such that AB is 10 feet, 
AGia 10 feet and BQya 12 feet. 




Draw AB perpendicular to BQ* 

Then because the triangle ABG is isosceles AD will bisect 
the base ^(7in 2) ; therefore ^i> is 6 feet. 

Let AB contain x feet. 

Then by Euclid I. 47, the square on ^-5=the sum of the 
squares on BB and AB. 

.'. 10* sq. ft.=6« sq. ft +a;8 sq. fL 
.-. 102=62 +a;«, 
.-. 4;2«ioo-36, 

.\ a?=8. 
Therefore the required length of AB is 8 feet 
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EXAMPLES. III. 7 

Example 3. Find the length of the diameter of the square 
one of whose sides contains a feet. 




Let ABCD be the square, so that AB is a feet, and AD is a 
feet. 

Let the diameter BD be x feet. 

Then the square on i>^=the sum of the squares on DA 
and AB. 

.-. Ji^ sq. ft.=a2 sq. ft. + a* sq. ft. 

.-. 07=^2. <«. 
Therefore the required length of the diameter is ^2 . a feet 



EXAMPLES, m. 

(1) Find the length of the hypotenuse of a right-angled 
triangle whose sides are 6 feet and 8 feet respectively. 

(2) The hypotenuse of a right-angled triangle is 100 yards 
and one side is 60 yards : find the length of the other side. 

(3) One end of a rope 52 feet long is tied to the top of a pole 
48 feet high and the other end is fastened to a peg in the ground. 
If the pole be vertical and the rope tight, find how far the peg is 
from the foot of the pole. 

(4) The houses in a certain street are 40 feet high and the 
street 30 feet wide : find the length of the ladder which will 
reach from the top of one of the houses to the opposite side 
of the street. 
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8 TRIGONOMETRY. III. 

(5) A wall 72 feet high is built at one edge of a moat 54 feet 
wide ; how long must scaling ladders be to reach from the other 
edge of the moat to the top of the wall ? 

(6) A field is a quarter of a mile long and three-sixteenths 
of a mile wide : how many cubic yards of gravel would be 
required to make a path 2 feet wide to join two opposite comers, 
the depth of the gravel being 2 inches ? 

(7) The sides of a rectangular field are 4a feet and 3a feet 
respectively. Find the length of its diameter. 

(8) If the sides of an isosceles triangle be each 13a yards 
and the base 10a yards, what is the length of the perpendicular 
drawn from the vertex to the base ? 

(9) Show that the perpendicular drawn from the right 
angle to the hypotenuse in an isosceles right-angled triangle, 

each of whose equal sides contains a feet, is ^ . a ft. 

(10) If the hypotenuse of a right-angled isosceles triangle 
be a yards, what is the length of each side ? 

(11) Show that the perpendicular drawn from an angular 
point to the opposite side of an equilateral triangle, each of whose 

sides contains a feet, is ^ . a ft. 

(12) If in an equilateral triangle the length of the perpen- 
dicular drawn from an angular point to the opposite side be 
a feet, what is the length of the side of the triangle ? 

(13) Find the ratio of the side of a square inscribed in a 
circle to the diameter of the circle. 

(14) Find the distance from the centre of a circle of radius 
10 feet, of a chord whose length is 8 feet. 

(15) Find the length of a chord of a circle of radius a yards, 
which is distant h feet from the centre. 

(16) The three sides of a right-angled triangle, whose hypo- 
tenuse contains 5a feet, are in arithmetical progression : prove 
that the other two sides contain 4a feet and 3a feet respectively. 
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* CHAPTER II. 
On Incommensurable Quantities. 

9. Two numbers are said to be Commensurable when 
their ratio can be expressed as an arUhmettcal fraction : 
that is, as a fraction whose numerator and denominator are 
both whole numbers. 

£jfample, 4*93 and 81} are two commensurable numbers. 
444x4 



Their ratio is 4fJ-h81J= 



90x327 



10. Two numbers are said to be incommensnrable 
when their ratio cannot be expressed as an arithmetical 
fraction. 

Example, ^^2 and 1 are two incommensurable numbers. 
For ^r- cannot be expressed exactly as an arithmetical quantity. 
So V3 and J2 are two incommensurable numbers. 

11. One number alone is said to be am, incommefrisfwr' 
able number when it is incommensurable with unity. So 
that an incommensurable number cannot be expressed as 
an arithmetical fraction. 

Example, »J2 and V^, and all surd numbers, are incom- 
mensurable numbers. 
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10 TRIGONOMETRY. 

12. Two qvxmtities are said to be commensurable 
when their measures referred to a common unit are com- 
mensurable. 

Example. A mile and a thousand yards are two commen- 
surable quantities. Their measures with a yard for unit are 
1760 and 1000 ; and these are commensurable numbers. 

13. Two quantities are said to be incommensurable 
when their measures referred to a common unit are incom- 
mensurable. 

Example. The side of a square and its diameter are two 
incommensurable quantities. For if the side of a square contain 
a feet, the diameter (see Example 3, p. 7) contains Vi . a feet, and 
therefore the ratio of their measures is 1 : tj2. So that their 
measures are incommensurable. 

14. There is no prosCtioal difficulty in dealing with 
incommensurable quantities. We can always find for their 
measures arithmetical expressions suficiently accurate for 
all practical purposes. 

15. A little consideration will convince the student 
that no measurement can in practice be made with a^bsoliUe 
accuracy. 

For example : A skilful mechanic is probably satisfied 
if in measuring some material two or three feet in length 
the error in his measurement is less than the thirty-second 
part of an inch. (The thirty-second part of an inch is less 
than half the height of the smallest letter on this page.) 
That is to say, he is satisfied if he make no greater error 
than about a thousamdth part of the whole length to be 
measured. He would record such a measurement thus, 

2 ft. 3f^ inches, 
which is 891 thirty-second parts of an inch. 
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ON INCOMMENSURABLE QUANTITIES. 11 

16. We will suppose that the length thus measured is 
the side of a square, and that the workman wishes to know 
to the same degree of accuracy as his measurement^ what 
is the length of the diameter of the square. 

He can find it thus. 

The diameter of a square = J2 x its side, 
.*. the diameter of this square = ^2 x 891 thirty-second paits 
of an inch. 
Also ^2 = 1-414 nearly, 
.-. V2x 891 = 1-414x891 
= 1259-8. 

•*. tne required diameter = 1260 thirty-second parts of 
an inch, nearly. 

The error being less than one thirty-second part of an inch. 

17. The student will be able to see from the above 
example, that if the value of an incommensurable number 
is found to 4 figures, a very considerable degree of accuracy 
is attained. Also that a much greater degree of accuracy is 
attained for every additional figure. 

18. It is no advantage in calculations such as the above 
to have the value of such quantities as J2 calculated to any 
greater degree of accuracy than the observed measurement 
For instance, our calculation being correct as far as the 
whole numbers are concerned we should gain nothing by 
using 1-4142 instead of 1*414 for ^2. This would give 
us the answer 1260*0 instead of 1259*8; the difference 
being a fifth of a thirty-second part of an inch, a quantity 
by hypothesis too small to be of any importance. 
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Example 1. The side of an equilateral triangle contains 
2 feet ; find, correct to the ten-thousandth part of a foot^ tho 
length of the perpendicular drawn from an angular point to 
the opposite side. 

Here (as in Example 2, p. 6), let the perpendicular contain 
X feet, then 




^2 sq, ft, ^ 22 sq. ft. - 12 sq. fL, 
.-. d;2=4-l=3, 
.% x=^»j3, 

=1-7320 &c.; 
.•. the length of the perpendicular =1*7320 feet. 

Example 2. Eind the length, correct to the ten-thousandth 
part of a foot, of the side of the square described upon a dia- 
meter whose length is a feet. 

Let X be the number of feet in each of the sides of the square. 
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EXAMPLES. IV. 13 

Then a^sq, ft. +a?' sq. ft=a^aq, ft 

••'*'"V2" 2 

=|x(l-4142)=ax-707l..., 
•*. the length of the perpendicular=a x •7071...feet. 

♦EXAMPLES. IV. 

(1) Find, correct to the thousandth part of a foot, the 
length of the diameter of a square whose side is 7 feet. 

(2) Find, correct to a yard, the length of the diameter of a 
square whose side is one mile. • 

(3) Find, correct to the hundredth part of an inch, the 
hypotenuse of a right-angled triangle whose sides are 3 ft. 6 J in. 
and 3 ft. 4 in. respectively. 

(4) Find, to the nearest inch, the side of a square whose 
area is 1000 square yards. 

(5) Find, correct to the tenth part of a foot, the diameter 
of a square field whose area is ten acres. 

(6) Find, to the nearest inch, the side of a square field 
whose area is one acre. 

(7) Find the height of an equilateral triangle whose side is 
10 feet. 

(8) Find the height of an equilateral triangle whose side is 
5*32 feet. 

(9) The top of a table measures 24*6 inches and 41*3 inches 
along two adjacent sides. What should the diameter measure 
if the table is rectangular ? 

(10) Find, to the nearest inch, the diameter of a lawn-tennis 
court whose length is 78 feet, and breadth 36 feet, supposing 
that it is properly marked out. 
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CHAPTER in. 

On the Belation between the Circumference of a 
Circle and its Diameter. 

1 9. The circumference of a circle is a line, and therefore 
it has length. 

We might imagine the circumference of a circle to consist of 
a flexible wire ; if the circular wire were cut at one point and 
straightened, we should have a straight line of the same length 
as the circumference of the circle. 

20. A polygon is a figure enclosed by any number of 
straight lines. 

21. A reguta/r polygon has all its sides equal and all 
its angles equal. 

22. The perimeter of a polygon is the sum of its sides. 

23. If we have two circles in which the diameter of 
the first is greater than the diameter of the second, it is 
evident that the circumference of the first will be greater 
than the circumference of the second. 



e© 



24. It seems, therefore, not unlikely that, if the dia- 
meter of the first circle be twice that of the second, the 
circumference of the first will be twice that of the second. 
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THE CIRCUMFERENCE OP A CIRCLE. 15 

25. And also not unlikely tbat whatever be the ratio 
of the circumference of the first circle to its diameter, the 
same will be the ratio of the circumference of the second 
circle to its diameter. 

This suggests that it is not unlikely that the circum- 
ference of a circle = h times its diameter, where k is some 
number which is the same for all circles. 

We shall presently prove that this is the case. 

26. But although we can prove that 

the circumference of a circle ^ , . , 

7- — t: = a nxed numerical quantity, 

its diameter ^ "^ ' 

the method of calculating the value of this number is beyond 
the limits of an elementary treatise. 

27. We shall therefore simply state here, what is 
proved in the Higher Trigonometry, 

(i) that this numerical value is incommensurable, 

(ii) that it is approximately 3*14159265 <fec. 

28. When we say that this number is incommensurable 
we mean (cf. Chapter II.) that its exact value cannot be 
stated as an arUhmetical fraction. 

It also happens that we have no short algehra/ical ex- 
pression such as a surd, or combination of surds, which 
represents it exactly. 

So that we have no numerical expression whatever, 
arithmetical nor algebraical, to represent exactly the ratio 
of the circumference of a circle to its diameter. 

Hence the universal custom has arisen, of denoting" its 
exact value by the letter tt. 

Digitized by VjOOQiC 



16 TRIGONOMETRY. 

29. Thus TT stands always for the exact value of a cer- 
tain incommenBtirahle number, whose approximate yalue is 
3*14159265, which number is the ratio of the circumference 
of any circle to its diameter. 

It cannot be too carefully impressed on the student's 
memory that ir stands for this number 3*14159265.. .<&c., and 
for nothing else; just as 180 stands for the number one 
hundred and eighty, and for nothing else. 

* 30. We proceed to prove that the ratio of the circum- 
ference of a circle to its diameter is the same for all circles. 

The proof depends on the following important principle ; 

The length of the circumference of a circle is that to which 
the length of the perimeter of a regula/r inscribed polygon 
approaclies, as the number of its sides is continually increased, 

*31. We take for granted that the straight line is the 
shortest line that can join two points. 

* 32. Let ABCDEF be any regular polygon inscribed in 
a circle. 
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THE CIRCUMFERENCE OP A CIRCLE. 17 

THen. the side AB is shorter than any other line joiD- 
ing ABy so that the side ABm less than the arc AB-, 

therefore the perimeter of the polygon, viz. 
AB-^^BC -{^eD-^DE+EF^FA 
is less than the sum of the arcs, that is, is less than the 
circumference of the circle. 

Now let each of the area AB, BC^ etc. be bisected in a, 
A y, 8, €, ly, and let the lines -4a, aB, Bfi, fiC, eta be joined ; 

then the figure AaBfiCy etc. is a regular polygon of 
tmce as many sides as the first polygon. 

And since the sides Aa + aB are together greater than 
the side AB, . 

it follows that the perimeter of the second polygon, viz. 
Aa + aB + Bp + pC + Oy^yD-^-etc 
is greater than the .perimeter of the first. 

But the perimeter of the second polygon is less than 
the circumference of the circle, 

because each side is less than the corresponding arc. 

Hence the perimeter of the second polygon is nearer the 
circumference, but is less than the circumference. 

By bisecting the arcs of the second polygon we should 
get a third polygon, whose perimeter is nearer the circum- 
ference of the circle than the seconds 

It is clear that by continuing this process, we can get a 
polygon- whose perimeter is as near as we please to the 
eircumfei'ence of the ciscle. Hence^ 

The length of the circumference of a circle is that to which 
ike length qf the perimeter of a regular inscribed polygon 
approaches, as the number ofit» sides is contvnv/al^ increased. 
L. 2 
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* 33. Prop. The ratio of the circumference of a circle to 
its diameter is the same/or all circles. 

Let ABGDEFy ahcde/he any two circles. 
Let a regular polygon of any, the same number of sides 
be inscribed in each of them. 

Join -4, J5, C, etc., a, 6, c, etc. the angular points of the 
polygons to the centres 0, o respectively. 

A 





Then AOB any one of the isosceles triangles in the first 
figure is equiangular with*, and therefore similar to, aob 
any one of the isosceles triangles in the second figure. 

.% AB : OA=ah : oa, [Euc. vi. 4.] 
and BC ; OA = he : oa, 

and so on. 

,'. AB -^ BC+ CD -h etc. : 0-4 = a5 + 5c + cc? + etc. : oa; 
or, the perimeter of the first polygon is to the radius of the 

* For at and at o, four right angles are each divided into the 
tame number of equal angles, so that the vertical angles AOB^ aob of 
the isosceles triangles AOB^ aob are equal. 
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THE CIRCUMFERENCE AND THE DIAMETER. 19 

first circle as the perimeter of the second polygon is to the 
radius of its circle. 

This is true whatever be the number of the sides of the 
two polygons. 

And therefore it is true however great be the number of 
sides of the two polygons. 

But the circumferencea of the circles are what the peri- 
meters of the polygons become, when the number of the sides 
is indefinitely increased. Therefore the circumference of the 
first circle is to its radius OA as the circumference of the 
second circle is to its radius oa. 

Thus the ratio of the circumference of any circle to its 
radius is equal to the ratio of the circumference of any other 
circle to its radius. 

a xt. X XT- X- circumference . ., . , 

So that the ratio — rr ; is the same numencal 

diameter 

quantity for all circles, q. e. d. 

34. We said above (Art. 29) that this number is 3-14159 
etc., and that it is denoted by «*. 

Hence the circumference of any circle of radius r 
= (3-14159265 etc.) x its diameter = 2irr. 

35. We may notice that ^f = 3-142857. 

So that ^ and w differ by less than a thousandth part 
of their value. 

Also 111 = 3-1415929 etc. So that f|| may be used 
for TT with sufficient accuracy for any practical purpose. 

Hence ^, 3-14159 and f |^ are each used for ir accord- 
ing to the degree of accuracy required. 

2—2 
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20 TRIGONOMETRY. 

36. Of these 3*14159 is the most frequently used. The 
student should notice however that in dividing hj ir it will 
be more conyenient to use fff thacn 3*14159. 

37. The following results are instructive. . 

The ratio of the perimeter of a regular polygon inscribed in a 
circle to the diameter of the circle, when the polygon has 



four sides, is %J2 


=2-8284.-- 


six sides, is 3 


=3 


eight sides, is 4^(2-^2) 


«30614... 


ten sides, is | (^5 - 1) 


=3-0901... 


twelve sides, is 3 ^2 (^3 - 1) 


=3*1058... 


twenty sides, is 5 {V(3 + V5) - V(5 - V^)} 


=3'1287... 


sixty sides, is ^-^ {(^5 - 1) (V3 + 1) 




-V(10 + 2V6)(V3- 


•1)}=3'1401... 



These numbers approach 3*14159 as the number of sides is 
increased, while the siird expression becomes more complicated. 

The first of these results the student will be able to verify; 
the second is proved in Euclid iv. 15. The rest will be proved 
later on. 

Example 1. The driving wheel of a locomotive engine is 
5 ft. 6 in. high. What is its circumference ] 

Here we have a circle whose diameter is 5| fbet ; 
.*. its circumference = IT x 5*5 feet, 

= (3*14159...) X 5*5 feet, 
=17^278... feet. 

The circumference is 17 ft. 3 in. approximately. 

Example 2. If a piece of wire 1 foot long be bent into the 
form of a circle, what will be the diameter of the circle ? 

Here the circumference =1 foot, 
that is vx diametera I foot, 
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/. diameter^ « A x 1 foot 

w 

«f| inches 
» 3*8 incheSi nearly. 
If a greater degree of accuracy be desired, we must tise f{S 
mstead of ^^^ 

We then get, the diameter « 3*7699 inches, 

■=3-77 inches veiy nearly. 



EXAMPLTSa V. 

In the answers of the first 12 of the following examples " 
is used for tt. 

(1) Find the circumference of a circle whose diameter is one 
yard. 

(2) Find the circumference of a circle whose radius is 4 feet 

(3) Find the circumference of a 48 inch bicycle wheel. 

(4) The circumference of a cirde is 10 feet ; find its diame- 
ter. 

(5) What must be the diameter of a locomotive driving 
wheel, that it may make 220 revolutions per mile] 

(6) How many revolutions does a 36 inch bicycle wheel 
make per mile? 

(7) How many more revolutions per mile does a 50 inch 
bicycle wheel make than one of 52 inches ? 

(8) A locomotive whose driving wheel is 5 feet high has an 
instrument to record the number of revolutions made. What 
nimiber will the instrument record in running 100 miles? 

(9) If the instrument in Question 8 indicates 3 revolutions 
per second, how many miles per hour is the engine running? 
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22 TRIGONOMETRY. V. 

(10) What i» the diameter of the driving wheel of a locomo- 
tive engine which makes 4 revolutions per second when the 
engine is going at the rate of 60 miles per hour ] 

(11) The large hand of the Westminster clock is 11 feet long; 
how many yards per day does its extremity travel? How far 
does the extremity move in a minute? 

(12) The diameter of the whispering gallery in St Paul's is 
108 feet; what is its circumference? 

(13) Find the number of inches of wire necessary to con- 
struct a figure consisting of a circle with a regular hexagon 
inscribed in it, one of whose sides is 3 feet. 

(14) How many inches of wire would be necessary in a 
figure similar to that in Question (13), if the circumference of the 
circle were ten feet ? 

(15) Find how many inches of wire are necessary to make a 
figure consisting of a circle and a square inscribed in it, when 
each side of the square is 2 feet. 

(16) How many inches of wire are necessary for a figure 
similar to that in Question (15), when the circumference of the 
cirde is 12 feet ? 

(17) Find the length of string necessary to string the handle 
of a cricket bat ; having given the diameter of the handle ~ 1} in., 
the length of the handle = 12 in., the diameter of the string = Ath 
of an inclL 
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CHAPTER IV. 
On the Measubement of Angles. 

38. In elementary Geometry (Euclid I. — ^VI.) the 
angles considered are each always less than two right 
angles. 

For example, in speaking of the angle EOF in Euclid we 
should always mean the angle less than two right angles, 



not an angle measured in the opposite direction greater than 
two right angles. 

39. In Trigonometry, by the angle ROP is meant, not 
the present inclination of the two lines OR, OP but, the 
amount of tnniing which OP has gone through when, start- 
ing from the position OR, it has turned about into the 
position OP. 

Example, Suppose a race run roimd a circular course. The 
position of any one of the competitors would be known, if we 
remark that he has described a certain angle about the centre of 
the course. Thus, if the distance to be run is three times round, 
the )ine joining each competitor to the centre would have to 
describe an angle of 12 right angles. 

When we remark that a competitor has described an angle of 
6] right angles, we record not only his present position, but the 
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24 TRIGONOMETRY. 

total distance he has gone. He would in such a case have gone 
a little more than one and a half times round the course. 

40. Definition. The angle between two lines OR, OP 

is the axnOlillt of turning about the point which one of 

P 



R 

the lines OP has gone through in turning from the position 
OR into the position OP. 

41. The angle ROP may be the geometrical representa- 
tiye of an unlimited number of Trigonometrical angles. 

(i) The angle ROP may represent the angle less than 
two right angles as in Euclid. 

In this case OP has turned from the x>osition OR into 
the position OP by turning about in the direction contrary 
to that of the hands of a watoh. 

(ii) The angle ROP may represent the angle described 
by OP in turning from the position OR into the position 
OP in the same direction as the liands of a watch. 

Tn the first case it is usual to say that the angle ROP is 
described in the positive direction, i<H l^e second tiiat the 
angle is described in the negative direction. 

(iii) The angle ROP may be the geometrical repre- 
sentation of any of the Trigonometrical angles formed by 
any number of complete revolutions in the positive or in 
the negative direction^ added to either of the first two 
angles. ^We shall return to this subject in Chapter IX.) 
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EXAMFT.m VL 

Give a geometrical representation of each of the following 
angles, the starting line being drawn in each case from the t\im- 
XDg point towards the right. 

1. +3 right angles. 7. - 10 J right angles. 

2. + 5 right angles. 8. + 4 right angles. 

3. + 4J right angles. 9. - 4 right angles. 

4. + 7J right angles. 10. 4n right angles. 

6. - 1 right angle. 11. (47H-2) right angles. 

6. 10| right angles. 12. - {An + J) right angles. 



42. There are two methods of measuring angles, 
(i) The rectangular measure. 

(ii) The circular measure. 

Eegtanqular Msabubis. 

43. Angles are always measured in practice with the 
right angle (or part of the right angle) as unit. 

44. The reasons why the right angle is chosen for a 
unit are : 

:(i) AJl right angles are equal to one another, 
(ii) A right angle is practically easy to draw. 
i(iii) It is an angle whose size is very familiar. 

45. The right angle is st large angle, and it is therefore 
subdivided for practical purposes. 

It is usual to explain two methods of subdivision, 
(i) The sexagesimal method, 
(ii) The centesimal, or decimal, method *. 
* See Art. 55. 
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26 TRIGONOMETRY. 

I. The SexagesimcU Method. 

46. In this method the right angle is divided into 90 
equal parts, each of which is called a degree ; each degree is 
subdivided into 60 equal parts, each of which is called a 
minute ; and each minute is again subdivided into 60 equal 
parts, each of which is called a second. 

Instruments used for measuring angles are subdivided 
accordingly ; and the size of an angle is known when, with 
such an instrument, it has been observed that the angle 
contains a certain number of degrees, and a certain number 
of minutes beyond the number of complete degrees, and a 
certain number of seconds beyond the number of complete 
minutes. 

Thus an angle might be recorded as containing 79 
degrees +18 minutes + 36*4 seconds. 

Degrees, minutes, and seconds are indicated respectively 
by the symbols ®, ', ", and the above angle would be written 
79' . 18' . 36-r. 

* n. The Centesimal or Decimal Method. 

47. The other method of subdivision is the Centesimal or 
Decimal. Here each right angle is divided into 100 equal 
parts each of which is called a grade ; each grade is sub- 
divided into 100 equal parts, each of which is called a 
minute; and each minute is again subdivided into 100 equal 
parts, each of which is called a second. 

Instruments of observation would be subdivided accord- 
ingly, and any observed angle would be recorded as contain- 
ing so many grades + so many minutes + so many seconds. 
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Grades, minutes and seconds are indicated respectively by 
the symbols % \ \ So that an angle of 26 grades + 19 
minutes + 34*2 seconds would be written 
36« 19' 34-2^ 

'^48. It will be observed that this method is simply that 
of the decimal system of notation. 

The above angle for example=^ + j^^ + urSiAny ^^ * "g^^^ 
angle. 

That is '3619342 of a right angle. 
This is equal to 36*19342 of a grade. 
Also to 3619*342 'of a minute. 
Also to 361934*2 of a second. 

Example. Express 302* 2' 4*6'' as the decimal of a right angle. 

Thisangle-I? + jA_+ ^^^ of a right angle 

b3'0202046 of a right angle. 

* 49. Hence, to express an angle given in grades, minutes 
and seconds as the decimal of a right angle, we have only to 
observe that the Jirst and second decimal places are occupied 
by the grades, the third amd fourth decimal places are occu- 
pied by the minutes, and the fifth amd sixth decimal places 
are occupied by the seconds. 

* 50. The same observation will enable us to express in 
grades, minutes, and seconds an angle given as the decimal 
of a right angle. 

Example. Express 3*4650023 of a right angle in grades, 
minutes, and seconds. 

3 right angles =300 grades. 

46 of a right angle —46 grades. 

^00,50 of a right angle— 50 minutes. 

«00,00,02,3 of a right angle— 2*3 seconds. 

Therefore the angle is 346* 50' 2-3'\ 
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Express as the decimal of a right angle, 

<i) -ea^srier^ (7) 3»^b'^ 

(2) io4« 2& 99-r\ (6) i»ir 3-*^ 

(3) ^ l^ Sr . (9) 698 0* 7-r. 

(4) 3«2gf48-9^\ (lO) 119«ar0'45'\ 

(5) 62r4r. (11) ioo6«i8rr 

(6) 1000« fir 12*\ (12) 2« 26? 4-8f\ 

Express in grades, minutes and seconds, 

(13) -367891 of a right angle. (19) I'OOl of a right angle. 

(14) 1-043021 of a right angle. (20) -0101001 of a right angle. 

(15) -012003 of a right angle. (21) 6*451 t>f a right angle. 

(16) -00102 of a right angle. (22) -023 of a right angle. 

(17) -0625 of a right angle. (23) -00011 of a right angle. 
<1&) 3-D2125 of A right angle. (J24) -00001 of a right angle. 



51. An angle given in degrees, minutes, and seconds 
•may be expressed as the decimal of a right angle hj the usual 
method. 

Saan^le. Express 39^ 4' 27" as the decimal of a right angle. 

60 " ) 27 seconds 

60 " ^ 4-45 minutes 

90 ^-07416666 etc. degrees 

-43415740740 eta right angles 

^Amswer. ^43415746 of a right 8ngl& 
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52. An angle giv^n as the decimal of a right angle may 
be expressed in degrees, minutes, and seconds bj the con- 
Terse of the aboYft 

Example. Express *43415746 of a right angle in degrees, 
minutes, and seconds. 

•43415740740 etc. right angles 

9a 

39-67416666600 degrees 

The last two figures would be 66 if we were to write down the 
recurring part to more figures. 



This gives 


39-07416666666 etc. degrees 




60 




4-4493999960. minutes 


that is 


4*44d minutes' 


or 


4*45 minutes 




60 




27-00 seconds. 


The result is 


390 4' 27". 



'^53. We have seen that an angle expressed as the 
decimal of a right angle can be at onee expressed, in grades, 
minutes, and seconds. 

Henee an asngle expressed in degrees, minutes, and 
seconds, can be expressed in grades, etc. by first reducing 
the angle to the decimal of a right angle. 

Example, Express 39^ 4' 27" in grades, minutes, and seconds. 
This angle is '43415'746 of a right angle,, by Art. 51 
and this =43«4r 57-40'r\ 

* 54. An angle given in grades, minutes, and seconds can 
be expressed in degrees, minutes, and seconds by first ex- 
pressing the angle as the decimal of a right angle. 
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Example, Express •43« 4r 67'4ot*' in degrees, minutes, and 
seconds. 

This angle is •43416740 of a right angle, which is 39<^ 4' 27" 
from Art. 52. 



« EXAMPLES. Vm. 

Express each of the following angles (i) as the decimal of a 
right angle, (ii) in grades, minutes, and seconds ; 

(1) 8«15'27". (4) 160 14' 19", 

(2) 60 4'3(y'. (5) 1320 6', 

(3) 970 5' 15'', (6) 490. 

Express in degrees, minutes and seconds, 

(7) l«3r5a\ (10) 24«a2^\ 

(8) 8«7{?. (11) 18«^15^ 

(9) 170« 45* ZS\ (12) 35«. 

55. The decimal or centesimal system of subdividing a 
right angle was proposed by the French at the co mmeBc g^ 
ment of the presen t century ; but, although it possesses 
many advantages over the established method, no one has 
been found willing to undertake the great expense that 
would have to be incurred in rearranging all tables and all 
books of reference, and all the records of observations, which 
would have to be transferred from the old system to the new^ 
before the advantages of the decimal system could be felt. 
Thus the decimal system of angular measurement has never 
been used even in France, and in all probability never will 
be used in practical work. 
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On Cieculab Measure. 



56. By the following construction we get an angle of 
great importance in Trigonometry. 

On the circumference of a circle whose centre is 




let an cure RS be measured so that its length is equal to the 
radius of the circle, and let E and S be joined to the centre. 

57. We are about to prove (Art 60) that this angle 
JROSiB & fixed fraction of a right angle, so that all such angles 
are equal to one another. 

58. We may state the same thing thus — ^We are about to 
prove that if we take any number of different circles, and measure 
on the circumference of each an arc equal in length to its radius, 
then the angles at the centres of these circles which stand on 
these arcs respectively, will be all of the same size. 

69. Definition. The angle which at the centre of a 
circle stands on an arc equal in length to the radius of 
the circle is called a Radian* 

60. To prove that aU Radians a/re eqwd to one anotlier. 

Since the Kadian at the centre of a circle stands on an 
are equal in length to the radius^ 

and an angle of two right angles at the centre of a circle 
stands on half the circumference, 
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and since angles at the centre of a circle are to one 
another as the arcs on which they stand (Eua VI. 33), 

therefore the radian is to an angle of two right angles 
as the radius is to half the circumference; 
that iS| as the diameter is to the whole circumference; 
that is, in the constant ratio 1 : tt. 

Therefore the radian = — . 

IT 

That iS) the radian is a fixed fraction of a right angle. 
But all right angles are equal to one another. 
Therefore all radians are equal to one another. Q.E.D. 

61. Thus the radian possesses the qualification most 
essential in a unit, viz. it is always the same. 

The student will find, in the theoretical part of Trigo*- 
nometry, that many expressions can be written more shortly 
when a radian is used for the unit of angle, than when any 
other unit is used. 

62. Thus the reasons why a radian is used as a unit are : 
(i) All radians are equal to one another. 

(ii) Its use simplifies many formulse in Theoretical 
Trigonometry. 

63. The system of angular measurement in which a 

radian is the unit is called Circular Measure. 

Therefore the drctdar measure of an angle m the nuny- 
her of radians which the angle contains. 

64. A radian = — x 2 right angles, 

= ^| Of 180^ nearly,. 
= 57-2957 degrees. 
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The student should notice that a radian is a littte less 
than an angle of an equilateral triangle. 

65. Circular measure is, as we have said, used in theo- 
retical investigations, in which the angle under consideration 
is almost always expressed by a letter. This is usually one of 
the Greek letters a, )8, y. . ., <^, ^, ^. . .. 

Strictly speaking these letters represent numbers, i.e. 
measures; so that some unit of cmgle must be understood in 
such an expression as *the angle ft' (Art. 2.) 

For this reason, when an angle is denoted by a Greek 
letter such as a, )5, y, etc., 6, 4>, ^, etc., it is understood that 
circular measure is the measure used, unless the contrary 
is expressly stated. 

So that 'the angle 0* means ' radians.' 

Similarly *the angle ir' means 'tt radians' or * 3*14 159... 
radians,' thi't is two right angles. 

[yote. It will also be convenient, in using such letters 
as A, B, C..,S, T, etc. to represent angles, to agree that the 
unit tmderstood with this kind of letter shall be a degree^ 
so that when A stands for an angle, that angle contains 
A degrees.] 

66. In nrMMrical examples it will be necessary to use 
some letter (c suppose) to denote a radian. 

Thus 2* denotes 'two radian^* 

67. Strictly speaking then *the angle tf' should be 
written ^. (Just as in speaking iji 'the angle ninety,' we 
ought to say ninety d^rees,) But if it is clearly understood 
that 'the angle 6* means 6 radians, there can be no am- 
biguity in the expression. 

L. 3 
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68. The student cannot too carefQlly notice, that unless 
an angle is obviously referred to, the letters 6, ^,... o, ^,... 
stand for mere numbers. 

Thus as we have said above (29) ir stands for a number 
and a number only, viz. 3'14159....... but in the expression 

*the angle tt' that is *the angle 3*14159 ' there must 

be some unit understood. The unit understood here is a 

radian, and therefore 'the angle ir* stands for 3*14159: ', 

that is two right angles. 

Hence, when an angle is re/erred tOy iris a very convenient 
abbreviation for two right angles. 

69. To express in degrees or grades an angle given in 
mdiaJMi, yr^ first express the angle in right angles, remem- 
bering that 

2 ri£^t aiigles='7r radians. 

Example. How many degrees are there in the angle whose 
circular measure is 2 ? 

This angle— 2 radians =2 x — § i_? _ _ ng^t angles, 

w w 

_ 4x90Q _3600 

" IT IT' 

i\ the angle contains — degrees. 

IT 



* 70. If 2>, G and a be the number of degrees, grades 
and radians respectively in any angle, then 

B^_G_ a 

180 " 200 ~ IT • 

For each fraction is the ratio of the angle to two right 
angles. 
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Example, Find the number of degrees in two radians. 
Let D be the number, then 

180 «•' 

... D=m. 



EXAMPLES. IX. 

1. Express the following angles in rectangular measure. 
(1) ,r. (2) ^. ■ (3) 1«. 

(4) 3°. (6) 314159265«etc. (6) -. 

(7) 6, (8) •00314159« etc. (9) lOjr. 

2. Express the following angles in circular measure. 

(1) 1800. (2) 3600. (3) 600. 

(4) 22^0. (5) 10. (6) 57-2950 etc. 

(7) n\ (8) ^. (9) A. 

* 3. Express the following angles in circular measure. 
(1) 33« 33^ 2.Z'i^\ (2) 50«. (3) 16-6«. 



(4) 


1«. 


(5) 


r. (6) ia\ 


(7) 
Fm(] 


7l». 

L the ratio of 


(8) 


^^. (9) lOOOi. 


(1) 


450 to ^. 
4 




(2) 600to60«. 


(3) 


25«to220 30'. 




(4) 24«to2V 


(5) 


1-75. to l«^. 

IT 




(6) 10 tor. 

3—2 
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* 71. To prove that the measure of an angle at the centre 
of a circle in radians (Le. in Circular Measure) is the ratio 
of the arc on which it stands to the radius of the circle. 




L a 

Since angles at the centre of a circle are to one another 

as the arcs on which they stand (Euc. YI. 33), 

Therefore any angle HOP at the centre of a circle is 

to the radian as its arc BF is to the arc of the radian. 

But the arc of the radian is equal to the radius, 

,-- ^ any angle HOP . . ^ its arc HP 

Therefore — 77 — ^-j^- is equal to -^ t-- — . 

the radian ^ the radius 

And therefore any angle EOP is equal to -— r; — x (a 

radian). 

That is, the measure a of an angle in radians is the ratio 

arc arc 

or, a = - 



radius ' ' radius ' 

Hence (ct Art. 70) — =^^=-=^^ X-. 

Example, Find the number of grades in the angle subtended 
by an arc 46 ft. 9 in. long, at the centre of a circle whose radius 
is 25 feet. 

The angle stands on an arc of 46| ft. and the radian, at the 
centre of the same circle, stands on an arc of 25 feet. 

/. the angle «=-~^ radians, ^^H x — — , 

-"MS^^^^'ll^i^early. 
w 
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« EXAMPLES. X. 

(In the answers ^ is used for n-.) 

(1) Find the number of radians in an angle at the centre of a 
circle of radius 25 feet, which stands on an arc of 37^ feet. 

(2) Find the number of degrees in an angle at the centre of a 
circle of radius 10 feet, which stands on an arc of bn feet. 

(3) Find the nimiber of right angles in the angle at the cen- 
tre of a circle of radius 3^ inches, which stands on an arc of 2 feet. 

(4) Find the nimiber of French minutes in the angle at the 
centre of a circle of radius 8 ft. 4 inches, which stands on an arc of 
1 inch. 

(5) Find the length of the arc subtending an angle of A\ radians 
at the centre of a circle whose radius is 25 feet. 

(6) Find the length of an arc of eighty degrees on a circle of 
4 feet radius. 

(7) Find the length of an arc of sixty grades on a circle of 
ten feet radius. 

(8) The angle subtended by the diameter of the Sun at the 
eye of an observer is 32' ; find i^prozimately the diameter of the 
Sun if its distance from the observer be 90,000,000 miles. 

(9) A railway train is travelling on a curve of half a mile 
radius at the rate of 20 miles an hour; through what angle has 
it turned in 10 seconds ? 

(10) A railway train is travelling on a curve of two-thirds of a 
mile radius, at the rate of 60 miles an hour; through what angle 
has it turned in a quarter of a minute) 
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(1 1) Find approximately the number of English seconds con- 
tained in the angle which subtends an arc one mile in length at 
the centre of a circle whose radius is 4000 miles. 

(12) If the radius of a circle be 4000 miles, find the length of 
an arc which subtends an angle of 1" at the centre of the circle. 

(13) If in a circle whose radius is 12fb. 6 in. an arc whose 
length is '6545 of a foot subtends an angle of 3 degrees, what is 
the ratio of the diameter of a circle to its circumference ? 

(14) If an arc L-309 feet long subtend an angle of 7 J degrees 
at the centre of a circle whose radius is 10 feet, find the ratio of 
the circumference of a circle to its diameter. 

(15) On a circle 80 feet in radius it was found that an angle 
of 22^ 30' at the centre was subtended by an arc 31 ffc. 6 in. in 
length ; hence calculate to four decimal places the numerical 
value of the ratio of the circumference of a circle to its diameter. 

(16) If the diameter of the moon subtend an angle of 30', at 
the eye of an observer, and the diameter of the sun an angle of 32', 
and if the distance of the sun be 375 times the distance of the 
moon, find the ratio of the diameter of the sim to that of the 
moon. 

(17) Find the number of radians in (i.e. the circular measure 
of) 10" correct to 3 significant figures. (Use fff for tt.) 

(18) Find the radius of a globe such that the distance 
measured upon its surface between two places in the same meri- 
dian, whose latitudes diflfer by \^ 10', may be one inch. 

(19) Two circles touch the base of an isosceles triangle at its 
middle point, one having its centre at^ and the other passing 
through the vertex. If the arc of the greater circle included 
within the triangle be equal to the arc of the lesser circle without 
the triangle, find the vertical angle of the triangle. 

(20) By the construction in Euc. I. 1, prove that the unit of 
circular measure is less than 60^. 
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(21) On. the dlst. December the Sun subtends an angle of 
32' 36", and on 1st July an angle of 31' 32" ; find the ratio of the 
distances of the Sun from the observer on those two days. 

(22) Show that the measure of the angle at the centre of a 

h a 

circle of radius r, which stands on an arc a. is -^— , where h 
depends solely on the unit 6f angle employed. 

Find h when the unit is (i) a radian, (ii) a degree. 



* 72. Questions concerning angles expressed in different 
systems of measurement are easily solved by expressing each 
angle in right cmgles. 

Example 1. The sum of the measure of an angle in degrees 
and twice its measure in radians is 23f, find its measure in 
degrees (7r=^). 

Let the angle contain x right angles. 

Then the measure of the angle in degrees =90^, 

„ „ WW » radians=2^« 

.-. 90a? + 2.|a?=23^, 

.-. 90a?+Va?=ifA, 
.^ 6520?= 163, 
.-. x^\. 
The angle is ^ of a right angle, that is 22|®, nearly. 
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Example 2. The three angles of a triangle are in aritiimetical 
progression, and the measure of the least in grades is to that of 
the greatest in ciroular measure as 120 : ir. Express each angle 
in degrees. 

Let the angles contain x-y^x^x +y right angles respeotiyely ; 
they are then in a.t. 

Their mm is 3a; right angles ; bat since thej are the angles 
of a triangle, their sum is 2 right angles; 
.\ ar=2, 
••. ^= J. 

Again, the least angle contains {x-^y) x 100 grades, and the 

greatest angle contains {x+y) -5 radians, 

.-. lOO(^-y) :|(a?+y)=:120:7r. 

/. 100(a?-y)»60(a?+y), 

or, 40^=160|y, 

or, x=^4y, 

.•.4y=f, 

because ^=f, 

or, y=i. 

Thus the angles contain ^, f , and f right angles respec- 
tively ; 

therefore the angles are 460, 60^, *Jb\ 

♦ ♦EXAMPLES. XL 

(In the following examples the answers will be given in terms 

of IT.) 

(1) The sum of the degrees and of the grades in a certain 
angle is 38 ; find its circular measure. 

(2) The difference of two angles is 20», and their sum is 48® ; 
find them. 
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(3) One angle is double of a second, and the sum of their 
measures in degrees and in grades respectively is 140 ; ezpriass 
the angles in degrees. 

(4) Two angles are in the ratio of 4 : 5, and the diflference of 
their measures in grades and in degrees respectively is 2^ ; find 
the angles in degrees. 

(5) The difference between two angles is ^ , and their sum 

•7 

is 56 degrees ; find the angles. 

(6) If the three angles of a triangle are in arithmetical pro- 
gression, show that the mean angle is 60°. 

(7) The three angles of a triangle are in arithmetical pro- 
gression, and the number of grades in the least is to the nmnber 
of degrees in the mean as 5 : 6. Find the angles in degrees. 

(8) The three angles of a triangle are in arithmetical pro- 
gression, and the nmnber of grades in the greatest is to the 
number of degrees in the sum of the other two as 10 : 11. 
Find the angles in degrees. 

(9) The three angles of a triangle are in arithmetical pro- 
gression, and the number of grades in the least is to the number 
of radians in the greatest as 200 : 37r. Express the angles in 
grades. 

(10) If 2) be the number of degrees and G the number of 
grades in any angle, prove that O-D^^D. 

(11) If if be the number of English minutes and m the 
number of French minutes in any angle, prove that 

2if-m=^i/: 

(12) If (7, D and C be the number of grades, degrees and 

20(7 
radians in any angle, prove that G - 2>= — . 

IT 

(13) If an angle be expressed in French minutes, show that 
it will be transferred to English minutes by multiplying by 'M. 
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(14) Divide 33^ 6' into two ports so that the number of Eng- 
lish seconds in one part may be equal to the number of French 
seconds in the other part 

(15) Find the ratio of 9° 27' to 12^ 50?. 

(16) Find the number of radians in an angle of n English 
minutes. 

(17) Express in each of the three systems of angular mea- 
surement the angles 

(i) of a regular hexagon, 

(ii) of a regular octagon, 

(iii) of a regular quindecagon. 

(18) Show that the number of degrees in an angle of a 
regular decagon is to the number of grades in an angle of a regu- 
lar pentagon in the ratio of 6 ^ 5. 

(19) Show that the number of grades in an angle of a regular 
pentagon is equal to the number of degrees in an angle of a 
regular hexagon. 

(20) Find in English minutes the difference between the 
angle of a regular polygon of 48 sides and two right angles. 

(21) If we take for imit the angle between a side of a 
regular quindecagon and the next side . produced, find the 
measures (i) of a right angle, (ii) of a radian. 

(22) Find the imit when the sum of the measures of a degree 
and of a grade is 1. 

(23) What is the unit when the sum of the measures of 9^ 
and of 5« is ^ ? 

(24) If the measure of h grades is a, find the measure of 
c degrees. 

(25) What is the unit when the sum of the measures of 
a grades and of h degrees is c ? 
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(26) The number of grades in a certain angle exceeds the 
number of degrees in it by -^ of the number of degrees in a 
radian. If this angle be taken as unit, what is the measure of a 
right angle ? 

(27) The three numbers which express the three angles of a 
triangle are all equal, and the imits of angle in each are respec- 
tively a degree, a grade and the sum of a degree and a grade ; 
express each of the angles in circular measure. 

(28) The three angles of a triangle have the same measure 
when expressed in degrees, grades and radians respectively ; find 
this measure. 

(29) The measures of the angles of a triangle in degrees, 
grades and radians respectively are in the ratio of 1 : 10 : 100 ; 
find the number of radians in the smallest angle. 

(30) The interior angles of an irregular polygon are in a. p. ; 
the least angle is 120^ ; and the common difierence 5^ : find the 
number of sides. 
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CHAPTER V. 

The Tbigokometrical Ratios. 

73. Let ROE be any angle (see the figure in Art. 83). In 
one of the lines containing the angle take any point P, and from 
P draw PM perpendicular to the other line OR. 

Then, in the right-angled triangle 0PM, formed from the 
angle ROE, 

(i) the side MP, which is opposite the angle under considera- 
tion, is called the perpendicular ; 

(u) the side OP, which is opposite the right angle, is called 
the hypotenuse; 

(iii) the third side OM, which is adjacent to the right angle 
and to the angle imder consideration, is called the base. 

From these three, — ^perpendicular, hypotenuse, base, — we can 
form three different sets containing two each. 

The ratios or fractions formed from these sets, viz. 

,.. perpendicular .... base ,...v perpendicular 

(i) T. . , (u) -r 1 , (m) ^ ^, , 

^ ' hypotenuse ^ ^ hypotenuse ^ ^ base ' 

and the ratios formed by mverting each of them, viz. 

.. . hypotenuse . . hypotenuse . .v base 

^ ^ perpendicular* ^ ' base ' ^ ' perpendicular' 

will be found to be of great importance in treating of any angle 
ROE. Accordingly to each of these six ratios has been given a 
separate name (Art 75). 



Digitized by VjOOQiC 



THE TRIGONOMETRICAL RATIOS, 45 

74. The student should observe carefully 

(i) that each ratio, such as ,^ , is a mere number; 

^ ' ' hypotenuse 

(ii) that, as we shall prove in Art. 83, these ratios remain 
unchanged as long as the angle remains imchanged ; 

(iii) that if the angle be altered ever so slightly, there is a 
consequent alteration in the value of these ratios. 

[For, let ROE^ ROE' be two angles which are nearly equal; 




Af^ 



Let OP=zOF\ then CM is not^OJf, and therefore the ratios 

jPp and jr-^ are not equal ; also J/Pis not=^M'P' and therefore 

MP M'P* 
the ratios, y^ and -jy^ are iwt equal.] 

(iv) that by giving names to these ratios we are enabled to 
apply the methods of Algebra to the Geometry of Euclid VI., just 
as in Chapter I. we applied the methods of Algebra to Euc. 1. 47. 

The student is recommended to pay careful attention to the 
following definitions. He should be able to write them out in 
the exact words in which they are printed. 
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75. Definition. To define the three principal Trigono- 
metrical Ratios of an angle. 






Let BOE be an angle. 

In OH one of the lines containing the angle take any point 
P, and from F draw FM perpendicular to the other line 
OE, or, if necessary, to BO produced. 

Then, in the right-angled triangle OFM, the side 2£F, 
which is opposite the angle under consideration, is called the 
perpendidUa/r. 

The side OF, which is opposite the right angle, is called 
the hypotenuse. 

The third side OM (which is adjacent to the right angle 
and to the angle under consideration) is called the base. 

Then the ratio 
... MF perpendicular 
W OF " hypotenuse ^ ^^^ *^® ^^^ ^^*^^ ^^^^ ^^^' 

.... OM base 

<"> (>f° hypotenuse " "»™« 

..... JfP perpendicular . . 

("'> 5¥=^^i;ii — » *»"««^* " 

These three are the principal Trigonometrical Ratios of 
the angle ROE. 
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76; If A stand for the angle ROEj tliese ratios are 

called sine A^ cosine A and tangent Ay and are usoallj 
abbreviated thus : 

sin^, cosil, tan J. 

77. There are three other Trigonometrical Ratios, 
formed by inverting the sine, cosine and tangent respectively, 
which are called the cosecant, secant, and cotangent respec- 
tively. 

78. To define the three other Trigonometrical Ratios of 
amy angle. 

The same constiniction and figure as in Art. 75 being 
made, then the ratio 

,. s OP hypotenuse 

^^^^ MP " perpendicular ^ ^^ ^^^ COSecant of 

the angle ROE. 
f . OP hypotenuse 

^^^ OM" base " "««^* » 

. .. OM base * ^ , 

<^'> jg? = perpendicular » Cotangent „ 

79. Thus if A stand as before for the angle ROE, these, 
ratios are called cosecant A) secant A, and cotangent A. 
They are abbreviated thus, 

cosec Af sec A, cot A. 



80. 


From the definition it is clear that 




. 1 
cosec A = -; — -. , 
sin-4' 




. 1 
sec -4 = 7 , 

COSil' 




COtJ=--— r. 



tanii * 
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81. . The above definitions apply to an angle of any 
mai^nitade. (We shall return to this subject in Chapter X.) 

For the present the student may confine his attention 
to angles which are each less than a right angle. 

82. The powers of the Trigonometrical Batios are 
expressed as follows : 

/• i\a • /perpendiculary . ... .... 

(sin ii) , 1. e. f ^, ^ j , IS written sm' -4, 

(cos -4)', i.e. (, ) , is written cos* -4, 

^ ' Vhypotenuse/ 

and so on. 

The student must notice that 'siu ^ ' is a single symboL It is 
the name of a number j or fraction, belonging to the angle A \ and 
if it be at any time convenient, we may denote sin A by a 
single letter, such as « or a?. Also sinful is an abbreviation for 
(sin A)\ that is for (sin -4) x (sin A). Such abbreviations are used 
because they are convenient. 

83. TJie Trigonometrical Batioa are dlvxiya the same for 
the same angle. 
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Take any angle HOB ; let P be any point in OF one of 
the lines containing the angle, and let F', F" be any two 
points in OR the other line containing the angle. Draw PM 
perpendicular to OR, and FM', P"M" perpendiculars to OE, 

Then the three triangles OMP, OM'F, OM''F' each 
contain a right angle, and they have the angle at com- 
mon ; therefore their third angles must be equal. 

Thus the three triangles are equiangular. 

Therefore the ratios ^^ , -jfp, 9 TTp^r *^® ^^ equal. 

(Eu. TI. 4.) 

But each of these ratios is ^-7-^ with reference 

hypotenuse 

to the angle at y that is, they are each sin ROE. 

Thus, sin ROE is the same whatever be the position of 
the point P on either of the lines containing the angle ROE. 

Therefore sin ROE is always the same. 

84. A similar proof holds good for each of the other 
ratios. 

85. Also if two angles are equal, it is clear that the 
numerical values of their Trigonometrical Ratios will be the 
same. 

We have already shown (Art. 74), that the values of 
these ratios are different for different angles. 

Hence for each particular value of -4, sin A, cos A, tan A, 
etc. have dejmite nwmerical values. 

Example. We shall prove (Art. 92) that 
8in300=i=-5, cos 300='^= -8660..., tan300=-^=-577... 
L. 4 
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86. In the following examples the student should 
notice 

(i) the angle referred to, 

(ii) that there is a right angle in the same triangle as 
the angle referred to, 

(iii) the perpendicular y which is opposite the angle 
referred to, and is perpendicular to one of the lines contain- 
ing the angle, 

(iv) the Jiypotermsey which is opposite the right angle, 

(v) the base, the third side of the triangle. 

Example. In the second figure on the next page, in which 
BDA is a right angle, find sin DBA and cos DBA. 

In this case 

(i) DBA is the angle. 

(ii) BDA is a riglit angle in the same triangle as the 

angle DBA. 
(iii) DA is the perpendicular, for it is opposite DBA and 

is perpendicular to BD. 
(iv) BA is the hypotenuse. 
(v) BD is the hose. 

Therefore sin DBA. which is ^/^ ^ , = -g-r » 

hypotenuse ' BA 

T\7y A \.' X. ' hase BD 

cos DBA, which is , ^ » = 77-j - 

hypotenuse BA 

EXAMPLES. XIL 

(1) Let ABC be any triangle and let AD be drawn perpen- 
dicular to BC. Write down the perpendicular , and the base when 
the following angles are referred to : (i) the angle ABD, (ii) the 
angle BAD, (iii) the angle ACD, (iv) the angle DAC. 
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B D C 

(2) Write down the following ratios in the above figure ; 
(i) ^mBAD^ (ii) cos ACD, (iii) iaiiDAC, (i^) sin ABB^ 
(v) tani5^Z>, (vi) sin BAG, <vii) oos BCA, (viii) tan BOA, 
(ix) cos ^5/>, (x) sin ACB. 

(3) Let ACB be any angle and let ABC and i?i)^ be right 
angles ; (see next figure). Write down two values for each of the 
following ratios; (i) sin ACB, (ii) cob ACB, (iii) tan ACB, 
(iv) sin B AC, (v) cos B AC, {Yi)ienBAa 




(4) In the accompanying figure BBC, CBA and EAC are 
right angles. Write down (i) sin DBA, (ii) sin BE A, (iii) sin CBD, 
(iv) cosBAE, (v) cos BAD, (vi) cos CBD, (vii) tanZ?(7/), (viii) 
tan 2)5^, (ix) tan BE A, (x) tan CBD, (xi) sin 2)^^, (xii) sin BAE, 

4—2 
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(5) Let ABC be a right-angled triangle such that AB=b fL, 
5C«3 ft., then ^(7 wiU be 4 ft. 

B 




tan-4=r 





Find the sine, cosine and tangent of the angles at A and B 
respectively. 

In the above triangle if A stand for the angle at A and 
B for the angle at J?, show that sin^^l + cos* j4 = 1, and that 
sin2 5 + cos2^=l. 

(6) If ABC be any right-angled triangle with a right angle 
at (7, and let A, B, and C stand for the angles at A, B and O 
respectively, and let a, b and c be the measures of the sides oppo- 
site the angles A, B and C respectively. 

Show that sin A =- , cos A=- , 

Show also that sin^ A + cos* -4= 1. 

Show also that (i) a=c . sin A, (ii) 6=c . sin By (iii) a=c . cos ^, 
(iv) 6=c . cos J, (v) sin ^ =cos J?, (vi) cos ul =sin ^, (vii) tan A 
=cotZ?. 

(7) The sides of a right-angled triangle are in the ratio 
5 : 12 : 13. Find the sine, cosine and tangent of each acute 
angle of the triangle. 

(8) The sides of a right-angled triangle are in the ratio 
1:2: V3. Find the sine, cosine and tangent of each acute angle 
of the triangle. 

(9) Prove that if ^ be either of the angles of the above two 
triangles sin* A + cos* ^ = 1, 
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CHAPTER YI. 
On the Trigonometrical Ratios of Certain Angles. 

87. The Trigonometrical Ratios of an angle are numeri- 
cal quantities simply, as their name ratio implies. They ai^ 
in nearly all cases incommensurable numbers. 

Their practical value has been found for all angles 
between and 90^, which differ by V \ and a list of these 
values will be found in any volume of Mathematical Tables. 

The student is recommended to get a copy of Chambers' 
Mathematical Tables for instruction and reference. 

88. The finding the values of these Ratios has involved 
a large amount of labour; but, as the results have been 
published in Tables, the finding the Trigonometrical Ratios 
does not form any part of a student's work, except to ex- 
emplify the method employed. 

89. The general method of finding Trigonometrical 
Ratios belongs to a more advanced part of the subject than 
the present, but there are certain angles whose Ratios can 
l>e found in a simple manner. 

90. To find tlie sine, cosine and tangent of an angle of 

If one angle of a right-angled triangle be 45^, that is, 
the half of a right angle, the third angle must also be 45". 
Hence 45** is one angle of an isosceles right-angled triangle. 
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Let 



"^ M 

Let POM be an isosceles triangle such that PMO is a 
right angle, and OM = MP. Then P(?Jf = 0PM = ib\ 
Let the measures of OM and of JfP each be m, 
the measure of OP be ar. 

Then a;' = m* + m* = 2m«j 

.'. x= J2. m, 

MP m J_ 

J/P m 1 



Hence, sin 45® = sin POM= 



OP 



J'2.m 
m 



cos 45° = cos POJf = ~5 = -7^ 

OP J 2 . m 



tan 45® = tan POJf = - 



1. 



OM m 1 

91. To find the sine, cosine and tangent of 60". 

In an equilatei'al triangle, each of the equal angles is 
60®, because they are each one third of 180®. And if we 
draw a perpendicular from one of the angular points of the 
triangle to the opposite side, we get a right-angled triangle 
in which one angle is 60®. 

Let OPQ be an equilateral triangle. Draw PM per- 
pendicular to OQ, Then OQ is bisected in Af, 

Let the measure of OM be m ; then that of OQ is 2m 
and therefore that of OP is 2/ii. * 
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P 




M 

Let the measure of MF be x. 
Then x' = (2m)" - m" = 4w' - m' = 3»i', 

.-. x= JZ, m. 

Hence, sm 60" = sm PC/ if = 777, = ^-^^ = ^ , 



tan60« = tanPOJf=f?,= -^A:^ = ^2 = 



OJf 



m 



1 



^V3. 



92. Tojmd the sine, cosine and tangent of 30^ 
With the same figure and construction as above, we have 
the angle OFM= 30^ since it is a half of OFQ, i. e. of 60". 



Hence, sin 30" = sin OP Jf=^= ^ 

FO 2m 



1 
2' 



cos 30"= cos OPif= -7^- =-=H — =-^> 
FO 2m 2 

MO m I 



tan 30" = tan OFM= 



FM J2> . //* ^'d ' 
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*m. To find tJie sine of 18*. 

In the 10th Prop, of Euclid IV, a triangle is described 
such that each of the angles at the base is double of the 
third angle. [See also Example (6) p. 140.] 






Let POQ be such a triangle, and let the vei-tical angle 
POQ contain n degrees ; then 

w + 2n+2n=180, 
n=36. 

Draw OM perpendicular to PQ^ bisecting the angle POQ. 
Then since QOP = 36^ MOP = 18^ Also PJf = MQ. 

Let the measure of MP be w, and the measure of OP 
be re From OP cut off OIi=^PQ. Then by Euclid IV. 10 
PO .PP^^PQ". 

.-. x(x-2m)=={2my, 

,\ a* — 2mx + m* = ^m^ + m' = 5m'y 

.'. x= Jb . m+ m, 
MP ^ m ^ _1_ ^ J5-1 
OP " J5,m + m J5 + 1 4 



sinl8" = sinl/6>P = 
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94. To find the sine, cosine arid tangent ofO\ 

By this is meant, — To find the values, if any, to which 

tits Trigonometrical Ratios of a very small angle approach, 

as tlie cmgle is continually diminisJied, 




Lot ROP be a small angle. Draw PM perpendicular to 
OR, and let OP be always of the same length, so that P lies 
on a circle whose centre is 0. 

Then if the angle ROP be diminished, we can see that 

MP 
MP is diminished also, and that consequently -^ , which 

is sin ROP, is diminished. And, by diminishing the angle 
ROP sufficiently, we can make MP as small as we please, 
and therefore we can make sin ROP smaller than any assign- 
able number however smaU that number may be. 

Thus we see that the value to which sin ROP ap- 
proaches as the angle is diminished, is 0. 

This is expressed by saying, sinO® = i. 

Again, as the angle ROP diminishes, OM approaches 
OP in length; and cos ROP, which is -^ , approaches in 

, ^ OP ,\ . 
value to jYp, i.e. to 1. 

This is expressed by saying, cosO*=l ii. 

11 fP 
Also, tauiROP is ^^; and we have seen that MP ap- 
proaches 0, while OM does not ; .•. tan RO P approaches 0. 
This is expressed by saying, tan 0^ = iii. 
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95. To find the sine, cosine and tangent of 90". 

By this is meant, — To find tlie valties, if any, to which 
tJie TrifjfOTiometrical Matios of an angle approach, as the angle 
approac/iea a rigJU a/ngle. 

Let ^0^ be a right angle = 90^ 



P 




Draw JROF nearly a right angle; draw PM perpen- 
dicular to OB, and let OP be always of the same length, so 
that P lies on a circle whose centre is 0. 

Then, as the angle POP approaches to EOU, we can see 
that MP approaches OP, while OM continually diminishes. 

Hence when POP approaches 90**, sin POP, which is y-^ , 

OP 1 

approaches in value to yyp , that is to y , i.e. to 1. 

Hence we say, that sin 90°= 1 i. 

Again, when POP approaches 90°, cos POP, which is 

0^ 1.1.0,.^ 

-— , approaches m value to — ^ , that is to 0. 

Hence we say, that cos 90° = ii. 
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MP 
~0M 



Again, when ROP approaches 90", tan ROP which is 



OP 



approaches in value to -. ^r^-^ . ^ . 

a quantity which approaches 

Eut in any fraction whose numerator does not diminish, 
the smaller the denominator the greater is the value of that 
fraction ; and if the denominator continually diminishes the 
value of the fraction continually increases. 

Hence, tan ROP can he made la/rger than any assignable 
number by making the angle ROP approach W near enough 
This is what we mean when we say, that 

tan 90Ss infinity, or, tan 90° = oo iii. 

96. The following table exhibits the results of this 
Chapter. 



angle 


0^ 


180 


300 


450 


600 


9O0 


sine 





V5-1 
4 


1 
2 


1 
72 


V3. 

2 


1 


cosine 


1 




V3 

2 


1 

72 


1 
2 




00 


tangent 







1 
x/3 


1 


V3 



The student may notice that the sine increases with the 
angle, while the cosine diminishes as the angle increases. 

Also that the squares of the sines of 0®, 30^, 45^, 60^ and 90^ 
are respectively 0, J, f , f and f , and that the squares of the 
cosines of the same angles are f , }, f , ^, and 0. 
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EXAMPLES. Xm. 

If ^ =900, ^=600, C^Zif^, i)=450, ^=18^ prove the following : 

(I) 2.sini).cosi)=sm^. (2) 2. sin C. cos (7= sin ^. 

(3) cos2 5-sm«5=l-2sm2 5. 

(4) sin 5 . cos (7+ sin C, cos 5=sin A, 

(5) cos2i>-sin2i>=cosX (6) 4 . sin^ ^+ 2 . sin ^= 1. 
(7) sin2J? + cos2 5=l. (8) cos2(7+sin2(7=l. 

(9) cos2i) + sin2i>=l. 

(10) sin -ff . cos (7- sin C. cos 5=sin C, 

(II) 2 (cos J5. cos jD + sin J?. sini))«= 1 + COS C. 

(12) 2 (sin Z) . COS (7- sin C. cos Df^ 1 - cos C, 

(13) sin300=-5. (14) sin 450=^-707 1.... 
(15) sin 600 = -8660.... (ig) tan 600=1-7320508... . 
(17) tan 300 = -5773.... (is) sin 180= -3090.... 

97. The actual measurement of the line joining two 
points which are any considerable distance apart, is a very 
tedious and difficult operation, especially when great accu- 
racy is required; while the accurate measurement of an 
angle can, with proper instruments, be made with compara- 
tive ease and quickness. 

98. A Sextant is an instrument for measuring the angle 
between the two lines drawn from the observer's eye to each 
of two distant objects respectively. 

A Theodolite is an instrument for measuring angles in a 
horizontal plane ; also for measuring * angles of elevation ' 
and * angles of depression.^ 

99. The angle made with the horizontal plane, by 
the line joining the observer's eye with a distant object, 
is called 
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(i) its angle of elevation, when the object is above 

the observer ; 
(ii) its angle of depression, when the object is hehw 
the observer, t 

100. Trigonometry enables us by measuring certain 
cungleSy to deduce, from one known distance, the lengths of 
other distances : or, by the measurement of a convenient 
line, to deduce by the measurement of angles the len^hs of 
lines whose actual measurement is difficult or impossible. 

[In the Trigonometrical Survey of England, made by the 
Ordnance Department, the only distance actually measured was 
one of about seven miles on Salisbury Plain.] 

101. For this purpose we require the numerical values of 
the Trigonometrical Ratios of the angles observed. Ac- 
cordingly mathematical tables have been compiled, contain- 
ing lists of the values of these Katios. These Tables 
constitute a kind of numerical Dictionary, in which we can 
find the numerical value of the Trigonometrical Ratios of 
any required angle. 

Example 1. At a point 100 feet from the foot of a tower the 
angle of elevation of the top of the tower is observed to be 60^. 
Find the height above the point of observation of the top of the 
tower. P 




t In measuring the angle of depression the telescope is tamed 
from a horizontal position downwards. See Ex. (8) p. 63. 
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Let be the point of observation ; let P be the top of tho 
tower; let a horizontal line through meet the foot of the tower 
at the point M, Then Oif=100 feet, and the angle M0P=-6(y*. 
Let MP contain x feet. 

Then ^^"^^^ MOP^tun 600=^3 



•'• 100^^^* 
.-. d?=100. ^3=100 X 1-7320 etc. 
= 173-2. 
Therefore the required height is 173-2 feet. 

Example 2. A flagstaff, 25 feet high, stands on the top of a 
cliff, and from a point on the seashore the angles of elevation of 
the highest and lowest points of the flagstaff are observed to be 
47<> 12' and 450 13' respectively. Find the height of the cliff. 




Let be the point of observation, PQ the flagstaff. 

Let a horizontal line through meet the vertical line PQ 
produced in M. 

Then §P=25 feet, MOP^Al^ 12', MOQ^Ab^ 13'. 

Let .¥(?=a7feet; let (?if=y feet. 
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Then ^=tan47M2', .-. — ^— =tan47M2', 

and ^^=tan450l3', /. - =tan45M3'. 

„ ..... ^ + 25 tan47«12' 

Hence, by division .-. ——=^^-^^^^^ . 

In the Tables we find that 

tan 470 12'= 1-0799018, and tan45« 13'= 1-0075918, 

25^ 1-0799018 ^ -0723100 
' ;i7 1-0075918 "^1-0075918' 

^^ 1-0075918 ^100759 
25 -0723100 7231 * 

2518975 



=348 nearlj. 



• • 7231 

Therefore the cliflf is 348 feet high. 



EXAMPLES. XIV. 

The answers are given correct to three significant figures. 

(1) At a point 179 feet in a horizontal line from the foot of 
a column, the angle of elevation of the top of the column id 
observed to be 45®. What is the height of the column ! 

(2) At a point 200 feet from, and on a level with the base of 
a tower, the angle of elevation of the top of the tower is observed 
to be 60^ : what is the height of the tower? 

(3) From the top of a vertical cliff, the angle of depression 
of a point on the shore 150 feet from the base of the cliff, is ob- 
served to be 30® : find the height of the cliff. 

(4) From the top of a tower 117 feet high the angle of de- 
pression of the top of a house 37 feet high is observed to be 30®.; 
how far is the top of the house from the tower? 
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(5) A man 6 ft. high stands at a distance of 4 ft. 9 in. from 
a lamp-post, and it is observed that his shadow is 19 ft. long. 
Find the height of the lamp. 

(6) The shadow of a tower in the sunlight is observed to be 
100 ft. long, and at the same time the shadow of a lamp-post 9 ft. 
high is obselrved to be 3/^3 ft. long. Find the angle of elevation 
of the sun, and the height of the tower. 

(7) From a point P on the bank of a river, just opposite a 
post Q on the other bank, a man walks at right angles to PQ to 
a point R so that PR is 100 yards ; he then observes the angle 
PRQ to be 320 xr : find the breadth of the river. 

tan 320 ir =-6317667. 

(8) A flagstaff 25 feet high stands on the top of a house ; 
from a point on the plain on which the house stands the angles 
of elevation of the top and bottom of the flagstaff are observed 
to be 600 aji(j 450 respectively : find the height of the house above 
the point of observation. 

(9) From the top of a cliff 100 feet high, the angles of depres- 
sion of two ships at sea are observed to be 450 and 300 respectively ; 
if the line joining the ships points directly to the foot of the cliff, 
find the distance between the ships. 

(10) A tower 100 feet high stands on the top of a cliff; from 
a point on the sand at the foot of the cliff the angles of elevation 
of the top and bottom of the tower are observed to be 750 and 
600 respectively; find the height of the cliff. (Tan 750=2 + ^3). 

(11) A man walking along a straight road observes at one 
milestone a house in a direction making an angle 300 with the 
road, and that at the next milestone the angle is 600 : how far is 
the house from the road ] 

(12) A man stands at a point A on the bank AB of a straight 
river and observes that the line joining J. to a post C on the 
opposite bank makes with AB an angle of 300. He then goes 
400 yards along the bank to B and finds that BC makes with BA 
an angle of 6OO; find the breadth of the river. 
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♦ ♦ (13) A building on a square base ABCD has two of its sides, 
AB and CD, parallel to the bank of a river. An observer, stand- 
ing at E on the other side of the river so that DAE is a straight 
line, finds that AB subtends at his eye an angle of 46^. Having 
walked a yards parallel to the bank, he finds that DE subtends 
an angle whose tangent is Vs. Show that DB=a yards. 

(14) From the top of a hill the angles of depression of the 
top and bottom of a flagstaff 25 feet high at the foot of the hill 
are observed to be 45<^ 13' and 47^ 12' respectively ; find the height 
of the hilL 

tan 45M3'= 1-0075918, 
tan 47M2'= 1*0799018. 

(15) From each of two stations. East and West of each other, 
the altitude of a balloon is observed to be 45<*, and its bearings to 
be respectively N.W. and N.E. : if the stations be 1 mile apart, 
determine the height of the balloon. 

(16) The angle of elevation of a balloon from a station due 
south of it is 60°; and from another station due west of the 
former and distant a mile from it it is 45^. Find the height of 
the balloon. 

(17) An isosceles triangle of wood is placed on the ground 
in a vertical position facing the sun. If 2a be the base of the 
triangle, b its height, and 30^ the altitude of the sun, find the 
tangent of half the angle at the apex of the shadow. 

(18) The length of the shadow of a vertical stick is to the 
length of the stick as Vs : 1. K the stick be turned about its 
lower extremity in a vertical plane, so that the shadow is always 
in the same direction, find what will be the angle of its inclina- 
tion to the horizon when the length of the shadow is the same as 
before. 

(19) What distance in space is travelled in an hour in conse- 
quence of the earth's rotation, by a person sitaated in latitude 
e(fi1 (Earth's radius=4000 miles.) 

L. 6 
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CHAPTER YII. 

On the Relations between the Trigonometrical 
Ratios of the Same Anqle. 

102. The following relations are evident from the 
definitions : 

COSeC = ;: , SeC tf = ;: , COt d = 7 TT • 

sin cos 6 tan 

103. To prove taii^ = ?^. 

^ cos 




We have ^j^ g ^ Pf n>endicular 
hypotenuse 



and cos = 



hypotenuse ' 



sin ^ _^ pei-pendicular _ ^ 
cos $ ~ base "~ 

104. We may prove similarly cot $ = . ^ . 

1 cos^ 



Or thus, cot ^ = 



tan $ sin 6> * 
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105. Euclid I. 47 gives us that in any right-angled 
triangle the square on the hypotenuse = the sum of the 
squares on the perpendicular and on the base, 

or, (hypotenuse)' = (perpendicular)' + (base)*. 

(i) Divide each side of this identity by 
(hypotenuse)', and we get 

(hypotenusey _ /perpendicularv » / base N* 
hypotenuse/ \ hypotenuse J \hypotenuse/ ' 

that is, 1 =- sin' + cos' 0, 

(ii) Divide each side of the same identity by 
(base)', and we get 

/ hypotenuse^ ' __ /perpendicularN* /baseN* 
\ base / "" \ base / \base/ ' 

that is, sec* 6 = tan' + 1. 

(iii) Divide each side of the same identity by 
(perpendicular)', and we get 

(hypotenuse \' _ /perpendicularN' / base \' 
perpendicular/ ~ Vperpendicular/ Vperpendicular/ ' 

that is, cosec' d = 1 + cot' 9. 

106. Thus the three results 

(i) cos' ^ + sin' ^=1 -j 
(ii) l+tan'^ = sec'^ L 
(iii) l + cot'^ = coseo'^J 
are each a statement in Trigonometrical language of Euc. 1. 47. 

5—2 
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107. We give the above proof in a diflferent form. 
To prove that cos^ B + sin* ^ = 1. 
Let ROE be any angle 0. 




In OE take any point P, and draw PM perpendicular 
to OR, Then with respect to B, MP is the perpendicular, 
OP is the hypotenuse, and OM is the base ; 



'^ = 



MP" 



cos* B = 



OM* 



OP" ' OP* 

We have to prove that sin* B + cos* ^ = 1, 

^.^.^.MP'OM*. 
that IS, that ^^ + -j^ = 1, 



i.e, that 



MP'+OM' 
OP* 



OP* 

OP*' 



i. e. that if P* + OM* = OP*. 
Bat this is true by Euclid I. 47. 

Therefore cos*^ + 8in*tf = 1. 
Similarly we may prove that 

l+tan*tf = sec*^, 
And that 1 + cot* $ = cosec* B. 
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108. The following is a List of FobMxjlm with which 
the s^tudent must make himself familiar : 

COSeC 6 = —. ;: , 

sec = 75 , 

tan^ 

. ^ sin ^ 
tan^ = 

C08(^' 

. >! cos ^ 
cotd = ^-^, 

sin»d + cos'^=l, 
tan"^+l=sec»^, 
cot* ^ + 1 = cosec* 0. 

109. In proving Trigonometrical identities it is often 
convenient to express the other Trigonometrical Batios in 
terms of the sine and cosine. 

Example, Prove tiat tan A + co^ A = wc A . cosec A. 

o' X ^ sin^ . . cos^ 

Smce tanil= j, cot^=-^ — -., 

cos A sm -d ' 

sec A = 7 and cosec A =—. — ^ , 

cos J. sin 4 

we have to prove that 

sin J . cos^ __ 1 1 Q 

cos -4 sin J. ~ cos -4 ' sin -4. ' ^ 

or that 

sin^^ + cos^^ 1 

cos ul . sin ^ "^ cos A .sin A ^ 

and this is true, because sin* A + cos* ^ = 1. 
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110. Sometimes it is more convenient to express all the 
other Trigonometrical Ratios in terms of the sine only, or in 
terms of the codne only. 

Example, Prove that sin* ^ + 2 sin* B . cos* ^ = 1 - cos* B, 

Now since sin* B + cos* B=^ 1, 

therefore sin* B=l- cos* ^, 

and therefore sin* ^ = (1 - cos* B)K 

Hence, putting 1 - cos* ^, and (1 - cos* ^)* for sin* B and sin* B 
respectively, we have to prove that 

(1 -008*^)2+2. (1 -cos* ^) . cos* ^-1 -cos* ^, 
or that 

l-2cos*^ + cos*^+2cos*^-2cos*^=l-cos^^, 

or that 1 - cos* B^\- cos* By 

which is true. 

This example may be proved directly ^ by reversing the steps 
of tha above proof ; thus 

We have l-cos*^-l-cos*^, 

.*. (1 -2 cos* ^ + cos* ^) + 2 cos* ^-2 cos* ^=1 - cos*^, 
.-. (l-cos*^)* + 2cos2^(l-cos*^) = l-cos*^, 
/. (sin* Bf + 2 cos* ^ . sin* ^ = 1 - cos*A Q.E.D. 

Note. (1 - cos 6) is called the versod sine of d j it is 
abbreviated thus versin $, 



Digitized by VjOOQiC 



EXAMPLES. XV. 71 

EXAMPLES. ZV, 

Prove the following statementa 

(I) cosul.tanJ.=sin^, (2) cot^ . tan^^l. 

(3) cos -4= sin 4. CO* -4. (4) sec^.cotil=cosec^. 

(5) cosec A , tan ^=sec A, 

(6) (tan^+cotjl)sinul.cos^=l. 

(7) (tan-4-cotjl)sinjl,oosul=sin2jl-cos'-4. 

(8) cosM-sin2^=2cosM-l = l-2siii2X 

(9) (sin-4 + cos-4)2«l+2sin^.cos^. 

(10) (sin A - cos Af^ 1 - 2 sin ^ . cos Jl. 

(II) cos* 5 -sin* 5=2 cos2 5-1. 

(12) (sin25 + cos25)2=l. 

(13) (sin«i?-cos2 5)2=^l-4cos2 5 + 4cos*5. 

(14) l-tan*5=2sec25-sec^5. 

(15) (sec5-tan5)(sec5+tan5)=l. 

(16) (cosec ^ - cot ^) (cosec ^ + cot ^) == 1. 

(17) sin^ ^ + cos3 ^=(sin ^+cos 6) (1 - siii ^ cos 6). 

(18) cos8 B - sin3 ^= (cos 6 - sin 6) (1 + sin 6 cos 6), 

(19) sin« ^ + cos« ^= 1 - 3 sin^ 6 . cos^ 6. 

- (20) (sin« 6 - oos6 6) = (2 sin^ tf - 1) (1 - sin2 6 + sin* 6), 

^-f+^j =tan^.tan5. 
^ ' cotul+cot5 

/««x cota+tan^ . X ^ 

(23) J^=(-<^^"^^)^^ 

(24) l±^=(cosec^+cot^)«. 
^ ' 1-cos^ ^ ' 

(25) 2 versin B - versin^ B = sin^ B, 
^26) versin ^ (1 + cos ^) = sin^ B. 
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111. All the Trigonometrical E;atios of an angle can be 
expressed in terms of any one of them. 

Example 1. To express aU the tngonometnoal ratios of an 
angle in terms of the sine. 




/7^ 
Let ROE be any angle A. 

"We can take P anywhere in the line OE; so that we can 
make one of the lines, OFy OM, or MP any length we please. 
Let us take OP so that its measure is' 1, and let s be the 

MP s 



measure of MP; so that sin J, which is 



OP' 



or, «=sin A. 



Let X be the measure of OM. 
Then since OM^-^ OP^ - MP^, 

.-. x^^l--^, 
• .'. X 
OM 
'OP 
MP 



Hence 



cos A = 7r?» = 



a/iT7, 

— I — =vl-sm2^, 



tan^=r-T7 = 



and so on. 
Note. 



OM ^Tzr^ 



sin J. 
\/l~sin2^' 



The solution of the equation x^^l-s^y gives 



and therefore the ambiguity (±) must stand before each of the 
root symbols in the above. This ambiguity, as will be explained 
later on, is of great use when the magnitude of the angle is not 
limited. When we limit A to be less than a right angle we have 
no use for the negative sign. 
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Example 2. To express all the other trigonometrical ratios 
of an angle in terms of the tangent. 




In this case tan 6^ 



MP 
OM' 



Take P so that the measiire of DM is 1, and let t be the 

MP t 
measure of MP ; so that tan 0, which is -^ > — 7 > ^^> *==tan 3. 

Then we can show that the measure of OP is v 1 + tK 
t tan^ 



Hence, 



and so on. 



. . MP 

sm^=7^p^= . - =-7===-, 
OP s/l + «2 Vl + tan-*d 

. . OM I 1 

OP iJi+^ N/l + tan^^ 



112. The same results may be obtained by the use of the 
formulae on page 69. 



Example 



Again 
and so on. 



tan^= 



cos2^ + sin2^=l, 
.-. cos2^=l-sin2^, 
.*. cos^=\^l-sin2^. 
sin 6 sin ^ 



cos^ \/l-sin2^' 
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EXAMPLES. XVI. 

(1) Express all the other Trigonometrical Ratios of ^ in 
terms of cos A. 

(2) Express all the other Trigonometrical Eatios of ^ in 
terms of cot A, 

(3) Express all the other Trigonometrical Ratios of A in 
terms of sec A, 

(4) Express all the other Trigonometrical Ratios of A in 
terms of cosec A, 

(5) Use the formulae of page 69 to express all the other 
Trigonometrical Ratios of A in terms of sin A, 

(6) Use the formulsB of page 69 to express all the other 
Trigonometrical Ratios of -4 in terms of the tan A, 

113, Given one of the Trigonometrical Ratios of an 
amjgle less than a rigid angle, we cam find all the others. 

Since all the Trigonometrical Batios of an angle can be 
expressed in terms of any one of them, it is clear that if the 
numerical value of any one of them be given, the numerical 
value of all the rest can be found. 

Example. Given sin ^=5, find the other Trigonometrical 
Ratios of 0. 

Let EOE be the angle 3. 

Take P on 0£J so that the measure of OP is 4. Draw PM 
perpendicular to OR. 
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(MP \ 
so that jrp =i)y and since the measure 

of OP is 4, therefore the measure of MP must be 3. 

Let 07 be the measure of DM; 
then OM^^OP^'MP*, 

.'. 572=42.32^16 _ 9 ==7. 

07=V7. 
Therefore the measure of OM is ^, 

„ ^ OM sjl 

Hence, ^^^'^OP i ' 

. . MP 3 3^/7 
cot^4^ 

EXAMPLES. XVn. 

(I) Given that sin j1 = |, find tan A and cosec A, 
(22) Given that cos B=^,l, find sin B and cot ^. 

(3) Given that tan ^ = J, find sin A and sec A, 

(4) Given that sec 6=4, find cot 6 and sin ^. 
(6) Given that tan ^=^/3, find sin 6 aoid cos ^. 

2 

(6) Given that cot ^= -7= , find sin 6 and sec 6. 

v5 

(7) Given that sin ^=- , find tan 6, 

(8) Given that tan 0=t, find sin and cos 0, 

(9) Given that cos ^s- , find sin $ and cot $. 

(10) If sin ^=0, and tan ^=6, prove that (1 - a^) (1 + 62)= 1. 

(II) If cos^=A, and tan ^==^, find the equation connecting 
h and L 
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I 



114. The following examples are important. 
ExanwpU 1. To trace the changes in the magnitude of sin A 
as A increases {rom 0* to 90°. 




Take a line OB^ of any length; and describe the quadrant 
B.FU of the circle whose centre is and radius OR, 

Draw the right angle ROU^ cutting the circle in U. 

Let OP make any angle ROP (=^) with OR \ draw PM per- 
pendicular to OR, 

Then 



. . MP 
sm^«^. 



When the angle A is (y*, MP is zero, and when A is 90®, MP 
is equal to OP ; and as A continuously increases from 0° to 90®, 
MP increases continuously from zero to OP ; also OP is always 
equal to OR, 

MP 

Therefore, when j1=0®, the fraction j-p is equal to -yp, that 

JTP OP 

is 0; when -4=90® the fraction -yp is equal to jr-jj^ that is 1 ; 

and as A continuously incr^ases from 0® to 90®, the nnmeraJtor of 

MP 

the fraction -z^p covJtinwmdy mcreaaes from zero to OP, while 

MP 

the denominator is unchanged, and therefore the fraction jrp , 

which is sin J, increases corUinvmLsly from to 1. 
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Example 2. To trace the changes in the magnitude of tan A 
as A increases from 0<* to 90<*. 

With the same construction and figure as in the last article, 
we have 

tan^=^^. 

When the angle A is (fiy MP is zero; when A is 90°, MP is 
equal to 0P\ and as the angle continuously increases from 0^ to 
90®, MP increases continuously from zero to OP, 

When the angle ^ is 0<*, OM is equal to 0P\ when A is 90**, 
OM is zero; and as A continuously increases from (fi to 90®, 
OM continuously decreases from OP to zero. 

MP 

Hence, when -4 is 0®, the fraction ^ry. is equal to ry^, that is 

MP OP 

0; when A is ^0®, the fraction jr^ is equal to -^, that is 'in- 
finity' (see art 95) ; and as A continuously increases from 0® to 
90®, the numerator continuously increases fr*om zero to OP, 
while the denominator continuously diminishes from OP to zero ; 

MP 
so that the fraction rr^; which is tan J, contiimoudy increases 
UM 

from imtil it is greater than any assignahle nvmerical quantity. 



EXAMPLES. XVJULL. 

(1) Show that as A continuously increases ivom 0® to 90®, 
cos A continuously diminishes from 1 to 0. 

(2) Trace the changes in the magnitude of sec ^ as ^ increases 
from Otof . 

(3) Trace the changes in the magnitude of sin ^ as ^ dimin- 
ishes from 90® to 0®. 

(4) Trace the changes in the magnitude of cot ^ as ^ increases 
from to 5 . 
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115. Since the hypotenuse is the greatest side in a right- 
angled triangle, it is clear 

(i) that sin A J which is . \^ , is never 

^ ' hypotenuse ' 

greater than unity, 

(ii) that cos A. which is —^ , is never 

^ ' hypotenuse 

gi'eater than unity, 

(iii) that cosec Ay which is — — — p — t— , is never 
^ ' perpendicular 

nuTnerically less than unity (we shall see 

later on that it may be negative), 

/• \ XV i A X.X.' hypotenuse , 
(iv) that sec A, which is , , is never nume- 
rically less than unity (it may be negative). 

Hence such a question as ^ Find am angle v^hose sine 
is ^' has no solution, since there is no angle whose sine 
is greater than unity. 

And such a question as ' Find an a/ngle whose secant 
is 2 ' has no solution, because there is no angle whose secant 
is numerically less than unity. 

116. If ui be small, the perpendicular is smaller than 
the base; and tan^l, which is ^- — ^-^ , can be made as 



small as we please (see figure in Art. 114). Also if the 
angle A be nearly a right angle, the perpendicular is greater 

than the base : and tan A. which is , , can be made 

' base ' 

as large as we please. 
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So that an angle whose tangent is a can always be found 
if a be positive ; that is, there is always an angle A between 
0® and 90°, such that tan A = a,i£ ahe& positive number. 

[The student will find as he proceeds that the equation 
tan x = a can always be solved if a be any arithmetical 
quantity]. 

Uxample 1. To draw an angle A whoae sine is }. 

Draw any line OR, and take R such that the measure of OR 
is unity ; describe the quadrant RFU of the circle whose centre is 
and radius OR, 

In OU which is perpendicular to OR, take ON" so that the 
measure of ON is }. 




Draw NP parallel to OR cutting the quadrant in P. (The 
student should observe that if the measure of ON" were greater 
than unity, iV would be outside the circle altogether, and the line 
parallel to OR would not cut the circle at all.) 

Join OP, and draw PJf perpendicular to OR, 
Then ROP is the angle required. 



For am ROP= 



MP 



OP *-^ 



OP^OP"^^' "'"^* 
Therefore an angle POR has been drawn whose sine is J. 
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Example 2. To draw an angle iih/oH cosim is b ; where & is a 
proper fraction and positive. 




Draw any line OR, and take OB so that its measure is unity. 

Describe the quadrant RPU oi the circle whose centre is 
and radius OR. 

Take M in OR so that the measure of OM is h, OM will be 
less than OR because h is 2k proper fraction. 

Draw ifP perpendicular to OR cutting the quadrant in P. 
(The student will observe that if h were an improper fraction, 
M would be outside the circle altogether.) 

Then the angle BOP is the angle required. 

Forcosi20P = ^=|=6. 

Therefore an angle ROP has been described such that the 
cos ROP=b. 

Example 3. To draw an angle A such that tan A = a, where 
a is any positive numerical quantity. 
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Draw any line ORy and take if in it so that the measure of 
DM is unity. 

Draw MP perpendicular to OM^ and take P so that the 
measure of MP is a. Join OP. Then the angle ROP is the 
angle required. 

FortanJB(?i>=^ = ?=a. 

Thus an angle ROP has been drawn so that tan ROP=a. 

117. Definition. One angle is called the COmpleillBIlt 
of another, when the two angles added together make up a 
right angle. 

Example 1. The complement of A is (90^ - A). 

Example 2. The complemeiit of 190^ is (90» - 1900) = - lOQO. 
For 1900+(9(y>-1900)=90<>. 

Example 3. The complement o^x^^Va""!")"'""!'' 

118. To prove that the sine of an angle A is equal to 
the cosine of its complement (90*— A). 

[This is true whatever be the magnitude of -4, as will be 
proved later on] 

If A be less than 90^ let ROP be A (see last figure). 

Draw PM perpendicular to OR. 

Then since PMO = 90^ therefore POM+ 0PM ^ ?0' and 
therefore 0PM = (90* - A). 

MP 
Now, sin 4 = gp = cos 0PM = cos (90" - A). q.e.d. 



6 
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EXAMPLES, yry . 

(1) Draw an angle whose sine is \, 

(2) Draw an angle whose cosecant is 2. 

(3) Draw an angle whose tangent is 2. 

(4) Can an angle be drawn whose tangent is 431 \ 

(5) Can an angle be drawn whose cosine is f ? 

(6) Can an angle be drawn whose secant is 5 ? 

(7) Find the complements of 

(i) 300. (ii) 1900. (iii) 900. (iv) 3500. . 

(v) -250. (vi) -3200. (vii)^. (viii)-|. 

(8) Pi-ove that sin 700=cos 200. 

(9) Prove that cos 470 16'=sin 420 44'. 

(10) Prove that tan 790=cot lio. 

(11) Prove that sec 360=cosec 540. 

(12) If A be less than 900, prove 

(i) cos ^= sin (900-^). 
(ii) tan ^= cot (900-^). 
(iii) sec -4=cosec (900— jl). 
(iv) cot ^= tan (900-^). 

On the Solution op Trigonometrical Equations. 

119. A Trigonometrical equation is an equation in 
which there is a letter, such as ^, which stands for an aTi^le 
of unknown magnitude. 

The Bolviion of the equation is the process of finding an 
angle which, if it be substituted for ^, satisfies the equation. 
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Example \, Solve oo^ 6 ^\, 

This is a Trigonometrical equation. To solve it we must 
find some angle such that its cosine is \, 

We know that cos 6(y»=i. 

Therefore if 60<> be put for 6 the equation is satisfied, 
.*. ^=60^ is a solution of the equation. 

Example 2. Solve sin ^ - cosec ^ + 1 = 0. 

The usual method of solution is to express all the Trigono- 
metrical Ratios in terms of one of them. 

Thus we put -; — ;, for cosec 6. and we get 
^ sm^ ' ° 

sin^--r— 2, + |=0. 
sm 6 ^ 

This is an equation in which 6, and therefore sin 6 is unknown. 
It will be convenient if we put x for sin 6, and then solve the 
equation for x as an ordinary algebraical equation. Thus we get 

or, ^2 + Y=l, 

Whence x= -2, or x=^. 

But X stands for sin B, 

Thus we get sin ^= - 2, or sin 6=^. 

The value - 2 is inadmissible for sin $, for there is no angle 
whose sine is numerically greater than 1 (Art. 115), 
/. sin^=J. 
But sin 300= J. 

.-. sin^=sin30<*. 
Therefore one angle which satisfies this equation for 6 is 30<^. 

6—2 
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Examjple 3. To solve the equation cosec 6 - cot* ^ + 1=0. 

We have 1 + cot^ ^«cosec« 0. [Art 108] 

/. cot*^=cosec2^-l. 
and we get cosec 6 - cosec* + 2=0. 

Let X stand for cosec $, Then 

or -0?* + 2=0. 
.-. «*-i?a=+2. 
or .-. j:*-4r + l=+J + 2=f, 

Whence ^=2, or a? = - 1, 

.'. cosec ^=2, 
but cosec 30<^=a2, 

.*. cosec ^ = cosec SO**, 
therefore 30^ is one angle which satisfies the equation for 6, 



EXAMPLES. XX. 

Find one angle which satisfies each of the following equations, 
1 



(1) 


8m<?=-^2. 


(2) 4 sin ^» cosec ^. 


(3) 


2cos^=sec^. 


(4) 4sin^-3 cosec ^=0. 


(5) 


4 cos ^-3 sec ^=0. 


(6) 3tan^=cot^. 


(7) 


3sin^-2cos*^=0. 


(8) V2sin^=tan^. 


(9) 


2cos^=V3cot^. 


(10) tan ^=3 cot d. 


(11) 


tan ^ + 3 cot ^=4. 


(12) tan ^ + cot ^=2. 



(13) 2sin2^ + V2cos^=2. (14) 4 sin* ^+2 sin ^=1. 

(15) 3tan*^-4sin*^=l. (16) 2 sin* ^ + ^2 sin ^=2. 

(17) cos2^-V3cos^ + 3=0. 

(18) cos* ^ + 2 sin* ^ - f sin ^=0. 
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♦ ♦MISCELLANEOUS EXAMPLES. T^T 

(1) Prove that 3 sin 600 - 4 sin^ 60° = 4 cos» 30® - 3 cos 300. 

(2) Prove that tan 300 (i + cos 30° + cos 600) = sin 30° + sin 6(y>. 

(3) If 2 cos2 ^ - 7 cos ^ + 3 = 0, show there is only one value 
of cos ^. 

(4) Find cos ^ from tho equation 8 cos* ^-8cos ^ + 1=0. 

(5) Find sin^ from the equation 8sin2^-10sind + 3=0, 

and prove that one value of ^ is ^ . 

(6) Find tan ^ from the equation 12 tan* ^-13 tan ^ + 3=0. 

(7) If 3 cos* ^ + 2 . */3 . cos ^ = 5 J, show that there is only one 

value of cos $. and that one value of ^ is ^. 

o 

(8) Prove that the value of sin* 6 + cos* ^ + 2 . sin* 6 . cos* 6 is 
always the same. 

(9) Simplify cos* A + 2. sin* A . cos* A, 

(10) Express sin* A + cos* A in terms of sin* A and powers of 
Bin*^. 

(11) Express 1 +tan* 6 in terms of cos 6 and its powers. 

/io\ -D- ., . C0S-4+C0S5 . sin^+sinj5 ^ 

(12) Prove that -. — -. -. — j, + -. = =0. 

^ ' sm J. - sm -o cos-4 - cos B 

(13) Express (sec A -tan A)^ in terms of sin A, 

(14) Trace the changes in the magnitude of cosec ^ as ^ in- 
creases from to - . 

(15) Trace the changes in the magnitude of cot ^ as ^ de- 
from Q to 0. 

(16) Solve sin(^+^)=^,cos(^-«)=^. 
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CHAPTER VIIL 
On the Use op the Signs + and -. 

120. The student is probably aware that, in the appli- 
cation of Algebra to Problems concerning distance, we some- 
times find that the solution of an equation gives the measure 
of a distance with the sign — before it. 

Example. Let Jf, iT, be places in a straight line ; let the 
distance from i/" to iV be 3 miles, and the distance from iV to 0, 
3 miles. 



J 1 



-R 



One man A starting from Jf, rides towards at the rate of 
10 miles an hour, whOe another man B starting simultaneously 
from jVj walks towards at the rate of 4 miles an hour ; 

If Q be the point at which they meet, how far is Q beyond ? 

L*»t P be any point beyond 0, and let x be the number of 
miles in OP. We wish io find Xy i. e. the measure of OP, so that 
P may coincide with §, the point at which A overtakes B. 

When A arrives at P, he has ridden Q+x miles. The time 

6 + J? 
occupied at the rate of 10 miles an hour is — — hours. 

When B arrives at P, he has walked 3 + a? miles. The time 

3 -{-x 
occupied at the rate of 4 miles an hour is -^— hours. 
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When P is the point at which they meet, these times are 
equal, so that 

"Y^ = -J- ; whence ^= - 1. 

Thus the required number of miles has the sign - before it ; 
and we have failed to find a point beyond at which A over- 
takes B, 

121. Such a result can generally be interpreted by 
altering the statement of the problem, thus : 

The line whose measure appears with the sign — before 
it, must be considered as drawn in the direction opposite to 
that in which it was drawn in the first statement of the 
problem. 

t y ^ 9 ? ft 

Example, Taking the former example, let us alter the ques- 
tion as follows : 

If Q be the point at which A overtakes B, how far is Q to 
the left of 0? 

Let P be any point to the left of 0, and let a? be the number 
of miles in OP, 

We wish to find x (i.e. the measiure of OP), so that P may 
coincide with §, the point at which A overtakes B. 

When A arrives at P, he has ridden Q-x miles. 

When B arrives at P, he has walked 3-4? miles. 

Proceeding as before, we get 

6-07 Z-x , 

~Yq- = —J- ; whence .r = + 1. 

Therefore if P is to coincide with Q (the point at which A 
overtakes j5), OP must be one mile to the left of 0, 
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122. The consideration of sucli examples as the above 
has suggested, that the sign - may be made use of, in 
the application of Algebra to Geometry, to represent a 
direction exactly opposite to that represented by the sign +. 

Accordingly the following Rule, or Convention, has been 
made. 

RULE. Any straight line AB being given, then 

lines drawn parallel to AB in one direction shall be posi- 
tive; that is, shall be represented algebraically by their meon 
surea vnth tlie sign + he/oi'e them : 

lines drawn parallel to BA in the opposite direction 
shall be negative ; that is, shall be represented algebraicaUy 
by their measures with the sign - before them, 

123. We may choose for the positive direction in each 
case that direction which is most convenient. 

Example, Let LR be a straight line x>arallel to the printed 
lines in the page, 

L ^ £ — ff 

and let lines drawn in the direction from X to U in the figure 
that is, from the left-hand towards the right, be considered 
positive. Then by the above rule, lines drawn in the direction 
from R to X, that is, from right to left, must be negative, 

124. In naming a line by the letters at its extremities, 
we can indicate by the order of the letters, the direction in 
which the line is supposed to be drawn. 

Example. Let and P be two points in the line LR as in 
the figure, and let the measure of the distance between them 
be a. 

Then OP, i.e. the line drawn from to P, which is in the 
positive direction, is represented algebraically by + a. 

While PO, i.e. the line drawn from P to 0, which is in the 
negative direction, is represented algebraicaUy by - a. 

Digitized by VjOOQIC 



USE OF THE SIGNS + AND -. 89 

125. Hence in iiaing the two letters at its extremities 
to represent a line, the student will find it advantageous 
always to paj careful attention to the order of the letters. 

Example, Let LR be a straight line parallel to the printed 
lines in the page. 

Let -4, B, C, jD, E be points in LR^ such that the measures of 
AB, BC, CD, DE, are 1, 2, 3, 4 respectively. 

Find the algebraical representation of 

(i) AC-i-CB m AD + DG-BC. 

(i) The algebraical representation of AC is + 3, 

the algebraical representation of C7j5 is - 2. 

Hence that of ^67+05 is +3-2; that is, +1*. 

(ii) The algebraical representation of AD is + 6, that of DO 
is -3, and that of BCia +2. 

Therefore that of AD + DC-BC=e-3-2= + 1. 

This is equivalent to that of AB. 



EXAMPLES. XXn. 

In the above figure, find the algebraical representation of 

(1) AB+BC+CD. (2) AB+BC+CA, 

(3) BC + CD+DE+EC. (4) AD-^CD. 

(5) AD + DB+BE (6) BC^AC+AD-BD. 

(7) CD + DB+BE (8) CD-^BD + BA+AC+CE. 

* BjAC+CB (attention being paid to direction), we mean 'Go 
from AioC and from C to B.' The result is equivalent to starting 
from A and stopping at B, i.e. equivalent to AB. 
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CHAPTER IX. 
On the Use op the Signs + and - in Trigonometry. 

126. In TrigonoiXietry in order conveniently to treat 
of angles of any magnitude, "we proceed as follows. 

We take a fixed point 0, called the origin ; and a fixed 
straight line OR, called the initial line. 

The angle of which we wish to treat is described by a 
line OP, called the revolving line. This line OP starts 
from the initial line ORj and turns about through an 
angle ROP of any proposed magnitude into the position OP. 




Initial Line 



127. We have already said in Art. 41 

(i) that, when an angle ROP is described by OP turning 
about in the direction corUra/ry to that of the hands of a 
wa^chy the angle ROP is said to be positive; that is, is re- 
presented algebraically by its measure with the sign + before it, 

(ii) that, when an angle ROP is described by OP turning 
about in the same direction as the hands of a watch, the 
angle is said to be negative; that is, is repres&rUed alge- 
braically by its measure with the sign - before it. 
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Example. (ISO** - A) indicates 

(i) the angle described by OP turning about from the 
position OR in the positive direction until it has described an 
angle of (180 - A) degrees. 




Or, (ii) the angle described by OP tmning about 0, from 
the position OR^ in the positive direction until it has described 
an angle of 180° (when it has turned into the position OX), and 
then turning back from OL in the negative direction through 
the angle - A into the position OP. 

Or, (iii) the angle described by OP turning about from 
the position OR^ in the negative direction through the angle -^, 
and then turning back in the positive direction through the 
angle 180°, into the position OP. 

The student should observe that in each of these three ways 
of regarding the angle (180® - -4), the resrdiing angle ROP is the 
same. 

EXAMPLES. XXm. 

Draw a figure giving the position of the revolving line after it 
has turned through each of the following angles. 



(1) 


270". 


(2) 


370». 


(3) 


425». (4) 590». 


(5) 


-30». 


(6) 


-330». 


(7) 


-480». (8) -750". 


(9) 


277r 
4 • 


(10) 


2„. + -^. 


(11) 


(2n + l),r + |. 



W /,o\ ft T 



(12) (2n+l)n--^. (13) 2n7r-|. (14) (2n + l) ir-|. 

Note, nir always stands for a whole number of two 
right angles. 
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128. It is often convenient to keep the revolving line 
of the same length. 




In this case the point P lies always on the circumference 
of a circle whose centre is 0. 

Let this circle cut the lines LOR, UOD in the points 
Z, R, Uy D respectively. 

The circle RULD is thus divided at the points R, 27, Z, D 
into four QuadrantSy of which 

RU\a called the first Quadrant. 

UL is called the second Quadrant. 

LD is called the third Quadrant. 

DR is called the fourth Quadrant. 
Hence, in the figure^ 

ROP^ is an angle in the first Quadrant 
ROP^ „ „ second Quadrant. 

ROP^ „ „ third Quadrant. 

ROP^ „ „ fourth Quadrant 
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129. When we are told tliat an angle is in some parti- 
ticular Qiiadrant^ say the third, we know that the position 
in which the revolving line stops is in the third Quadrant. 
But there is an unlimited number of angles having this same 
final position of OP. 

Example, 250 ; 3850 i.e. 360« + 250 ; 745^ i.e. 2 x 36(fi + 250 ; 
- 335 Le. - 360*^ + 25<^ are each an angle in the first Quadrant, and 
are all represented geometrically by the same final position 
of OP. 

130. Let A be an angle between 0® and 90**, and let n 
be any whole number, positive or negative. 

Then 

(i) 2nx 180® + -4 represents algebraically an angle in 

the^r*^ Quadrant. 

(ii) 2nxl80''— -4 represents algebraically an angle in 

the Jourth Quadrant. 

[For 2n x 180<* represents some number n of complete revolu- 
tions of OP ; so that after describing n x 360<^, OP is again in the 
I)Osition OR.] 

(iii) (2w + 1) X 1 80° - -4 represents algebi-aically an angle 

in the second Quadrant. 

(iv) (271 + 1) X 1 80° + il represents algebraically an angle 

in the third Quadrant. 

[For after describing (2n + 1) x 180**, OP is in the position OL.] 
The corresponding expressions in circular measure are 

(i)2n7r + fl; (ii) 27i7r-tfj (iii) (271 + 1) tt-A; 
(iv) (27i + l)w + ft 
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F.XAM?T,F-S. XZIT. 



State in which Quadrant the revolving line will be after 
describing the following angles : 



(1) 1200. 
(4) -1000. 



(7) 



3 



(10) 2nir-\ 



(2) 
(5) 



3400. 
-3800. 



(3) 4900. 
(6) -10000. 



(8) 10 7r + ^ 



(9) 



9ir-?? 



Stt 



(11) (271+1) IT + J. (12) W7r + |. 



131. The principal directions of lines with which we 
are concerned in Trigonometry are as follows ; 

i. that parallel to the initial line OR {OR is usually 
drawn from towards the right hand, parallel to the 
printed lines in the page; and RO is produced to Z.) 

iL that parallel to the line DOU, which is drawn through 
at right angles to LOR ; 

iiL that parallel to the revolving line OP, 
U 
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- Accordingly we make the following rulos : 

I. Any line drawn parallel to LR in the direction from 
left to right is to be positive; and conseqibently (Art 
112) any line drawn parallel to RL in the opposite direc- 
tion, Le. from right to left, is to be negative. 

IL Any line drawn parallel to i^CT" in the direction 
from J) to U, upwards, is to be positive ; and consequently 
any line drawn parallel to UD in the opposite direction, 
ie. downwards, is to be negative. 

III. Any line drawn parallel to the revolving line in 
the direction from ioF ia to be positive, and consequently 
any line drawn in the direction from P to is to be 
negative. 

Note. The student must notice that the revolving line OP earriet 
its positive direction round with it, so that the line * OP' is always 
positive. 



132. We said, in Art. 81, that the definitions of the 
Trigonometrical Batios (on pp. 46, 47), apply to angles of 
any magnitude. We have only to remark that it is gene- 
rally convenient to take F on the revolving line; that 
PM is drawn perpendicular to the other line produced if 
necessary; and that the order of the letters in MP, OP, 
OM is an essential part of the definition. 

MP 
The order of the letters P, M, in the expressions ^^ , 

eta, is therefore of gi'eat importance. 
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133. We proceed to show that the Tngonometrical 
Ratios of an angle vary in Sign according to the Quadrant 
in which the angle happens to be. 

f'rom the definition we have, with the usual letters, 
sin EOP=~,cos ROP — .lB.n ROP=^. 



FilU 



Fig.11. 




I. When BOP lies in the first Quadrant (Fig. L). 

IfP is positive because from if to P is upwards 

(Rule II. p. 95.) 

OM is positive because from to if is towards the right 

(Rule I. ) 

OP is positive (Rule in.) 
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Hence, if A be any angle in ihQ first Quadrant, 

sin il, which is r^p^ is positive ; 
cos -d, which ]s -jyp , IS positive ; 
tan -4, which is jjTfi ^ positive, 

II. When HOP lies in the second Quadrant, (Fig. il.). 
MP is positive, because from i/ to P is upwards, 

OM is negative, because from to if is towards t/ie left. 
OP is positive. 

Hence, if il be any angle in the second Quadrant, 

. . .... MP . 

Bin A, which is -jr-p j ^ positive ; 

COB A, which is rjp , is negative ; 

tan A, which is yy^, is negative. 

III. When JROP lies in the third Quadrant (Fig. iii.) 
3fP is negative, OM is negative, OP is positive. 

So that, if ii be any angle in the third Quadrant, 
sin A is negative, cos A is negative, tan -4 is positive. 

IV. When i?OP lies in the fourth Quadrant (Fig. iv) 
MP is negative, OM is positive, OP is positive. 

So that, if -4 be any angle in the fowrik Quadrant, 

sin A is negative, cos ^ is positive, tan il is negative. 

L. 7 
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134. The table given below exhibits the results of the 
last article. 



Quadrant ... 


I. 


II. 


III. 


IV. 


Sine 


+ 


+ 


- 


- 


Cosine 


• + 


- 


+ 


Tangent ... 


+ 


- 


+ 


1 



The student should notice that in any particular Quadrant 
the three signs of sine, cosine, and tangent are unlike their signs 
in any other Quadrant, 



EXAMPLES. XXV. 

State the sign of the sine, cosine, and tangent of each of the 
following angles : 

(1) 600. (2) 1350. (3) 265^. 

(4) 2750. (5) -IQO. (6) -910. 

(7) -1930. (8) -3500. (9) -lOOQO. 



(10) 271 7r + ^. (11) 



2;27r + -r-. 
4 



(12) 2ntr- 



6* 



135. The NUMERICAL VALUES through which the Trigo- 
nometrical Ratios pass, as the angle EOF moves through the 
first Quadrant, are repeated as the angle EOF moves 
through each of the other Quadrants. 

Thus as P moves through the second Quadrant from U to 
X, Fig. n, {OF being always of the same length) MP and . CM 
pass through the same succession of numerical values through 
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which they pass, as P moves through the first Quadrant in the 
opposite direction from Uto R, 

Example 1. Find the sine, cosine and tangent of 120®* 
120<^ is an angle iu the second Quadrant 
Let the angle EOF be 120<> (Fig. ii. p. 96.) 
Ilien the angle FOL = ISO® - 120^ = CO®. 

Xfp' 

Hence, sin 120®= ^.p =sin 60® numerically, and in the second 
Quadrant the sine is positive. 

Therefore sinl20o='^ (i). 

OM 

Again, cos 120®=^yp=cos 60®, num£ricaUy, and in the second 

Quadrant the cosine is negative. 

Therefore cos 120®=-^ (ii). 

Similarly, tanl20®=-^/3 (iii). 

Example 2. Find the sine, cosine and tangent of 225®. 

225® is an angle in the third Quadrant. 

Let the angle ROF be 225® (Fig. iii.) 

Here the angle POZ= 225®- 180® =45®. 

Therefore the Trigonometrical Ratios of 225®= those of 45® 
numerically ; and in the third Quadrant the sine and cosine aie 
each negative and the tangent is positive. 

Hence, sin 225®= - 4; ; cos 225®- - ^ J ^^ 225® =1. 

136. The cosecant, secant and cotangent of an angle A 
have the same sign as the sine, cosine, and tangent of A 
respectively. 

7—2 
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EXAMPLES. XXVL 

Find the algebraical value of the sine, cosine and tangent of 
the /bllowing angles : 

(I) 1500. (2) 1350. (3) _240». (4) 33(y>. 

(5) - 450. (6) -3000. (7) 2250. (8) -135» 

(9) 3900. (10) 7500. (n) -8400. (12) 10200. 

(13)2w,r + j. (14) (2w+l)^-^. (15) (2^-1)^ + ^. 

* Example, To trace the changes in the Tnagnitvde and sign of 
sin Aycu A increases Jrom (fi to 3600. 

Take the figure and construction of page 96. 

As A increases from 0® to 90®, MP increases from zero to OF, 
and is positive. 

Therefore sin A increases from to 1 and is positive. 

As A increases from 90* to 180®, MP decreases from OP to 
zero, and is positive. 

Therefore sin A decreases from 1 to and is positive. 

As A increases from 180® to 270®, MP increases from zero to 
OP, and is negative. 

Therefore sin A increases nimierically from to 1 and is 
negative. 

As A increases from 270* to 3600, MP decreases from OP to 
zero, and is negative. 

Therefore sin A decreases numerically from 1 to and is 
negative. 

♦ EXAMPLES. XXVn. 

Trace the changes in sign and magnitude as A increases from 
00 to 3600 of 

(l)cos-4. (2) tan A (3) cot^. (4) sec J.. 

(5) cosec A. (6) 1 - sin A, (7) sin* A, (8) sin ^ . cos A. 

(9) sin ^ + cos -4. (10) tan A + cot A. (11) sin ^ - cos ^. 
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CHAPTER X** 
On Angles Unlimited in Magnitude. 

137. Just as the definitions of the Trigonometrical 
Ratios apply to angles of any magnitude whatever, so every 
general Formula involving these Ratios is true for angles 
of any magnitude whatever. 

It is most important that the student should examine 
for himself into the truth of this statement. 

138. The formulas 
cosec A = -: — 3 , sec-4 = j , cot-4 = - 



"sin-4' cos-4' tan^i' 

are really definitions ; and since the definitions apply, there^ 

fore these formulse are true, whatever be the magnitude 

of^. 

mi <• t , M Sin A M QOft- A . 

The formulas tan -4 = ^ , cot-d = -: — . , 

cos-4 sin-4 

are deduced immediately from the definitions, and therefore 
they are true whatever be the magnitude of A. 

139. The formulae sin*^ + cos* -4 = 1, 

1 +tan'-4 =sec*-4^ 
1 + cot*-4 = cosec*^, 

are each a trigonometrical statement of Euc. L 47, and 
depend only on the fiict that MF, OM, and OP are the sides 
of a right-angled triangle. That this is the case, whatever 
be the magnitude of the angle A, is evident from the figures 
on page 96. 

* * To be omitted on a first reading, except pp. 104, 105. 

Digitized by VjOOQIC 



102 



Trigonometry, 



140. In Art. 118 we proved that the sine of an angle 
is equal to the cosine of its complement, provided the angle 
lies between O*' and 90". 

We now give some examples of a method of proving the 
truth of this and other like formulae, whatever he the 
magnitude of the angle concerned. 

Example 1. To prove that the sirie of an angfle = the comve of 
its complement, . 

That is, to prove sin -4 = eos (90^ — A) 
and , cos -4 = sin (90^ --4). 

We take two revolving lines OP and OF, OP starting 
from OR is to describe the angle A\ OF starting from OR is to 
describe (9(y>-i4). • 

As usual, PMj FM' are perpendiculars on OR and FN' is a 
perpendicular on OU, 

In describing (90<*--4) we shall consider that OF starting 
from OiJ, turns first through 9(y* into the position OU, and then 
turns back from U through the angle UOF ={-A), 




So that ROP, the angle which OP describes from OR, is 
always equal to UOF^iha angle which OF describes from OUm 
the opposite direction. 
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Hence, N'F^ that ia OM*^ ia alwaya equal to ^P in moffni- 
tilde,. 

Also it will be seen that when F is above LOR, JP' is to the 
right of UOD\ when P is Je^ott^ ZO/C, F is to the ^e/iJ of UOD. 

Hence, OJf' atid i/P have always the «ame «^n. 

rru r MP OM' 

Therefore -^^ = ^p- always, 

orj . sin J. = cos (90*^^-4), for all values of J.. 

Again, 0N\ that is M'F^ is always equal to (?-¥ in magnittide. 

And P' is above or below X(?22 according as P is to the right 
or to the left of UOD. 

So that M'P and OM have always the «am« «yw. 
Therefore -^ = ^-^ always, 

or, cos A =sin (90^ - ^4) for all values of A, 



EXAMPLES. XXVm. 

Prove, drawing a«eparate figure for each example, that 
(1) sin 30®= cos 600. (2) sin650=cos250. 

(3) sinl950=6os(-105<>;. (4) cos 275= sin (-1850). 
(5) cos (-270)=sin 1170. (6) cos 3000= sin (-2100). 

If A,B,Che the angles of a triangle, so that J. + J? + (7= I800, 

prove 

,^, A . B+C ,_, B . A + C 

(7) cos2=sin— ^. (8) cos2=sm-2-. 

(9) sin2=cos— 2". (10) sin ^-^cos— g— . 
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TRIGONOMETRY. 



141. Del Two angles are said to be the Supplements 
the one of the other when their sum is two right angles. 

Thus (180^ - ^) is the supplement of A 

If A, B,C hQ the angles of a triangle, (^+j5+C)=18(y>, so 
that (^ + C) is the supplement of A. 

ExomfpU 2. To prove that the sine of an angle 'si the sine of its 
supplement; and that the cosine of an angles -{the cosine cf its 
supplement). 

That is, to prove sin J. =sin (180® - A) 

and oos-4a=-cos(180<>-^). 

We take two revolving lines OP and OP, OP starting 
from OR describes the angle A ; OP' starting from OB describes 
the angle (1800-^). 

In describing {IBOf^-A) we consider that OP' starting fi^m 
OR turns first through 180® into the position OZ, and then back 
from OL through the angle LOP={ - A). 




So that ROPj the angle which OP describes from ORj is 
always equal to LOP, the angle which OP describes from OL in 
the opposite direction. 
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ON ANGLES UNLIMITED IN MAGNITUDE. 105 
Hence, MP, aud M'F' are always equal in magmJtvde. 
Also, F and F are always hoth above, or 6o«4 below LOR, 
So that i/P and M'F are cilwayi of the «ame «2^ 

Therefore gp- = -g^r always, 

or, sin -4 =sin (180<^ - -4), for ail values of -4. 

Again, (^if and OM* are always equal in magnitude. 

Also it will be seen that when P is on the right of ^(?2), P' 
is on the left of UOB\ when P is on the ?e/iJ of UOB^ P' is on 
rigfd of UOB, 

So that (^if and OM' are alvfaya of opposite ngru 

Therefore JJt^ "'OF ^^^^^ 

or, cos -4 = - cos (180^ - -4), for all values of A, 



EXAMPLES. XXTX. 

Prove, drawing a separate figure in each case, that 

(1) sm6(y>=8inl200, (2) sin34(y>=sin(-16(y>). 

(3) sin i^-4(y>)=sin 2200. (4) cos3200=-cos(-1400). 
(5) cos (-38(y>)=- cos 6600. (6) cos 195^= -cos (-160). 

If 4, ^, C be the angles of a triangle, prove 

(1) sin-4=sin(5+(7). (2) sin (7= sin (41 + ^). 

(3) cosi?=-cos(il + C). (4) cos -4 «- cos ((7+ -5). 
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TRIQONOMETRY. 



Example 3. To prove sin J. = - sin (160<* + ^4), 
and cosJ.= -cos(180<^+-4). 

As before, we take two revolving lines OP and OF. OF 
starting frdm OiJ describes the angle A\ OF starting from OR 
describes the angle (180<>+-4). 

In describing (180<^=i-^) we consider that OF starting from 
OR turns first through 180° into the position OL, and then on 
from OL through the angle A, 

JL 




So that ROP, the angle which OP describes from ORj is 
always equal to LOF, the angle which OF describes from OL 
in the same direction. 

Hence, M'F always— MP in magnitude. 

Also it will be seen that when P is above LOR, F is below 
LOR ; and vice versd*. 

So that HP and M'F are always of opposite sign 

„ MP M'F , ' 

Hence, OP ^ " OP . ^'^^^^^ 

or, sin -4 = - sin (180^ + A), for all values of A, 

Similarly, OM <dways=OM' in ma^gnitude. 

And JP' is to the left or to the right of UOD according as P is 
to the right or to the left of UOD. 

* This will be more dear if the student observes that PQF is 
always a straight line. 



Digitized by VjOOQIC 



ON ANGLES UNLIMITED IN MAGNITUDE. 



107 



Hence, 



or, 



OM OW . 
gp=--^ always, 

cos -4 = - cos (180*^ + 4.)> ^^"^ all values of A, 



Example 4. To prove sin ^ = - cos (90*^ + A\ 
and cosul=sin(90<>+^). 

As before, we take two revolving lines OP and OF. OP 
starting from OR describes the angle A ; OF starting from OR 
describes the angle 90<^ + A, 

III describing {^(fi+A) we consider that OF starting from OR 
turns first through 90^ into the position OUy and then on from 
OU through the angle A. 
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So that ROPf the angle which OP describes from OR, is 
always equal to UOF, the angle' which OF describes from OU in 
the same direction* 

Hence, N'F, that is 0M\ alwd^8=MP in magnitude. 
Also, P' is to the left or to the right of UOD according as P 
is above or below LOR. 

So that MP and OM' are always of opposite ngru 



Hence, 



or, 



MP OM' , 
gp=-^pr always, 

sinul= -cos(90<*+-4), for all values oi A. 
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Similarly, OM atvoays^M'F in mag^iUvde. 

And F is above or below LOR according as P is to the right 
or to the left of UOD. 

So that OM and M'F are always of the tame tign. 

„ OM ITF , 

Hence, ^ = -^p always, 

or, cos A = sin (90® + -4), for all values of A, 



MISCELLANEOUS EXAMPLES. XXX. 

Prove, drawing a separate figure in each case, that 

(I) sin 600= - sin 240®. (2) sin 1700« - sin 350®. 
(3) sin ( - 200)=: - sin 1600. (4) cos 3800= - cos 5600. 
(5) cos ( - 225) = - cos ( - 450). (6) cos 10050= - cos 1 1850 
(7) sin 600= _ cos 1500. (8) cos 600=sin 1500 

(9) sin225= -cos3150. (10) cos (-600)= sin 300. 

If -4 + 5 + C be the angles of a triangle, prove that 

(II) sm^=-sin(2^ + 5+/?). 
ZA + B+C 



(12) smil=-cos 

(13) cos-S=«:sin 



2 
A+ZB^C 



2 

(14) cos C= -cos (il +5 + 2(7). 

„^, B-C . ^ + 2J5 

(15) oos~^=sm— g— 

„^, . C-A B+2G 

(16) sin -^--cos— g- 
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Prove the following statements for all values of A and of a. 
(17) sin-4= -sin(-^). (18) cos -4 ^ cos (-^). 
(19) sin^=cos('^-90<>). (20) cos^= -sm(il-90<>). 

(21) sin a « cos l-^ + a\ . 

(22) cosa=:-sin(^ + a) 

(23) sin a « - cos (-g - a ) • 

(24) cosa= - sin(-g -a) . 

(25) sing-«)=sing + «). 

(26) cos(»r+a)=cos(7r-a). 

(27) tan(9(y>-^)=cotX (28) tan il = - tan ( - il). 
(29) tan (900+^)= -cot (J). (30) tan a« - tan (ir - a). 

(31) tan^=tan(1800 + ^). (32) cot T^ - a)=tan«. 

142. We have seen (Art 135) that there are many 
angles of different magnitude which have the same sine,, 

If two such angles are in the mme Quadrant thej are 
represented geometrically by the same position of OP^ so 
that they differ by some multiple of four right angles. 

143. If we are given the value of the sine of an angle 
it is important to be able to find, Geometrically and Alge- 
braically, all angles which have that value for their sine. 
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144. To find the complete Geometrical Solution of t/ie 
equation sill = a> 

With the usual construction, let the radius of the circle 
EULD be the unit of length ; then the measure of OP is 1. 
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From draw on 0^ a line ON so that its measure is a. 

IPN will be drawn upwards (Pig. i.) or downwards (Fig. 
II.) from according as a is positive or negative.] 

Through iVdraw P^P^ parallel to LOR to cut the circle 
in P^ and P*, Join OP^, OP^. Draw P^M^, PJi^ per- 
pendicular to LOR, 

Then MP =^ON = MP , and ^^ = ?=^^^'. 

Hence any angle described by the revolving line OP, 
when OjP, starting from OR., stops either in the position OP^y 
or in the position OP^^ is an angle whose sine is a. 

And no other angle has its sine equal to o^ for there is 
no other possible position of N. 

145. To find the complete Algebraical Solution of the 

equation Sin d»a, 

*^ If a weie greater than unity , ON woidd be greater than OU, and 
the construction woidd fail. 
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With the figure and construction of the last article ; 
let a be the least angle whose sine = a. 

Then in the figure ROP^ = a and PfiL = a. 

Every angle whose sine = a is included among those 
described by the revolving line OF when, starting from OH, 
OP stops in one or the other of the positions OP^ pr OP^, 
, If OP, starting from OP, stop in the position OP^, the 
angle described is one of those included in the expression 

2m7r+a, 
where m is some integer, positive or negative. [Art. 130.] 
If OP, starting from OB, stop in the position OP^, the 
angle described is one of those included in the expression 

(2r+l)7r-a, 
where r is some integer, positive or negative*. 
Both of these expressions are included in 

where n is some integer, positive or negative*. 
Thus the solution of the equation sin = sin a is 

^=7l7r + (-l)*a. 

Example. Find six angles between - 4 right angles and + 8 
right angles which satisfy the equation sin A =sin 18^. 

Wehave^=nir+(-l)*^,or.l=nxl8(y>+(-l)»l80. 

Put for n the values -2,-1, 0, 1, 2, 3, 4 successively and we 
get the six angles 
-3600+180, -1800-180, 180, I8OO-I8O, 3600+180, 5400-180, 
ie. -3420, ^xOSO, I80, 1620, 3780, 5220. 

♦ For if n be event let it be 2m, when (- 1)2»= +1; if n be odd, 
let it be 2r+ 1, when ( - l)»^i = - 1. 
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TRIGONOMETRY. 



The Btudent is recommended to draw a figure in the above 
example. Also to draw a figure in each example of this kind 
which he works for exercise. 

EXAMPLES. XXXI. 

(1) Find the four smallest angles which satisfy the equations 

1 /3 

(i) siuil = J. (ii) sin^ = -^ . (iii) sin A =~- . (iv) sin -4 = - J. 

(2) Find four angles between zero and +8 right angles 
which satisfy the equations 

(i) sin il=sin 20®. (ii) sin 0= --j-. (iii) sin $^ - sin ^ . 

(3) Find the complete algebraical solution of 

(i) sin 6= - i. (ii) 2 sin* ^+3 sin ^=2. (iii) sin* ^scos* 6. 

(4) Prove that 30®, ISO®, -330®, 390®, -2100 have all the 
same sine. 

146. To Jmd the complete Geometrical SoltUion of the 
equation COS d = a. 

With the usual construction, let the radius of the circle 
RULD be the unit of length, so that the measure of OP is 1. 




From draw on OR a line OM^ such that its measure 
is a. 

OM^ will be drawn towards the right or towards the 
left according as a is positive or negative. 
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Through M^ draw P^M^P^ perpendicular to OR to cut 
the circle in P^, P^. Join OP^, OP^. 

Hence any angle described when OP, starting from Oi?, 
stops in the position OP^, or in the position OP^y is an 
angle whose cosine is a. 

And no other angle has its cosine = a, for there is no 
other possible position of M^. 

147. To find the complete Algebraical Solution of tJie 
equation COS = a. 

With the figure and construction of the last article; 
let a be the least angle whose cosine = a. 

Then in the figure ROP^ = a and PfiR = a. 

Every angle whose cosine = a is included among those 
described when OP, starting from OR, stops in one or the 
other of the positions OP^ or OP^. 

If OP starting from OR stop in the position OP,, the 
angle described is one of those included in the expression 

2m7r + cu [Art. 130.] 

If OP starting from OR stop in the position OP,, the 
angle described is one of those included in the expression 

2r7r-a. 
Both of these expressions are included in 

2n7r*a. 
Thus the solution of the equation cos = cos a is 

0=2n7r^a. 

L. 8 
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148. To find the complete Geometrical Solution of the 
eqvMtion tan = €1. 

From draw on the line OB two lines OM^, OM^^ 
whose measures are + 1 and - 1 respectively. 







y' 


Pi 


, w. 


y^ 


Af, 


L— 
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X' 





And draw perpendicular to LOR from M^ a line i/,-P, 
whose measure is a, and from i/g a line M^P^ whose measure 
is -a. JoinOPj, OF^, 

Then ^'^»-?-a and^»- — -« 

Hence any angle described when OP, starting from OB, 
stops in one or the other of the positions 0/*, or OP^, is an 
angle whose tangent is a. 

And no other angle has its tangent = a, 

149. To find the complete Algebraical Solution of t/te 
equation tan = a. 

With the figure and construction of the last article; 
let a be the least angle whose tangent is a. 
Then in the figure ROP^ = a and LOP^ = a. 

Every angle whose tangent is a is included among those 
described by OP, starting from OR and stopping in one or 
the other of the positions OP^ or O-Pj. 
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If OP stai'ting from OR stop in the position OP^, the 
angle described is one of those included in the expression 

2m7r+a. [Art. 130.] 

If OP starting fron^ OR stop in the position 0P„ the 
angle described is one of those included in the expression 

(2r+l)7r+a. 
Both of these expressions are included in 

rnr+a*. 
Thus the solution of the equation tan = tan a is 
d=mr+a. 

EXAMPLES. XXXTT. 

(1) Write down the complete Algebraical Solution of each of 
the following equations : 

(i) cos^=J. (ii) tand=l. (iii) tand«-l. 

(iv) tan d= - V3. (v) cos d=cos ^ . (vi) tan ^=tan ^ . 

(2) Show that each of the following angles has the same 
cosine : 

-1200, 2400, 4800, -4800. 

(3) The angles 60^ and -1200 have one of the Trigono- 
metrical Ratios the same for both ; which of the ratios is it ? 

(4) Can the following angles have any one of their Trigono- 
metrical Ratios the same for all ? 

-230, «i570 and 1570. 

(5) Find four angles which satisfy each of the equations 
in (1). 

"^ For if n be even, this is the first formula ; if n be odd it is the 
second. 

8-^2 
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150. We can now point out the use of the ambiguous 
sign =fc in the formula cos ^ = ± ^1 - sin* 6, 

If "we know the numerical value of the sine of an 
angle 6^ without knowing the magnitude of the angle, we 
cannot from the identity, cos* ^ = 1 - sin* ^, completely de- 
termine cos Oy for we get cos^ = ±^1 - sin" 6^. 

This is a general formnla, and we shall find that it 
represents an important Geometrical trutL 

151. Given sin^ = a, we can say that is one of the 
angles represented by one or the other of the positions OP,, 
OP^ of the revolving line in Fig. I. on page 110. 

If we attempt to find the cosine of these angles we get 

two different values for the cosine ; for jy^ ^^'^ '7Tjy 

although equal in magnitude, are opposite in sign. Hence, 
if a be the least angle whose sine is equal to a, we have 

cos^ = ± cos a = ± «y 1 - sin* a. 

152. The same result may be obtained from the formula 
^ = nrr + ( - l)"a. For cos {rnr + ( - l)"a} is of different sign 
according as n is even or odd. 

EXAMPLES. XXXTTT. 

(1) If ^ be found from the equation cosB=a, show geo- 
metrically that there are two values of sin 6 and of tan 6, 

(2) If $ be found firom the equation tan^=a, show geo- 
metrically that there are two values of sin 6 and of cos $, 

(3) If A be the least angle without regard to sign such that 
sin ul = a, show that cos -4 = + >'l - sin^ A, 

(4) If A be the least positive angle such that cos A^a, prove 
that sin -4 = +>/l - cos^ A, 
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CHAPTER XL 

On th£ Tbioonometrical Eatios of Two Angles. 

153. We proceed to establish the following fundamental 
formulae : 



sin (ul + -ff) == sin -4 . cos ^ + cos -4 . sin ^ 
cos (il + ^) = cos ui . cos ^ - sin ^ . sin B 
sin (il — j5) = sin il . cos ^ - cos ^1 . sin ^ 
cos (4 - ^) = cos il . cos^ + sin il . sin ^^ 



I ... (i). 



Here, A and B are angles; so that {A +B) and (A-B) 
are also angles. 

Hence, sin {A -)- B) is the sine of an angle, and must not 
be confounded with sin -4 + sin ^. 

Sin (-4 + -B) is a single fraction. 

Sin il + sin ^ is the sum of two fractions. 

154. The proofs given in the next two pages are per- 
fectly general, as will be explained below (cf. Art 169) ; but 
the figures are drawn for the simplest case in each. 

The student should notice that the words of the two 
proo& are very nearly the same. 
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To prove that sin {A + -B)=sin A.coaB + coaA. sin B, 
and that coa{A+B)=cosiA,cosB'-smA.&mB. 




Let ROE be the angle A, and EOF the angle B. Then in the 
figure, EOF IB the angle (A+B). 

In OF, the line which bounds the compound angle {A+B)y take 
any point P, and from F draw FM, FN' at right angles to OR 
and OE respectively. Draw NH, NK at right angles to MF 
and OR respectively. Then the angle 

NFH^^(f^--HNF^HNO^ROE=A*, 



Now sin(il+5)=sinJ2()/'==^ 



MF MH+HF 



JTiV.ON HF,1^F 



EN 

"ON' 



OF 

ON EF 

OF^ NF' OF 



EN HP 
OF^ OF 
NF 



O^.OF^-^V.OF 
= sin ROE. cos EQF^- cos HFN . sin EOF 
=sin A . cos 5 + cosul . sin B. 

OM OK^MK OE^ HN 
'OF" OF ^OF'OF 
OE.(m EN .IS:^ OE ON EN NF 
"ON' 



Also cos {A +5)=cos ROF^ 



O^.OF JifV.OF^ON' OF NF' 
= cos ROE. cos EOF- sin EFN. sin EOF 
=008 ui . cos J3 — sin il . sin ^. 



Oi> 



♦ Or thus. A circle goes round OMNP, because the angles OMP 
and ONP are right angles ; therefore MPN and MON are angles 
ijQ the same segment; so that MPN=MON=^A, 
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To prove that aiu { A -^''B)^GmA^^4osB^ooa A. mkB, 
and that cos (;A - B^^ipa AicmB+BinA, siu B. 




Let ROB be the angle A, and FOJS the angle 5. Then in the 
figure, ROF is the angle {A - B). 

In OFy the line which bounds the compound angle (A - B), take 
any point P, and from P draw FM, FN at right angles to OR 
and 0^ respectively. Draw NH, NK at right angles to MF and 
OR respectively. Then the angle 

NFH^m - HNF^HNE^ROE^A*. 

XT • /i PN • i>nw ^P MH--FH KN FH 
Now sm (^ -5)=sin ROF^-^ = qF '^Op-'o? 

K N,(m Fir.'^V EN ONJPH NP 
"ON. OF 'NT.OF" ON'OF NF' OF 
= sin ROE. cos FOE- cos HFN. sin i^()^ 
s=sin j1 . cos 5 - cos A . sin A 

Oif OK+KM OK . iTjy 



Also coa(A'-B)=cosROF=:^ 

OK 
ON 



OK.ON Nff.NP 



OF 

ON NH NF 

OF 



OF "^ OP' 



OF^ NF' 



ON.(?P^NP.OP 
= cos BOE . cos FOE-{- sin iTPiT . sin FOE 
=cos il . cos ^+sin ^ . sin B. 



♦ Or thus. A circle goes round OMPN, because the angles CMP 
and ONP are right angles ; therefore MPN and MON together make 
up two right angles; so that HPN=MON-A, 
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Example, Find the value of sin lb\ 
ain750=sin(450 + 300) 

=sin 450. cos 30° + cos 450. sin SO* 

Jl. ^ JL 1 

^^r 2 ■*"V2'2 

^ n/3 + 1 ^ V2(V34-1) 
2^2 4 

EXAMPLES. XXXIV. 

(1) Show that cos 750=^!|^. 

(2) Show that sin 150=^^^. 

(3) Show that cos 150=-^^-t-3t, 

(4) Show that tan 750=2 + Vs. 

(5) If sin -4 =^ and sin B= |, find a value for sin (il + ^ and 
for cos {A - B), 

(6) If binu4 = -6 and sinJ5=T|^, find a value for sin(il-^) 
and for cos (-4 + B). 

(7) If sin -4=-^ and sin 5=-^, show that one value of 

(.4 + 5) is 450. 

(8) Prove that sin 750=» -9659.., 

(9) Prove that sin 150= -2588... 

(10) Prjffe that tan 150= -2679... 

155. It is important that the student should become 
thoroughly familiar with the formulae proved on the last 
two pages, and that he should be able to work examples 
involving their use. 
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EXAMPLES. XXXV. 

Prove the following statements. 

1) sin(^ + 5) + sin(ul-5)=2sin^.cos^. 

2) sin(il + j5)-sin(^-j5)=2cos^.sin5. 

3) cos (ul +5)+cos (^ - j5)=2 cosul . cos j5. 
^4) cos (^A-B)- cos (^ + 5)=2 sin A . sin B, 

. sin(.l+^) + sin(^-ig ) ^ . 
^^ cos(4 + J5)+cos(Z^rfi)~"^'^- 

6) tana+taii/3=-?i^(^. 
cos a . COS ^ 

7) tana-tan^=-5£(iZ^. 
COS a. COS )3 

■8) cot«+tan0=i2i(iz4. 
sina.cos/i 

■9) oota-tan0-^(i±^. 
sina.cosjS 



_ cos(a-j 3) 



10) tana + cot/3= r ^. 

' '^ cosa.sin/3 

in t an^ + tan<^ ^ sin(^ + < ^) 

^ tan ^ - tan <^ ~" sin (^ - 0) ' 



12) 
13) 



tan B , tan <j> + 1 _ cos (^ - <f>) 
1 - tan 6 , tan ^ "" cos (0 + <!>)* 

tan ^ + cot 6 ,. .. ,^ ,. 

^^j^-^=cos(^-<^).sec(^ + <^). 



14\ co^^^ + cot<^ _ sin(^ + <^) 
^ cot^-cot<3f>~ sin(^-^)' 



tan ^. cot <^+ 1 _ sin (^ + 0) 
tan^.cot<^-l""sin (^-0) ' 
l + cot-y.tand . / . av 

17) 1-coty-tan j a 



15) 
16) 
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122 TRIGONOMETRY. 

,,_. tan y. cot ^-1 . , ^. 

,.-,v tany.cota + l . / . ftv 

('^) - cota-tany °tan(y+a). 

(20) -^iir£^=tan(y-«). 
^ ' coty.cot8 + l ^ 

(21) tan»a-tan«ff= "°(°-^f-^'°/r^^ - 
^ * cos^a.co8^/3 

(22) cot»a-tan., = -(°^f)-(;-^) . 

(23) 1^7„!^fr ta.(a.^).tan(a-^). 

(24) sin (a + j3) . sin (a - ^3) = sin^ a - sin^ fi = cos^ )3 - cos* a. 

(25) cos (a + jS) . cos (a - jS) = cos* a - sin^ 3 = cos^/S - sia* a, 

,^r*\ . f A 4 IT AN sin ^ - cos -4 

(26) sm {A - 45<>) = j^ . 

(27) V2 . sin (^1 + 450)=sin A + cos A. 

(28) cosil -sin -4=^2 . cos {A+46^). 

(29) cos(^ + 450)+sin(^-450)=a 

(30) cos {A - 450) =sin (^ + 450). 

(31) sin (^ + <^) . cos 6 — cos (^ + <^) . sin ^=sin <^. 

(32) sin (^ - <^) . cos <^ + cos (^ - <^) . sin <^=sin 6. 

(33) cos (^ + <^) . cos 6 + sin (O + ff)). sin ^ =cos <^. 

(34) tan(g-.^)+tan» ^^^^ 
^ ' 1— tan (^ -</)). tan <^ 

,^^. tan (^ + 6)- tan ^ . . 

(^^> l+tan(^+V)>tanr ^^*' 

(36) 2sin To + ^ycos ^^3-^ j=cos(o-/3) + sin(a + i3). 

(37) 2 sin ^^-aV cos rj+)3^=cos(a-/3)-sin(a+^). 

(38) cos (a + )3) + sin (a - /S) = 2 sin T^ + a j . cos (j +/3) . 

(39) cos (a + /3) -sin (a - /3) = 2 sin (^-aV cos (^-^ • 
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(40) 8innii.ooB^+cosnii.smii=:sin(n+l)^. 

(41) cos (n - 1) j1. cos j1 - sin (n - 1) j1. singles cos n A 

(42) sin »il . cos (n - 1 ) -4 - cos n^l . sin (n - 1 ) j1 = sin -i . 

(43) cos (»-3) Jl . cos (n+ 1) j1 - sin (n- 1) ^ . sin (n+ 1) ^ 

scos2n^. 



156. The following formnlse are important : 

. .. _.. tan-4 + tan^ 1 

tan (^ + ^) = = — 7 J— ^ 

^ ' 1 - tan A . tan B 



. tanui-tan^ 

tan (A'-B)^ -= — 7-— = 

^ ' l + tan^l.tan^. 



.(ii). 



tan (A + 45*) • 



tan^+ 1 
'l-tan^' 



The proof of the first is given below. The student 
should proYe the second in a similar manner. The third 
and fourth follow at once from the first two by putting 
45' for B, 

Example. To prove tan(^+.g)= ^^^^^^^^ . 

(i) By using the results of Art. 154, we have 

tfln / 4 + jy\ r= ^^^ ^^ "^'^ — ^^ ^ • ^^ B+Qon A.^mB 
^ .' cos(j1 + ^'"cos J . cos^-sin^. sin5* 

Divide the numerator and the denominator of this fraction 

each by cos ji . cos i?, and we get 

sin A . cos B cos Jl . sin J? 

. . . p^ cos ^ . coa jg cos ii . cos .g 

^ ^~cosil.co8^ sin ^. sin 5 

cosjI.cos^ cos -4 . cos JJ 

tan^+tan-B 



' 1 - tan il . tan jB * 



Q.E.D. 



Digitized by VjOOQiC 



124 TRIGONOMETRY. 

(ii)* * By Geometry. Make the construction of page 118 ; 
/F 




Then tan (^+^=tani2(?i^=^=^±g 

KN HP KN HP HP 

'OK^ OK ~0K^ OK ^^^""OK 

-im—HN^^ i/i^.Ml^ °, , , HP' 

W'oK ^"HP75r ^"^"*-0r 

Now the triangles NOK and NPH are similar, 

HP NP . „ 
...^ = 5^=taii5, 

X /^ . m tan^+tanJ? 
■•>^(^+^° l-tan^.tan^ - ^•"•^• 



EXAMPLES. XXXVL 

(1) If tan il =i and tan -S= J, prove that tan (^ +i3) «^, and 
tan(^-5)=f. 

(2) If tan ^ = 1 and tan -5= -^ , prove that 

tan(il+5)=2+V3. 

(3) Prove that tan 150=2-^3. 

(4) If tan^=f and tan5=^, prove that tan(^+-B)«l. 
What is (^ + 5) in this case ? 
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(5) If tan il=m and tan 5=— , prove that tan {A +^) = « . 
What is (^ +-B) in this case ? 

Prove the following statements : 

/c\ ± / J , Ty\ cot A . cot J? — 1 

(6) cot(^+^= cot^+oot^ • 

/^\ J. /A »\ cot^.cotJ? + l 

(7) o,*u-i)._^^_jj^. 

(10) tan(tf-^Vcot((9+^)=0. 

(11) cotrfl-^")+tan^^+^j=0. 

(12) If tan a= =- and tan B=- =-, prove that 

tan(a+/3)=l. 
,-^v tan(n+l)<6-tannrf> . , 

(^^> i+t^-^i5«-t^^=*^*- 

(14) tan(n-H)0+tai>(l-n)^ 

^ ' l-tan(n+l)<^.tan(l-w)<^ ^ 

(15) If tan a=^m and tan i3 = ^ prove that 

(16) Iftana=(a + l)andtan/3=(a~l),then2cot(a-^)=a». 

(17) Ifa+i3+y=900, then 



l-tanatan/S 

tan v^'-T ; — w • 

' tana+tan)3 
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157. From pages 118 and 119 we have 

sin (-4 + ^) = sin A . cos B + cos -4 . sin J5 
sin (ii - ^) = sin ^ , cos ^ - cos -4 . sin -ff 
cos (ii + -5) = cos -4 . cos jB - sin ^ . sin -5 
cos (.4 - j8) = cos il . cos J? + sin ii . sin ^ . 

From these by addition and subtraction we get 

sin (ii + jB) + sin (ii - jB) = 2 sin -i . cos J5 ' 
sin (-4 + ^) - sin (ii - if) = 2 cos -4 . sin -5 
cos (ii + if) + cos (-4 - ^) = 2 cos ii . cos B 
cos {A'-B)- cos (-4 +-B) = 2 sin -4 . sin ^ 

Now put S for {A^-B), 
and put T for (A-B) 

Then ^+r=2^, and S-T^2B, 



so that A = 



S-^-T 



and ^ = 



2 • 



(i). 



Hence the above results may be written 



sin aS^ + sin jT = 2 sin - 



-.cos— 2- 



Sin o - sm 2^ = 2 cos — ^r — . sm 

S-\- T 
cos aS' + COS I' = 2 cos — rr — . cos 



*cos I' - COS iS' = 2 sin — ~- , sin 



2 
2 
2 



..(iii). 



* If ii and B are each less than 90^, then fif, which is their turn, is 
greater than T, their diference. Therefore if 5 be less than 90^, oos S 
is less than cos T ; so that cos T-qobSIb positive. 
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158. The formulae (iii) are most unportant, and the 
stadent is recommended to get thoroughly familiar with 
them in loords, thus : 

(1) The sum of the sines of two angles is equal to twice 

the sine of half their sum mvltiplied by the cosine 
of half their difference, 

(2) TJis sine of the greater of two angles minus the sine 

of the lesser is equal to twice the cosine of half 
their sum multiplied by the sine of half tlieir dif- 
ference, 

(3) TJie Sfwm of the cosines of two a/ngles is equal to 

twice the cosine of half their sum multiplied by 
the cosine ofholftJieir difference, 

(4) TJie cosine of the lesser of two angles minus tlie cosine 

of the greater is equal to twice t/ie sine of half 
their sum multiplied by the sine of half tJieir 
difference. 

159. It will be convenient to refer to the formulae (i) 
as the '-4,-5' formulae, and to the formulae (iii) as the *S,T' 
formulae. 

160. The ^S,T* formulae can be proved directly from 
a figure. 

"We give the proof for the case in which S and T are 
each less than 90*^. 

On first reading the subject however the student should 
omit the next two pages, and all other alternative proofs. 
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TRIGONOMETRY, 



*•(!) To prove that 



BiQiS^+sm 7^=2 sin — 5— .cos —^ — 




In the figure, let ROE be the angle S, EOF the angte T; 
then FOB is the angle S- T. Let OQ bisect the angle EOF. 

'' 2 • 

S-T S+T 



Then the angle FOG^^^-- 



Also the angle ROG=ROF+FOQ^T+-^ ^. 

In (?j&takeany point P, and from 0-F cut off OQ equal to OP. 
Join P§, cutting 0(? in K. Then (^^^ which bisects the vertical 
angle of the isosceles triangle POQ^ bisects PQ at right angles. 
Praw PMy KL, QN at right angles to ORy and draw QVW 
and JTiT parallel to NLM, 

Then by parallels, since PK^KQ, therefore PH=]IW and 
Trr= VQ, Hence, 

. „ , ^ MP Nq MP + NQ 

_ (ZiT-f HP) + (Z^ - TTffl 2LK 
OQ ~ ^(^ 

2Zir . OK^g ^ ^^^ ^ ^^^ 



OK . oe 

8+T 



= 2 sin 



^-3^ 



2 



Q. E. D. 
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(2) To prove 

S+ T S" T 

cos /S^+ cos 1^=2 cos — s— . COB — 5—. 

With the same figure and construction, we have 

e^ m OMON OM^ON 
cosS+oosT^-^ + -^ g^-, 

{OL'-MZ) + {OL+LN) 20L 
" OQ ""OS' 

=^75|=2co8 iZOiT. cos e(?ir, 

S+T 8-T 

= 2C0S— g— . cos -f^— . Q.E.D. 

(3) To prove 

' o ' m c, ' S-T S+T 

sm/8'-smr=2sm— 5— . cos — ^— •' 

In the above figure the angles YK^^ ROK are each the com- 

plementofiJSTO /. VKQ^ROK=^^^-^. Hence 

, ^ . ^ MP NQ MP-NQ 
sm^-sinT=^-^^ 00^. 

(LK+HP) - {LK- WH) 2VK 

OQ " OQ* 

2VK.KQ 



(4) To prove 



- ^QQQ =2 cos VKQ . sin Q0£, 

„ . S-T S+T 

=2sm - .cos — 5-. Q.B.D. 



cosjr-cosi8^=2sin —5—. sin— q— . 

iS iS 

With the same figure and construction, we have 
« ^ ON DM ON^OM 

^^-^^-OQ-OP 0Q-* 

{OL+LN)-{OL-ML) ^LN 
OQ ^ OQ' 

= -^ItW'^^ sin Fire . sin QOK, 

« , S+T . S-T 
■=2sm--^ .sm— 5— . q.b.]x 
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EXAMPLra, XXXVU. 

Prove the following statements : 

(1) sin600 + Bin30^«=2sin460.oosl60. 

(2) sin eW^+sin 200=2 sin 400. cos 200. 

(3) sin 400 - sin 100«2 oos 250, sin 150. 

(4) cos|+cos|=2cos§,cos^. 

(5) cos|-cos|=2sing.Bin^. 

(6) sin3-4 + sin5^=2sin44.cosA 

(7) sin7^ -sin 6^=2 cos 6il.sin-4. 

(8) cos 5^ + cos 9^ = 2 cos 7-4 . cos 2 J. 

(9) cos5^-cos4^=:-2sin^,sin~. 

2 2 

(10) cos-4-cos2J=2sin-^.sin^. 

. . sin 2^ + sin ^ ^3^ 

^ ^ cos^ + cos2^'" 2 • 

,-j,x s in2^-sin ^ .3^ 

(^2) cos^-cos2^ =°^^2' 

,_-v sin3^+sin2^ .0 

(^^^ 008 2^-0083^=^^*2- 

^ ^ cos^-cos^'*sin<^-sin^' 

(15) cos(600+^)+cos(600-ul)=cosA 

(16) cos(450 + ^) + cos(450-J[)«^2.cosX 

(17) sin(450+^)-sin(450-^)=V2.sin^. 

(18) cos(300-^)-cos(300 + ^)=sinJ. 

(19) £^Ejzfi^«cot^. 
^ ' cos^-cos^ 2 

^ ' sm^+sm<^ ^ 2 y*"*"\^ 2 / 
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161. It is important tbat the student should be thoroughly 
familiar with the second set of fonnulse on p. 126. 

Written as follows, thej may be regarded as the inverse 
of the % T formulae. 

2 sin -4 . COB ^ = sin (-4 + ^) + sin (-4 - ^), ■ 

2 cos -4 . sin ^ = sin (-4 + ^) - sin (-4 - ^), 

2 cos -4 . cos ^ = cos (-4 +^) + cos (4 --5), 

2 sin -4 . sin -5 = cos (-4 — -5) - cos (-4 + ^) . . 



EXAMPLES. ZXZVnL 

Express as the sum or as the difference of two trigonometrical 
ratios the ten following expressions : 

(I) 2sin^.cos<^. (2) 2oosa. cos/3. 

(3) 2sin2o.cos3^. (4) 2cos(o+i3).cos(a-/3). 

3^ B 

(6) 2sin3^.cos5^. (6) 2cos-5-.«»5. 

(7) sin4^.sin^. (8) cos-g-.sin-^* 
(9) 2cosl00.sin500. (10) oos450.sinl50. 

(II) Simplify 2 cos 2^ . cos ^ - 2 sin 4d. sin 6. 

, ^^ ^. ,.^ .6^ ^ . 9^ 3^ 

(12) Simplify sm Y • cos o - sm Y • cos — 

3^ B 

(13) Simplify sin 3^+ sin 2^ + 2 sin Y* cos o* 

WQ B *IB 3B 

(14) Prove that sin --7- .sin 7 + sin -J- .sin-;- = sin 2tf. sin ^. 
\ / 4 4 4 4 

9—2 
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**MI80IILLAirE0US TiXAMPT.EB. XXXTX. 

(1) If tana=*J and tan^=J, prove that tan(a+p)=l. 

(2) If tana^f and tan^^^, prove that one of the values 



of o+^is^ 

(3) Ift 
of(a+/3)2s|. 



(3) If tan a= and tan)3«,r -, shew that one value 



TT 



/>i\ a* ^'Jf COS o- COS 5a 

(4) Sunphfy — . . ., . 

^ ' ^ "^ sina+sin5a 

/c\ a- vr sin 5^7 -sin 3^ 

(5) Simphfv = ^ . 

' ^ "^ cos5^+cos3^ 

/«\ T>- IX. i. cos u4+ cos 3-4 cos 2^ 

(6) Prove that — ^-r-^^ —. = t-t . 

^ ' cos3j1+cos5u1 oos4il 

/^ a* 1'^ sin 3^7- sin ip , sin3d?+sin^ 

Ct) Sunplify — =^ 1 — ■ . 

^ ' ^ '' cos3a7+cosa; cos do;- cos a; 

fa\ Q* Vf (s^Q ^^ — sin 2ii) (cos ul - cos 3 A ) 
{b) »unplily (ooB44 + cos2^)(sin^+sin3J[)* 

(9) Prove that 

2 sin 2a . cos a+2 cos 4a . sin a=sin 5a+sin a. 

(10) Prove that 

cos 2a . cos a- sin 4a . sina=cos 3a . cos 2a. 

(11) tan2il.tan3il.tan5ii=tan5il-tan3il-tan2il. 

(12) Solve 4sin(^+<^).oos(^-<^)=3\ 

4 cos (^+i) . sin (^ - <i))= Ij • 

(13) Prove that 

sinil . sin 2.4 + sin2^ . sin5ii + sin 34 . sin 10-4 



cos 4 . sin 2 J. + sin 24 . cos 5 J. - cos 3 J. . sin lOii 

„^. . A+B . A-B 2smB 

(14) tan— ^j tan-„-« j-- 5. 

^ ^ 2 2 oosiL+cosJ? 



= -tan 7-4. 
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CHAPTER XII. 

On the Tbioonometrical Katios of Multiple 
Angles. 

162. To express the Trigonometrical Eatios of the 
angle 2 A in terms of those of the angle A, 

Since sin (-i + ^) = sin ^ . cos ^ + cos .i . sin ^ ; 
.". sin (ii + -4) = sin -4 . cos -4 + cos -4 . sinul ; 

.% sin 2-4 = 2 sin JL. cos -4 ...» (1). 

Also, since cos(ii +^) = co8-4. cosjB-sin-4 .sin^; 
•*. COS {A + A) = cos A . cos ^ — sin ^ . sin A ; 
.*. cos 2-4 = cos* -4 -sin* ^ (2). 

But 1= cos" -4 + sin" -4; 

.•. 1 + cos 2-4 = 2 cos" Ay 
and 1 - cos 2-4 a 2 sin" A. 
The last two results are uisuallj written 

co8 2^ = 2oos"ii-l (3), 

and cos 2ii = 1-2 sin" -4 (4). 

. • . , J „. tan A + tan B 

Again, tan M+^) a = — 7-- =: 

* ' ^ ' 1-tan^.tan-fi' 

..tan(il + ^)-^^^^ ^^, 

. n 1 2 tan A ._. 
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163.* * To prove the * 2A ' formuUB geornetricaUy, 




Let ROP be the angle 2J. With centre and any radius 
describe the semicircle RPL. Draw PM perpendicular to OR. 
Join BP • PL. 

Then the angle RPL in a semicircle is a right angle. The 
angle ROP=-OLP^OPL^^OLP [since OL^OP\ .-. OZP= 
a half of ROP^A. Also irP/2 and OLP are each the comple- 
ment of JfPZ. .\MPR^OLP^A. 

Hence 
/IN • ^ ,MP _^MP JIMP JiMP .Y-Si 

«2 cos i/P^ . sinPX-R=2sinul . cos -4. 

/QN ^,_0M LM-LO 2LM LO 
(3) C0S2il-^ ^^^5_^__-_ 

2Zif.LP OP „ „^„ T>ri> , 

«2cos^il-l. 
(2) Ij^OW^OM. 
Then 20M=M'M=LM-LW^LM-MK Hence, 

20ir LM-MR LM MR 



cos2ii= 



20P X^ "X/Z X^' 

=oos'jl-sm*-4. 



LP .LR PR . X^ 

w "^^^-^OM-Ljrrm 

2MP 



LM 2tan-4 2tanil 

LM LM ^"MP.LM 
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164. These five fonniike are verj important, 

sin 2^ =» 2 sin ^ . cos ^ (1)/ 

cos2ii = cos'-4 -sin*^ 'j (2), 

co82^ = 2cosM-l I (3), 

cos2^ = l-2sinM J (4), 

. ^. 2tan^ ,_. 

**^2^ = r:wl <^>' 



' V. 



165. The following result is important, 
sin 2il 2 sin il . cos ^ 



l + cos2^ 2cosM 



tan^. 



166. The student must notice that A is any angle, and 
therefore these formulss will be true whatever we put for A, 

Example. Write -^ instead of Ay and we get 

8in^»2sin ^.cos^ (1), 



cos^=cos* g- - sin'-^ (2), 



and so on. 



PTAMpT.-Rfl , XL. 

Prove the following statements : 
(1) 2cosec2iiesecul.oo6ecX 
,«. cosec'il ^ J, 

... 2-sec*-i -., 

(4) cosM(l-tanM)=cos2^. 

im\ x«^ C0t*il-1 
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(7) taiijB+ootjS-2oo6ec2i}. 
(9) cotjS-tanjB-2oot2i?. 

(11) fsini+ooSgj — l+sinA 

(12) rsin^-cos^] =l-8iiitf. 

(13) ooe«|A+tan|y=l+smA 

(14) Bm«|(oot|-lY-l-siQA 

(20) ooseo3-oot/3«tanf . 



(21) 
(22) 



co8 2jy l-tanj? 
l+sin2d?"'l+tana?* 

1+tanf 

l-sm*"", . J?" 
1-tan^ 
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/04\ 


COB^ ^*f-^ 


(23; 


^+«^^ cot| + l' 


(24) 


cotf+1 
eos« 2 

l-siii4? .X * 

COtg-l 


(25) 


1 + sin^+cos^ ,x 
1 + sin a? -cos a? 2 


(26) 


cos'a + sin'o 2 -sin 2a 
cosa+sino ~ 2 


(27) 


cos'o^sin'a 2 + sin2a 
cosa-sina ~ 2 


(28) 


cos* a - sin* o=cos 2a. 


(29) 


- . . l + 3cos«2a 
oos'a + sin'a -. • 


(30) 


- . . (3 + cos>2a)oos2a 

cos*o-sm«a = ^ 7-^ 

4 


(31) 


sin 3/3 cos 3/3 ^ 
sin/3 cos/3 


(32) 


C0S3/3 sin3/3_ 
smp cos/3 


(33) 


£!-««•*»• 


(34) 


Sf-^—'* 


(35) 


•^s.-s.,^ 




■^H «<•& 



(36) tan(460+^)-tan(45<^-^)=2tan2A 

(37) tan(460-^) + cot(450-vl)=2sec2X 
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(38) 

(41) te"^° i^^j^^.^2A - 

(42) tan^= ,^^^-^^„ . 

167. The following two formulaB should be remem-' 
bered: 

sin 3ii=3 sin-i -4 sin' -4 1 . . 

cos3J = 4oos»ui-3cos^/ ^^^* 

Note. The similarity of these two results is apt to cause 
confusion. This may be avoided by observing that the second 
formula must be true when A—(f^; and then cos3^— cosO^=»l. 
In which case the formula gives cos 0^ = 4 cos 0^-3 cos 0^, or 
1 s=4 - 3, which is true. 

The first formula may be proved thus : 

sin 3il s sin (2j1 + .i) =: sin 2j1 . cos j1 + cos 2j1 . sin j1 
=(2 sin il . cos -4) cos -4 + (1 - 2 sin* -4) sin A 
= 2 sin il . cos* il + sin -4 - 2 sin' -4 
«a 2 sin il ( 1 - sin* -4) + sin il - 2 sin' A 
=2 sin j1 - 2 sin' ^ +sin j1 - 2 sin' J. 
=3sin-4-4sin'J. 

llie second formula may be proved in a similar manner. 
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▼T T n T >• 3 tan A — tan* A 

Example, Prove that tan 3-4= — = — 5-7 — 2~a — • 

. ^^_ sin3J . 3smil-4sm*il 
"" cos32 " 4 00s' -4 - 3 cos -4 

3 sin ^ (sin^ j1 + cos^ A) -4sin* A 
""4 cos' -4 -3 cos -4 (sin^-4 + cos2j4) 

3 sin ^ . cos^^ - sin' A 

cos' J. - 3 cos -4 . sin^ J. 

3sin^.cos^il sin'il 

cos'ii cos'^ 3tanjl-tan'J. 

" cos' J. Scos^-smTZ ^" l--3tanM * 

cos'J. "" cos' J. 



EXAMPLES. yr.T 

Prove the following statements : 

(1) S^=2cos2.1 + l. 
^ ' sm-4 

,-. cos 3^ « « ^ , 

,^» 3 sin -4 -sin 3-4 . , ^ 

fA\ xo^ cot'j4-3cotil 

(^) "'*^^° 3ootM-l • 

. . sin3ii-sin.4 . . 

^ ' C083-4+C0S-4™ 



.^y. sin 3.4 - COS 3j1 « . „ . , 
(^> sin^+cos^ =2am2^-l. 

-»_. sin3.4+cos3.4 ^. «.., 
t^) cos^-sin^ ==2sm2^+l. 

(®^ tan3^-tani"*"cot.l-cot3^'"^*^'*- 

,Q. / 3sin^-sin3^Y / sec2^-l \' 

^ ' \3cosul+cos3^/ "'\sec2il+iy * 
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^^MISCELLANEOUS EXAMPLES XLH 

Prove the following statements : 
,-v sin^l+cos^ . -. . , ^. 

(2) . ^tanA + BeoA. 

(3) sm(n + l}a.cos(n-l)a-Bin2a=sin(n-l}a.cos(n + l)a. 

^^ coso + cosjS 2 

.. co82a+cosl2a COS 7a - 008 3a sin 4a 

^ ' oos6a + oos8a oosa-oos3a sin2a~ 

(6) If il = 18^, prove that sin 2^1 » cos 3^1 ; hence prove that 

4 
,».v sina + sing + sin(a+g ) .o .jS 
^^^ sina + sin/3-sin(a+/3)'"'^*2-'^*2- 

(8) sin2^.sin2J?=sm2(^+^-sin2(^-5). 

(9) cos4^=8oos*-4-8cos'il + l. 

(10) tan50»+cot5(y>=2seol(y>. 

(11) sin3il=4sin^.sin(6(y>+^)sin(6(y>-il). 

(12) (cot^-tan^y(cot^-2cot2^)=4cotA 

,_^. cos3a-sin0.8in5a-co6 7a . . , j x * ^ 
<^') «in3a+rin/3.ooB5a-ri ^ " mdependent of g. 

(14) (cos«+cosy)*+(sm«+8my)*=4cos*— ^ . 

(15) 2cos*ul.oos*J?4-2sin*^.8m*^=l+cos2il.cos2J3. 

(16) cot|-tan|=2. 

(17; t«>4#_j_g^,^^j^,^. 
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(18) 2co8q=:V2TV2. 

(19) 2ooflll0l5'=V2 + V2 + V2. 

8m^.cos2il+siii2il.oos5J. + 8iiiul.cos8^ "^ 

^^^^ co8^+co8(^ + ^) + cos(tf+2^)-*^^^ + *^- 

(22) 2cosM-2sinM=co8 2^(l+co8»2^). 

(23) (3smil-4sinM)«+(4cosM-3coSil)«=l. 

r24^ sm2a.oofla i^« 

^ ' (l + C08 2a)(l + COSo)" 2* 

(25) 2 — ^7 s^ 1 =cota-tana. 

^ ' cot (»- 2) o- cot na 

(26) If tano=f and tan/3=A, prove tan (2o+/3)=l. 
kt tan -^ and cot -=: are the 

«® - 2a? . coseo il + 1 = 0. 



A A 

(27) Proye that tan -^ and cot ^r are the roots of the equation 



(28) lftan5-J,provea«tyg|+y«-r| = 



2C08^ 

Voos2S* 



* 168. The following examples are symmetrical, and each 
inyolve more than two angles : 

ExampU 1. Prove that 
8in(o+/3+y)=sina. cos /3. cos y+sin/3. cosy, coso 

+ siny. cos a . cos /3 - sina . sin )3. siny. 
sin (o +/3 +y)=sin (a +/3) . cos y +COS (o +)3) siny 

BBsin a . cos i3 . cos y + cos a • sin /3 • cos y 

+ cosa . cos /3 . siny-sin a . 8in)3. siny 
«:sin a . cos i3 . cos y + sin )3 • cos y . cos a 

+siny . cos a. cos/S-sina. sin/S. siny. 

Q.B.D. 
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JEjcample 2. Prove that 

Bin a + sin 3 + sin y - sin (a + iS + y) 

. . /3+y . y + o . a+$ 
« 4 . Sin ^-^ . Sin -^^— . Sin ^^ . 

Now sino-sin(a+i3+y)=-2co8.--^^!y^.sin^i^. 

And Bin^ + siny=2Bin^^.cos^^, [Art 168] 

.•. sino + sin^+siny-sin(o+i3+y) 

o • P+y /3-y o 2a+/3 + y . 3+y 
«2sm£:^2-^. cos ^-g-^- 2 cos ^^ — ^.sm^-5-^ 

-asin^.asin^^.sin^i^ [Art. 158J 

. . B+y , v + a . a-^8 
«=4 sin ~^ . sin '-g— • sm — ^ . Q.E.D. 

♦ EXAMPLES. xT.nr. 

Prove the following statements : 

(1) oo6(a+3+y)=cosa.cos/3.co6y-cosa.sin3.siny 

- cos /3 . siny . sin o - cosy . sin o . sin /9. 

(2) sin(a+/3-y)~sina.cos)3.cosy + sinj3.oosy.cosa 

- sin y . cos a . cos )3 + sin a sin )3 sin y. 

(3) cos(o-i3+y)=cosa.cos3.oosy + oosa.8in3.siny 

- cos/3 . sin a . sin y +COS y . sin j3 . sin o. 

(4) sino+sin)3-siny-sin(a+)3-y) 

. . a — y . /3 — y . o + 3 
= 4 sin -^ . Sin ^-^ . sin -~- . 

(5) sin(a-i3-y)-sina + sin3 + siny 

. . a — S . a — y . /3+y 
«= 4 sin — 5^ . sin — 5-^ . sin ^-77-^ . 

2S 2S 2S 

(6) sin2a + sin2)3+Bin2y-sin2(a+i3+y) 

«4 sin (/3+y) . sin (y + o) . sin (a+3). 
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(7) siii(/3-y) + sin(y-o)+sm(o-/3) 

+4sin^\sm(3^\sin(^-0. . 

(8) sin(/3+y-a)+siii(y+o-/3) + sin(o+^-y) 

- sin (o + /3 + y) =4 sin a . sin j3 . sin y. 

(9) sin(o+/3+y) + sin03+y-a)+sin(y + a-/3) 

- sin (a +i3 - y) =4 cos a . cos j3 . sin y. 

(10) cosi?+cofly+cos«+cos(jF+y+«) 



2 



2 * 



2 • 



(11) cos2a?+cos2y+cos22; + cos2(4:+y+a;) 

=4 cos (y + a) . cos (0+4?) . cos (4? +y). 

(12) oos(y+«-^) + cos(2;+4;-y) + cos(a?+y-«) 

+COS (4?+y +«)=4cos 4?. cosy . cos ^. 

(13) oos*a?+co8*y+cos*«+cos2(a?+y+i;) 

= 2 {1 + cos (y + «) . cos (« + a?) . cos (4? + y)}. 

(14) sin*4;+sin*y+sin*a+sin2(a?+y+«) 

s= 2 {1 - cos (y + «) . cos (« + a?) . cos (a? + y)}. 

(15) oos*d?+cos^y+cos'«+coQ'(4f+y-«) 

«2 {1 + cos (a? - «) . cos (y -r «) . cos (a? +y)}. 

(16) coso.sin(/9-y) + cos)3.sin(y-a) + cosy.sin(o-^)=0. 

(17) sino.sin(/3-y) + sinj3.sin(y-a) + siny.sin(o-i3)=0. 

(18) cos(o+/3).cos(a-/3) + sin(/3+y)sin08-y) 

- cos (a + y) . cos (a - y) =0. 

(19) cos(d-a) . sin 03-y) + COS (d-/3) . sin (y-a) 

-cos(d-y).sin03-a)=O. 

(20) 8oo8i±|±2t.ooe*±f^.oo8X±|r*.cos^±±:2C 

BOOS 2^ + COS 2(^ + COS 2x + 4 COS ^ . COS <^ . COS X + 1« 
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CHAPTER Xin.** 
On Anolbs Unlimited in Magnitude. IL 

169. The words of the proofs (on pages 118, 119) of 
the ^AjB^ formulsB applj to angles of any magnitude. 
The figures will be different for angles of different mag- 
nitude. 

170. The figure for ihQ^A-B' formulae on page 119 
is the same for all cases in which A and B are each less 
than 90^ 

The figure given below is for the proof of the *-4 + -5' 
formulse, when, A and B being each less than 90^, their sum 
is greater than 90^ 
F\ 




M r 

The words of the proof are precisely those of page 118. 
"We may notice however that 

and the rest follows as on page 118. 
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171. Thus we have proved that the *A, £* formuliB 
are true provided A and B each lie between 0° and 90*. 

The student can prove them for anj other values hj 
drawing the proper figure. 

The *A, £' formulsB are therefore true for any values 
whatever of the angles A and £. 

172. By the aid of the '-4, JS' formula we can prove 
the formulfld of Art. 140. 

Example. Prove that sin (90® + ^) = cos A. 

sin(90<»+j4)=sin90®cos-4+cos90<>sinui, 
■»1 X cos j1 +0 X sin ^, 
-"COS A, Q. B. D. 

EYAMPT.TO, ZUV. 

Draw the figures for the first four of the following examples. 

(1) For the (A+B) formula, when A is greater than 90^ 
and (A+B) less than 180<». 

(2) For the (A-B) formulflB, when A and B each lie 
between 90® and 180®. 

(3) For the (A+B) formulsB, when A lies between 90® and 
180®, and (A + B) lies between 180® and 270®. 

(4) For the (A-B) formulae, when A lies between 180® and 
270®, and {A - B) lies between 180® and A. 

Deduce the six following formulae from the ^A, B' formulae. 

(6) cos(90®+ul)=-sinul. (6) Bin(90®-u4)«cos J. 

(7) cos(90®-.i)=sinA (8) sin (180® --4)= sin X 
(9) cos (180® - -4) «- cos a. (10) sin(180®f .1)= -sinX 
(11) Assunung that the formula mji(A-i-B)=BmA,GOBB 

•{■coaA.shxB is true for all values of A and B, deduce the rest 
of the ^A, B* formulae by the aid of the results on p. 107. 

L. 10 
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173. "We may also conversely prove that the *A, B' 
formul» are true for angles of any magnitude by the aid of 
the result of page 107. (This is a very convenient method 
of proving the *-4, £^ formulae to be true for all values of 
the angles.) 

For, assuming that the '!,£' formulae are true for 
certain values of the angles A and £, we can show that 
they are true if either of the angles A or £ he mcreased by 

Example. 
sm(9(y>+^+J?)=cos(^+^) [p. 107.] 

=cos A, cos J? -sin A . sin J?, 
=sin (900+^) . cos J? - { - cos (900+^)} sin 5, 
=8in (90®+4) . cos 5+cos (900+ui) . sin A 
Or, writing A' for 90*^+^, we have 

sin (-4'+ J?)=sin A' . cos 5+cos A' , sin B, 

"We have proved (Art. 170) that the ^A^ B^ formulae ara 
true for all values of A and B between 0" and 90®. And 
therefore, by what we have said above, they are true for 
all values of -4 or -B between 0* and 180^ And so on. 

Therefore the *-4, i?' formulae are true for any values 
whatever of the angles A and B. 

174. It follows that all formulae deduced from the 
^ A, B' formulae are true for angles of any magnitude what- 
ever. 

Thus the *S, T' formulae (page 126) are true for angles 
of any magnitude. Also the formulae of the last Chapter 
for multiple angles, and all general formulae in the Ex- 
amples, are true for angles of any magnitude. 
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(1) Deduce the values of sin 180^ and cos 180® from those of 
the sine and cosine of 90<>. 

(2) The angle A is greater than 18(y^ and less than 270® and 
tan ^»^ : find sin 2A and sin 3^1. 

(3) The angle lies in the fourth quadrant and cos^=}, 
find sin 2^ and sin 3^. Find also cos 3^^ and hence determine in 
which quadrant 3^ lies. 

(4) Prove that the different values of 6 which satisfy the 
equation oos^^+cos^d=0, form two series in A, P. with com- 
mon differences — — and respectively^ 

p+q p-q ^ 



On Submultiple Angles. 

175. We have now proved all the £ormul» of the last 
two Chapters to be tmiversallj true. 

"We may expect therefore that any result, which can be 
obtained from these formulse by algebraical transformation, 
will have a complete geometrical interpretation. [See p. 116.] 

176. Since, cos^ = l -2 sin":i, [Art. 166.] 
and, cos il = 2 cos" u - 1 ; 



^A 1 - cos ji 



we have, sin^ 



J , ^ 1 + cos A 
and, cos"-s- = 5 , 



2 2 

A 
2 



10—2 
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Or, 



Sin • 



TRIGONOMETRY. 
A 



i-V^ 



-oos^ " 



2 



cos 



A _ / l + cos ^ 
2"* V 2 



Thus, given the vahie of cos ^ (nothing else being known 

A 
about the angle A), we get two values for sin -^ , one posi- 

A 
dve and one negative, and two like values for cos -^ . 

177. To prove geometrically/ thaty given the valvs of 

COS A (nothing else being known about the angle A), there 

A A 

are two vcUitea each of sin ^ and of cos ■^, 



u 


, 




,.--'0 

< 

D 




^2 



Let a be the least positive angle which has the given 
cosine, and let ROP^^ and PjOR in the figure each = a. 
Then A is one of the angles described by the revolving 
line OF when, starting from OR^ OP stops either in the 
position OP^ or in the position 0P^\ ie. any one of the angles 

2n7r±cu [Art 147 J 
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Taking the halves of these angles in succession, we 
have the four dotted lines 0P„ OP^, OP^ OP. in the 
figure, as the lines indicating the various values of the 

A a 

angle o- j i* e. any one of the angles nn ^^, 

And it will be seen that 

sin 50P, = sin 50P^ = - sin i?OPj = - sin i?(?P,. 
Also, cos EOP^ = - cos EOP^ =i - cos EOP^ = cos EOF^. 

From these it is clear that there are two values of sin -^ , 
equal in magnitude and opposite in sign. Also, that there 
are two like values for cos ^ . 

EXAMPLES. ZLVL 

(1) When A lies between - 180® and 180^, prove that 

A , /T+co&A 

(2) When A lies between 180<> and 540<>, prove that 

A /l+cosJ. 

(3) Find sin — io terms of cos A, when A lies between 180* 
and d60P. 

(4) Prove that when A lies between (4n+ 1} ir and (4n+d)fr, 
n bemg a positive integer, cos ^'^ - w - 



fl+coaA 



2 ' 

(5) Find sin -^ in terms of cos ^1, when A lies between Amr 
and (4n+2) ir, where n is a positive integer. 
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A A 
178. Since, 2 sin -5- . cos -5 = sin -4, 



and, 



. ^A ,A ^ 

sm»-g. + cos'^=l, 



we obtain by addition and subtraction 

sin" y + cos» 2" +2sin-2-.co8 2- = l+sinui, 

sin'y + cos'-^ - 2 sin -g- . cos 2"= 1 - sin-4. 

(A A\* 

sin-^+cos-^j =l+sin^, 

(sin 2 "" ^^^ o ) = 1 - sm ^. 



and 



[Art. 166.] 



Whence, sin ^ + cos -^ = -»» Vl + sin ^ 

• ^ ^ /i -—A 

sm -^ - cos -^=tfcVl— sin-4 



.(ii). 



Adding we get, ^ sin ^ =± Vl+sinji±>/l-sin-4 
Subtracting we get, 2 cos -^ = =fc Vl + sin -4 =f >/l-sin-4 



(iii). 
<iy). 



Thus if we are given the value of sin A^ (nothing else 
being known about the angle A\ we have four values for 

sin Y and four values for cos -^ • 

179. To prove GeometricaUt/ that, given the value of 

sin A (nothing else being laiown about the angle A), there 

A A 

are four values/or sin-^, andfoxa values for cos-^. 

Let a be the least positive angle which has the given 
sine, and let MOF^, FfiL in the figure each = a. 
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Then A is one of the angles described bj the revolving 
line OP, when, starting from OE, OF stops either in the posi- 
tion OPj or in the position OP, ; Le. any one of the angles 

n7r + (-l)-a. [Art 145.] 

Taking the halves of these angles in succession, we have 
the four dotted lines OF^ OF^ OF^ OF^ in the figure, as 

the lines indicating the various values of the angle ^ ; 



Le. any one of the angles 



^*(-i)-S- 



In the figure, BOF^ = F^OU= LOF^ = FJOD. 

A 
And sin-jr may have any one of the values sin-ROP,, 

sin-ROP^, sin^OP., sin^OP^. These values are all dif- 
ferent, and are those given by the solution (iii). 

Hence, there are four values for sin ^ , of the nature 

A 
indicated by the solation (iii) ; also fonr values for cos ^ (iv). 
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180. If we know tlie magnitude of A, we can decide 
which sign to take in the formulse 



Bin 



A A I 

-^ + coB-2 =*n/1 +Bin-4 (i). 



A 
'2' 



A 

'2 



8in77 — cob7^=±n/1 -sin -4 (ii). 

ExcmpU, When ^ lies between - 45® and +45®, 



2 



cos — is greater than sin -^ and \a positive. 
So that (sm o-+cos g) iBpostiivef and = +^/l+sinjl, 

and (®^2 *"^^ 2 ) ^^^9^^^ *^cl = - Vl - sinlT. 

When ^ lies between +45® and +135®, 

sin - is greater than cos -^ , and is positive. 

So that (sin -^ +cos g j and (sin « -cob ^ j are both positive. 

And so on. 

The following diagram completes the above results. 



\ (iijis 



a)hAi \X ^tM 
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181. Since 



t&nA- 



ox ^ 



1-tan* 



»4 



whence 



2tan^ 

.-. tan»^+- r-l=0' 

2 tan J. 

^ il -l±^/l+tan"ii 

*^2 = te^2 • 



Thus, given tan A we find two unequal values for tan ~ , 

one positive and one negative. 

182. The" student will be able by the aid of the fol- 
lowing figure to verify this result geometrically. 



\ 
\ 

\ 

\ 

\ 
\ 


u 




\ 

\ 
\ 

\ 
\ 



p/ 



% 



183. We may remark that in this figure PjOP^ and 

PfiP^ are straight lines at right angles to each other. So 

that tan PfiR = - cot Pfili ; or, tan PftR . tan PfiR = - 1. 

A 
Hence, one value of tan ^ is the reciprocal of the other, 

and of opposite sign. So that there is always one positive 

value of tan-^, and one negative; one numerically greater 

than unity and the other numerically less than unity. 
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Example, If A^ 190^, prove that 

^ A -i-^vr+taisri 

tan — = 7 -. . 

2 tanul 

Now tan ul ^tan 190**, which is positive ; tan -=tan 95°, which 

,. ., , ^ -^ldb\/l+tanM ., X- 1 i. 

IS negative. Also tan — = t^TTl * ^'^^ negative value of 

, . , . -l-\/l+tanM 

which IS T 1 . 

tan J. 

EXAMPLES. ZLVn. 

(1) State the signs of f sin -^+008^1 and (sin g-- cos ^) 

when g- has the following values : 

(i) 220, (ii) 1910^ (iii) 2900, (iv) 3460, 

(v) -220, (yi) _2760, (vii) -4700, (viii) lOOOO. 

(2) Prove that the formulae which give the values of sin — and 

of cos -^ in terms of sin ui, are unaltered when A has the values 
(i) 920, 2680, 9000, 4njr + Jir, or (4»+2)ir-jir. 
(ii) 880, .880, 7700, -7700, or 4w7r*|. 

(3) Find the values of (i) sin 90, (ii) cos 90, (iii) sin 8I0, 
(iv) cos 1890, (v) tan 202^0, (vi) tan97io. 

(4) If ^ =2000, prove that 

(i) 2 sin^ = +Vl+sin^H-\/l-sinil. 
2 

,.., , A -(iWl+tanM) 

(u) tan-tr = — ^ — 7 -. . 

^ ' 2 tanJ. 

(5) If ul lie between 2700 and 3600, prove that 

(i) 2 sin — =N/l-sinul-\/n-sinJL. 

(ii) tan = -cotul+cosecA 

(6) If A lie between 460® and 6300 prove that 

2 sin ^= -Vr+smX-Vl-sinA 
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(7) Find the limits between which ^ must lie when 

2sin-5-=>/H-sinul-Vl--sin^, 

(8) Given that A lies between 450^ and 630^, prove that 

2 cos^= -\/l+sinXH-Vl-Bin-4. 

(9) If -4 lie between »x 360<>-90<> and nx 36(y>+900 where n 
is a positive integer, prove that 

. A -l+Vl+tanM 
^2 te]I3 ' 

and that when A lies between n x 360<^+90<' and n x 360^+270', 

^, . A -l-\/l+tan2^ 

then tan^sa r 5 . 

2 tanul 

(10) Prove geometrically that if we are given the value of 
sin J., there are three different values for sin -^ , and 8ix different 

values for cos -^ . 

(11) Prove geometrically that, if we are given the value of 
re 1 
A 



cos il, there are three different values for cos -= , and six different 

o 



values for sin . 
«s 

(12) Prove that if we are given the value of tan A there are 
three different values for tan - . 

(13) Given the value of tan^i, prove that there axe four 

A A 

values each for sin -^ and cos -^ . 

(14) Given the value of sin^il, prove that there are two 
values for tan-^ . 
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184. It is important if possible, in solving Trigono- 
metrical equations, to avoid squaring both sides of the 
equation. 

Example. Solve oo^B^h^nB. 
If we square both sides of the equation we get 
cos« ^"P sin* ^=ife8 (1 - cos2 $). 

.*. cos*^=r-^-7«, or COS^as*- 



Now if a be the least angle such that cos ^= . , 

then the above gives us B^mr'^'a (i). 

But the equation may be written cot ^==i&, 
whence ^=»i«- + a (ii). 

(ii) is the complete solution of the proposed equaticm, while 
(i) is in fact the solution of both cos^=i&sin^ and also of 
cos ^B - it sin ^. So that by squaring both sides of the equation 
we obtain solutions which do not belong to the given equation. 

185. We can often avoid squaring by the use of a 
Subsidiary Angle. 

Example. Solve a cos ^ + 6 sin ^ = 1. 



That is arcos^+-sin^ j=l. 



Find in the tables the angle whose tangent is - ; let it be a. 

Then - =tan a ; and the equation becomes 

a (cos ^+ tan a . sin ^) = 1, 

( cos^.cosa+sin^.sinttX - 
cosa / ' 

.^ . coso 



or 
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Find ^m the Tables the value of cos a. Next find from 

the Tables the magnitude of the angle )3 whose cosine » , 

and we get cos (^ - o) = cos /3 ; 

or B^a+2njrdtp, 

186. ., Dep. When an angle a is introduced to facilitate 
calculation it is called a Subsidiary Angle. 



EXAMPLES. ZLVm. 

Solve the following equations. 

(I) 2sin^+2cos^=v^. (2) sin^+V3 . cos^=l. 

(3) V2sin^+V2cos^=V3. (4) sin^-cos^=l. 

(6) sin^+cos =1, (6) V^sin^-cos^ ^2=0. 

(7) 2sinj? + 5cosa:=2. [2-6=tan68«I2'] 

(8) 3cosa:-8sinii?^3. [2-6=tan 69^26' 30"] 

(9) 4sinii?-15cos^=4. [3-'75=tan75»4'] 

(10) cos (a + 47)=Bin(a + «)+^/2 COB/3, 

*0n the Inverse Notation. 

187. Hie equation 8in0 = a means that d is an angle 
whose sine is a. 

^ = sin~'a is a convenient way of writing the same 
equation. 

Thus sin"' a (is an angle, and) is an abbreviation for 
an angle whose sine is a. 

Exom^ I. Shxm that 30^ is one value of sin-^ J. 
We know that sin300=J. Therefore 30^ is an angle whose 
sine is i, or, 30^=sin"i J. 
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ExampU 2, Frcm that 4b^t8<me value o/tan-* J+tan-* }. 

tan"^ ^ is one of the angles whose tangent is ^. 

Let a = tan-i j^, so that^ tan a= J. 

Let/3=tan~J, so that, tan/3=J. 

We have to prove that 45^ is one value of o +/3. 

. / . ^x tana+tan^ i+l 
^("+^)= l-tana,tan/3 = rt^=l- 

But tan 450=1. , 

Therefore 45<^ is one value of o+/3, ie. of tan-^J+tan"! J. 

♦ EXAMPLES. yr.TX . 

Prove that the following statements are true when we take 
for sin-ifl, etc. their Uaat positive value. 
(1) sin-i i = cos-^ ^ = tan""i f. 

2) sin-ii=cos-i-^=cot-i\/3. 

. a 

3) sin-i a = cos"! v 1 - a* = tan-^ /^— -^ • 

4) If o=sin-i i and ^=cos-if , then a+/3=|. 

5) If ul=sin-ia and B^coff-^a, then ii+J5=9(y>. 
;6) tan-if+tan-ij=|. (V) tan-iA + 2tan-i^=tan-4. 

8) tan-i wii + tan-i#Wo= tan-i ^±^ , 
1 — mjWijj 

[9) sin (2 sin-i a) =2 a Vl - a*. 

10) 2 cos-i a=cos-i (2a2 - 1). 

11) cos-ii+2sin-ii=1200. (12)2sin-i^-sin-ii^=2cos-i|J. 

13) 2taii-i(cos2a)=tan-i(^^^^^*?5!^). 

14) tan-io^+tan-V+tan-l^f^J^^f. 

15) 4tan-4-tan-i2j^-^. 
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w 



(16) sm-it+sin-i^+sin-ijf=|- 

(17) taii-iV5(2-V3)-cot-i\/5(2+V3)=cot-iV5. 

(18) If sin-i w +sin""i n=^ , 
prove that m'Jl-n^+n'Jl-m^=l, 

188. The stadent must notice carefully that such a 
statement as sinT^ J = coa"^ ~- is not an identity. 
For sin"* J is one of the values of w^r + (- 1)" 30*^, 
and cos"**^ is one of the values of 2nv ± 30^ 

Thus 150*» = sin"*i, but 160*^ is not = cos"* V ' 



♦ ^MISCELLANEOUS EXAMPLES. L. 

1 12 

(1) Prove that tan"* + tan-i j-— + tan-^ ^=njr. 

(2) Prove that tan-i ?^ + taii-i „-^, =n7r + ^ . 
^ ' a 2a- 1 4 

(3) Prove that 

sin~i a: - sin-i y _ ^Qg-i |^ ± ^x - ^ ~ y^ ^ ^2}. 

(4) Iftan-i^^+tan-i^-5, show that a;a=i 

(5) Prove that tan-ia + cot-ia=(2n+l)5. 

(6) If tan-io+tan-ii3+tan-i7r=3r, 
prove that a + ^ + y = a^y. 

(7) Solve the equation tan-^ — ^- - tan-* — -=- = j^ . 
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160 TRIGONOMETRY. L. 

(8) Solve the equation 

tan-i {x+ 1) - tan-i {x - l)=cot-i (jb« - 1). 

(9) Solve the equation sin-* » +tan-i rr^ "= o • 

(10) Prove that 

tan-i-o-7=^+tan-i -7=+tan-* ^ ^ =nir+5. 

Va + l Va+1 2Va+I 2 

(11) If a be positive and less than unity, and if a be the 
least value of sin-* a, then 

sin-i a + COS""* a=njr+( - Vf^a^ (2 ~ **) * 

(12) Prove that tan A and sin ^A have always the same 
sign. 

Solve the six following equations. 

(13) cosul + cos 3ul+ cos 5^=0. 

(14) sin5^+sin3^+sin^=3-4sin«^. 

(15) 2sin23uH-sin26ul=2. 

(16) a (cos 2a?- 1) + 26 (cos j?+a)=0. 

(17) sin(m+n)^+sin2m^+sin(m-7i)^=0. 
. sin{7r^(a?+y)} + sin{wy(a?+y)}=0, 1 

^ ' sinir^+sin7ry2=0. J 

(19) Trace the changes in the sign and magnitude of the 
following expressions, as B changes from to tt. 

(i) 2 sin ^ . cos B. (ii) cos* B - sin* B. 

(iii) sin 3^. (iv) cot 2^. 

(v) sin(tf+o). (vi) C08(2^-o). 

(20) Explain why the equations 

^=n,r+(-l)«o and '^-B^2'm^\^-a\ 

have exactly the same series of solutions. 

(21) Explain why exactly the same series of angles are given 

by the two equations ^+2=w?r+(-l)'*^, and ^-j=2n«-±^. 
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CHAPTER XIV. 
On Loga&ithmb. 

189. In Algebra it is explained 

(i) that the mvUiplication of different powers of 

the same quantity is effected by adding 

the indices of those powers; 
(ii) that division is effected by subtracting the 

indices ; 
(iii) that involiUian and evolution are respoctively 

effected by the multiplication and division of 

the indices. 

Example 1. If «i = a*, n — a*, 

then mxn=a*xa*=a*+* (i), 

m-^n—a^-T-a^^a^"* (ii), 

m^={c^)^=a^, 1 

„- 1 * *[ ("^)* 

4^wi=wi* = (a*)* = aO 

ExamjOe 2. If 347 = Kfi^^ossK* and 461 = lOa-wwooe^ prove that 
347x461 = 106«>«>»4. 
We have 347 x 461 = IO^womm x 10««»7009 

a XOS'54032l»f 210037000 

«106-2M09M. 0.15.0. 

* The number 347 lies between 100 and 1000, i.e. between 10^ 
and 10*. Hence, if there is a power of 10 which is equal to 347, its 
index most be greater than 2 and less than 3, Le. equal to 2+a 
fraction. 
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EXAMPLES. LI. 

(1) If wi=a*, 71=^ a^^ express in terms of a, h and k, 

(i) wi^xn'. (ii) m^-T-n\ (iii) kfmFxuK (iv) {vwi^xn^J*. 

(2) If 453=102-««»M2 an^j 65o=io2-8i2ois4^ find the indices of 
the powers of 10 which are equal to 

(i) 463x650. (ii) (463)*. (iii) 6508x4532. (iv) n^453. 

(v) \^453x-y650. iyi) i^453"x (660)3, (vii) ^453 x 650. 

(3) Express in powers of 2 the numbers, 8, 32, i, ^, •125, 128. 

(4) Exi^ress in powers of 3 the numbers, 9, 81, J, ^7, 'i, Jj. 

190. Suppose that some convenient number (such as 10) 
having been chosen, we -are given ft list of the indices of 
the powers of that number, which are equivalent to every 
whole number from 1 up to 100000 

Such a list could be used to shorten Arithmetical .cal- 
culations. 

Example 1. Multiply 3759 by 4781 and divide the result by 
2690 

Looking in our list we should find 3769 =10^'^*^^, 4781 

==10S-e785W 2690 = 10»'*207623^ 

Therefore 3769 x 4781 -^ 2690= 103«75or23 x io3tm»5i87^ Kfivsno'Si 

— 103o760723+3-C7JK>187-3-4207523_ 103-8248387 

The list will give us that 103«24«387= 6680*9. 

Therefore the answer correct to five significant figures is 6680-9. 

Example 2. Simplify 3« x 2i0-r \^1760l. 

The lUt gives 2=10-«>W3oo^ 3 = 10-4771213 and 17601 «10*"««37S. 
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Thus 3« X 210-5-4^17601 =(10*^iM3)« x (lO«Mfi3«>)io^ (104-246l>373)i 

_ 102"8«27278 X 103-0103000^ 1Q1-4161T91 
-3 X03'S^^8+3D103000-1*4U1791 
= 104-4678487. 

And from our list we find 10**S78487== 28697, nearly. 

EXAMPLES. Ln. 

Given that 2 = 10'3oio3oo^ 3 = 10'*7n2i3 and 7 = 10-8«<»80, find the 
indices of the powers of 10 equivalent to the quantities in the 
first 6 examples. 

(1) 22, 32, 23, 2x3, 2*, 72. (2) 14, 16, 18, 24, 27, 42. 

(3) 10, 5, 15, 25, 30, 35. (4) 36, 40, 48, 50, 200, 1000. 

(5) 3" X 710 -r 220, 212 X 3204-7". 

(6) 4^21 X 4^, il^^xl^ X 4^3* X 2^0. 

(7) Find approximately the nimiericaJ value of ^42 having 
given that 10i«2324o= 1-4532 nearly. 

(8) Find approximately the numerical value of 4^(42)* x H (42)' 
having given that 108'38i77= 2408*6. 

(9) Find the value (i) of ^6 x ^7 x ^"9, (ii) of 5^2 x 3"* x 7i'r 
having given that loe^^^^^ 4.5868 and 10-028^094^.93646^ 

(10) Find the value of (67*21)* x (49-62)t x (3-971)"* having 
given that 67*21 = 10i'8»«3o^ 49*62 =10i«»6668^ 3*971 = 10«»8«» and 

10-6871310 = 3.9549^ 

. (11) Find the area of a square field whose side is 640*12 feet ; 
having given that 640*12 =102-8063614 and that '105^26228^40975-3. 

(12) Find the edge of a solid cube which contains 42601 cubic 
inches; having given 42601 =10*-«2mi98 and 10iW8i8W= 34*925. 

(13) Find the edge of a solid cube which contains 34*701 cubic 
inches; having given that 34*701 = 10i«*o342o^ and 10"3**'8= 3*2617. 

(14) Find the volume of the cube the length of one of whose 
edges is 47*931 yards; having given that 47*931 ^lO^'^sooies and 
that. 10^0*18486 =1101 15. 

11—2 
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191. The powers of any other number, than 10 might 
be used in the manner explained above, but 10 is the most 
convenient number, as will presently appear. 

192. This method, in which the indices of the powers of 
a certain fixed number (such as 10) are made use of, is 
called the Method of Logarithms. 

Indices thus used are called logaxithlllS. 
The fixed nutnher whose powers are used is called the 
base. Hence we have the following definition ; 

DBF, The logarithm of a number to a given base, is 
the index of that power of the base, which is equal to the 
given number. 

Thus, if I be the logarithm of the number n to the base a, 
then a' =71. 

1 93. The notation used is log. n==L 

Here, log, w is an abbreviation for the words * the loga^- 
rithm of the number n to the base a,* And this means, as 
wo have explained above, 'the index of that power of a 
which is equal to the number n,* 

Example 1. What is the logarithm of a^ to the base a ? 
That is, what is the index of the power of a which is a' ? 
The index is J; therefore f is the required logarithm, 
or lpg.a*=f. 

Example 2. What is the logarithm of 32 to the base 2 ? 

That is, what is the index of the power of 2 which is equal 
to 32? 

Kow 32=2*. . the required index is 5 ; or log2 32=5. 
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Example 3. Given that log,o 2 = -3010300, find logioS and 
logio2000. 

That logio 2 = -3010300, means that 10"»>i03W«2, 
and 8=2S=(10-»i<»oo)3=io-w3090o^ 

... 8=10^^90900^ or logio 8 = -9030900. 

Again 2000 =2 x lO^ = lO^oi^oo y^ iqs 

55_ |Q-3010300+3__ 103-3010300 . 

.-. logio 2000=3-3010300. 

EXAMPLES. Lm. 

(1) Find the logarithms to the base a of a\ aV, Ha, v^, \ . 

(2) Find the logarithms to the base 2 of 8, 64, J, -125, 
•015625, \^6i 

(3) Find the logarithms to the base 3 of 9, 81, J, ^, -1, ^. 

(4) Find the logarithms to base 4 of 8, 4^16, >!!% -^-015625. 

(5) Find the value of 

logaS, logj-5, logs 243, log6(*04), logwlOOO, logio-OOl. 

(6) Find the value of 

log.a-*, log. v^, logs 2, logjjy 3, log^oo 10- 
If 2 = 10-3010300^ 3=10-*^i2i3 and 7 = 10-8*6«»o^ find the values of 

0) Iogio6,logio42,logiol6. (8) log^o 49, log^o 36, log^o 63. 

(0) Iogio200,logio600,logio70. (10) log^o 5, logjo 3-4, log^o 50. 

(11) logio35, logiol50, logio-2. (12) logio3-5, logio7-29, logio-081. 

(13) Given logiQ2, logio3, log^o?, find the value (i) of 
yex^lx ^9, (ii) of Xf2 X 3-* X 7 A 

[-6615067 =logio 4-5868 ; - -0285094 =logio -93646]. 

(14) Provethat (i) log {4^2 x 4^7 -5-4^9}= Jlog2+ilog7-flog3, 

(ii)log{5y2x3-Tx7/r} = ^log2-flog3+T^log7. 
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Common Logarithms. 

194. That System of Logarithms whose base is 10, is 
called the Common System of Logarithms. 

In speaking of logarithms hereafter, common logarithms 
are referred to unless the contrary is expressly started. 

195. "We shall assume that a power of ten can be found 
which is practically equivalent to any number. 

196. The indices of these powers of 10, i.e. the Com- 
mon Logarithms, are iu general incommensurable numbers. 

Their value for every whole number, from 1 to 100000, 
has been calculated to 7 significant figures. Thus any cal- 
culation made with the aid of logarithms is as exact as the 
most carefully observed measurement (cf. Arts. 17, 216). 

197. Now, the greater the index of any power of 10, 
the greater will be the numerical value of that power; and 
the less the index, the less will be the numerical value of 
the power. 

Hence, if one number be less than another, the loga- 
rithm of the first will be less than the logarithm of the 
second. 

But the student should notice that logarithms (or indices) 
are twt proportional to the corresponding numbers.- 

Example. 1000 is less than 10000 ; and the logarithm to base 
10 of the first is 3 and of the second is 4 

But 1000, 10000, 3, 4 are not in proportioa 
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198. We know from Algebra that 
1 - 10*, 
10 = 10» and that -1= ^^ = 1^"' 

100 = 10* -01= tJtt =10- 

1000 = 10' ooi=TT^=io-» 

10000 = 10* •0001=.j^y^ = 10-'* 

and so on« 
Hence, the logarithm of 1 is 0. 

The (common) logarithm of any number^eater than 1 is 
positive. 

The logarithm of any positive number less than 1 is 



199. We observe also 

that the logarithm of any number between 1 and 

10 is a positive decimal fraction ; 
that the logarithm of any number between 10 

and 100, t.e. between 10* and 10*, is of the 

form 1 + a decimal fi-action ; 
that the logarithm of any number between 1000 

and 10000, i.e. between 10' and 10*, is of the 

form 3 + a decimal fraction ; 

and so on^ 

200. We observe also 

that the logarithm of any number between 1 
and '1, i.e. between 10® and 10"^ can be 
written in the form - 1 + a decimal fraction ; 

that the logarithm of any number between •! 
and '01, i.6. between 10"* and 10"*, can be 
written in the form - 2 + a decimal fmction; 
and so on. 
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Example 1. How many digits are contained in the integral 
part of the number whose logarithm is 3*67192 ? 

The number is 105*^7iw and this is greater than 10*, t. e. greater 
than 1000, and it is less than 10*, t.«. less than 10000. Therefore 
the number lies between 1000 and 10000, and therefore the inte- 
gral part of it contains 4 figures. 

ExattvpU 2. Given that 3=10*^^ find the number of the 
digits in the integral part of 3^. 

We have Z^\{)fmm^ 

.-. 3»=(10'^*^5)»=10»*****». 
Therefore there are 10 digits in the integral part of 7^ ; for it is 
greater than 10* and less than lO^o, 

Example 3. Supposing that the decimal part of the logarithm 
is to be kept positive, find the integral part of the logarithm of 
•0001234. 

This number is greater than "0001 ».e. than 10"* and less than 
•001, i.e. than lO"'. 

Therefore its logarithm lies between - 3 and - 4, and there- 
fore it is - 4 + a fraction ; the integral part is therefore - 4. 

EXAMPLES. UV. 

Note. The decimal part of a logarithm is to be kept positive. 

(1) Write down the integral part of the common logarithms 
of 17601, 361-1, 4^01, 723000, 29, 

(2) Write down the integral part of the common logarithms 
of -04^ -0000612, -7963, -001201. (See Note above.) 

(3) Write down the integral part of the common logarithms 
of 7963, -1, 2-61, 79-6341, 1-0006, -00000079. 

(4) How many digits are there in the integral part of the 
nimibers whose common logarithms are respectively 

3-461, -3020300, 5-4712301, 2-6710100? 
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(5) Give the position of the first dgnificant figure in the 
numbers whose logarithms are 

-2 + -4612310, -1 + -2793400, -6 + -1763241. 

(6) Give the position of the first tignificarU figure in the 
numbers whose common logarithms are 4*2990713, -3040595, 
2*5860244, -3 + -1760913, - 1 + -3180633, -4980347. 

(7) Given that 2=10^i<»», find the number of digits in the 
inte^ part of 8", 2", 16», 2i«>. 

(8) Given that log 7= -8450980, find the number of digits in 
the integral part of 1^\ 49«, 343^, (V)*^, {^W, (3-43)io. 

(9) Find the position of the first significant figure in 

ya, (i)« W, (•02)S (•49)«. 

(10) Find the position of the first significant figure in the 
numerical value of 

207, (.02)T, (-007)2, (3-43)*, (-0343)8, (^0343)A. 

201. Prop. To prove that if two numbers expressed 
in the decimal notation have the same digits {so thai they 
differ only in the position of the decimal point), their loga- 
rithm's to the base 10 toiU differ only by an integer. 

The decimal point in -a number is moved bj multiplying 
or dividing the number by some integral power of 10. 

Let the logarithm to base 10 of the first number be I ; 
so that the first number is 10*. The second number is 
equal to the first number multiplied or divided by some 
integral power of 10 i,e. = 10 x 10", where n is some in- 
teger, positive or negative. 

Therefore the second number is lO*"^*; 
and therefore its logarithm isl + n^ 
which is the logarithm of the first number ± an integer. 
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ExampU. 17692 and 17*692 are numbers whose logarithms 
to the base 10 differ by the whole number 3 : 
for 17692= 10*'2*^76^ 

10 4-247776 

and n-692=^^=i^ =104 2i777(^..-s, 

and their logarithms are therefore 4*247776 and 1*247776 respec- 
tively. 

202 It is convenient to keep the decimal part of com- 
mon logarithms always positive^ because then the dednial 
part, of the logarithms of any numbers expressed by the 
same digits will be always the sama 

203. The decimal part of a logarithm is called the 

204. The integral part is called the characteristic. 

205. The characteristic of a logarithm can be always 
obtained by the following rule, which is evident from 
page 167. 

RULE. The characteristic of the logarithm of a number 
greater than unity is one less than the number of integral 
figures in. that number. 

The characteristic of a number less than unity is nega- 
tive, and (when the number is expressed as a decimal,) is 
one more than the number of cyphers between the decimal 
point and the first significant figure to the right of the deci- 
mal point. 

206. When the characteristic is negative, as for ex- 
ample in the logarithm -3+ -1760913, the logarithm is 
abbreviated thus, 3*1760913. 

Example 1. The characteristics of 36741, 36*741, -0036741, 
3*6741 and -36741 are respectively 4, 1, - 3, 0, and - 1. 
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Example 2. Given that the mantissa of the logarithm of 
36741 is 5651510, we can at once write down the logarithm of 
any number whose digits ar^ 36741. 

Thus log 3674100 =6-5651510, 

log 36741 =4-5651510, 
log 367-41 =2-5651510, 
log -36741 =1-5651510, 
log-00036741 = 4-5651510, 
and so on. 

207. In any set of tables of common logarithms the 
student will find the mantissa only corresponding to any set 
of digits. 

It would obviously be superfluous to give the cIultojc- 
teristic. 

208. It is most important to remember to keep the 
mantiflsa always positive. 

Example, Find the fifth root of -00065061. 
Here logio -00065061 =4-8133207, 

.-. logio (-00065061)*=i(4-8133207)=J (-4+-8133207) 
= K - 5 + 1 -8133207) = - 1 + -3626641 = 1-3626641, 
and 1-3626641 =log -23050, 

.-. the fifth root of -00065062 = -23050 nearly. 

EXAMPLES. LV. 

(1) Write down the logarithms of 776-43, 7-7643, -00077643 
and 776430. (The table gives opposite the numbers 77643, the 
ligures 8901023.) 

(2) Given that logio 59082 =4-7714552, write down the 
logarithms of 5908200, 5-9082, -00059082, 590-82 and 5908-2. 
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(3) Find the fourth root of -0059082, having given that 

log5-9082 = -7714552; 4-4428638 =logio 27724. 

(4) Find the product of -00059082 and -027724, having given 
that -21431= log 16380 (cf. Question 3). 

(5) Find the 10th root of -077643 (cf. Question 1), having 
given that -8890102 =log 7-7448. 

(6) Find the product of (-27724)2 and -077643. (See Ques- 
tions 1 and 3 ; 7758288 =log 59680.) 

* ♦ 209. To ircmgform a system of loga/rithms having a 
given hose, to another system with a different hose. 

If we are given a list of logarithms calculated to a given 
base, we can deduce from it a list of logarithms calculated 
to any other base. 

Let a be the given base ; let h be any other base. 

Let m be any number. Then the logarithm of m to the 
base a is in the given list. Let this logarithm be I, Then 

We wish to find the logarithm of m to the base h. Let 
it be X, 

Then m-¥. Butw = a'; 

.-. a' = 5*; or, 6 = a*; 
or, - is the logarithm of ( to the base a. 

Now the logarithm of 6 to the base a is given. For it ih 
in the list of logarithms to the base a. 

Thus, i = !««.* 5 «'•'«' = 15^6 5 
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Hence, to calculate the logarithms of a series o£ numbers 
to a new base 6, we have only to divide each of the logarithms 
of the numbers to any given base a, by a cei*tain divisor, 
viz. log„ 6. 

If then a list of logarithms to some base e can be made, 
we can deduce from it a list of common logaritlimn, by 

multiplying each logarithm in the given list by , =-^ . 

Example, Show how to transform logarithms, having 5 for 

base to logarithms having 125 for base. 

Suppose m = 5', so that I = log^ m. 

Now 125=63, so that 3=log5 125, 

sxi i I 

and m=5 « = 125», so that 5=log.ja»i* 

Thus the logarithm of any number to base 5, divided by 3 
(i.«. by logs 125), ^ the logarithm of the same number to the 
base 125. 

**210. The student will find that the logarithms of numbers 
cannot be calculated to the base 10 directly. 

They are first calculated to the base 2-7182818, etc., which is 
the simi of the series 

This number is called e. 

And the constant divisor in this case is log, 10, 

^* i^ = 2302M609 = -^«^'«*<^ 

When this constant divisor is transformed into a multiplier, 
this constant multiplier is called a xnodulus. 

Example, Given that logi© 12=1-0791812, shew how to 
transform common logarithms to logarithms having 12 for base. 
Here lOi-wwsw^lg j 

1 
.-. 10=12wfflffl2 = i2'»M«i^«to- 

.-. l0*=12»^'WMa. 
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** EXAMPLES. LVI. 

(1) Show how to transform logarithms having 2 for base to 
logarithms having 8 for base. 

(2) Show how to transform logarithms having 9 for base to 
logarithms having 3 for base. 

(3) Show how to transform common logarithms to logarithms 
having 2 for base (logjo 2 = -3010300). 

^ (4) Show how to transform logarithms having 3 for base to 
common logarithms (logio 3 = *4771213), 

(5) Show how to transform common logarithms to logarithms 
having 3 for base, 

(6) Given logjo 2 == -3010300, find logj 10. 

(7) Given log^o 7 = -8460980, find logy 10. 

(8) Given logio 2 = -3010300, find logs 10 and \og^ 10. 

* 211. We give here a formal proof of the following 
propositions : 

To prove that 

(i) The logarithm of a product is equal to the sum of the 
logarithms of the factors. 

(ii) The logarithm of a quottent is equal to the difference of 
the logarithms of the dividend and divisor 

(iii) The logarithm of the power of a number is equal to the 
product of the logarithm of the number by the index denoting 
the power. 

(iv) The logarithm of the root of a number is equal to the 
result of dividing the logarithm of the number by the number 
denoting the root. 

Let m and n be any two numbers. 

Let h and k be their logarithms to any base a. 

So that logaW=A, logan=i 

and .•. m^o^, n=a*. 
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Then 

(i) m X n=»a* x d^^d^^\ ,\ log^wi x n=A+i&=loga m+logat*. 
(ii) m-r7i=a*H-a*==a*-*, rAogafn-i-n^h-k^log^m-log^TL 
(iii) m** = (a*)*" = a*"*, , '. log^ inr=:rh=r log^ m. 

(i v) */m = (a*)' = a»^, . •. log, i/m = - = - x log^ w. 

*212. The above is only a formal way of saying, that 
since logarithms are indlCGS^ therefore they obey the 
inclex law^ 

«« MISCELLANEOUS EXAMPLES. LVIL 

(1) Find loga 8, logg 1, logg 2, log^ 1, logga 128. 

(2) Show that the logarithms of all except eight of the 
numbers from 1 to 30 inclusive, can be calculated in terms of 
log 2, log 3 and log 7. 

(3) Show that the logarithms of the numbers 1 to 10 inclu- 
sive may be found in terms of the logarithms of 8, 14, 21. 

(4) The mantissa of the log of 85762 is 9332949. Find the 
log of jy -0086762. 

Find how many figures there are in the integral part of 
(85762)". 

(5) Find the product of 47-609, 476-09, -47609, -000047609, 
having given that log 4*7609 = '6776891 and -7107564=log 5-1375. 

(6) What are the characteristics of the logarithm of 3742 to 
the bases 3, 6, 10 and 12 respectively. 

(7) Having given that log 2= -3010300, log 3= -4771213 and 
log 7 = -8450980, solve the following equations : 

(i) 2*x3*'=72, (ii) 3««=128x7*-', 

(iii) 12*=49, (iv) 2««=21*^»«. 

(8) Given logio 7, find logy 490. 

(9) Given logi© 3, find log, 270. 

(10) Given logjo 2, find logg 10. 
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(11) Given logg9=a, \og^h—h^ ^og^—c; find the logs to 
base 10 of numbers 1 to 7 inclusive. 

(12) How many positive integers are there whose logarithms 
to base 2 have 5 for a characteristic 1 

(13) If a be an integer, how many positive integers are there 
v;hose logs to base a have 10 for their characteristic ? 

(14) Given log 2 and log 7, find the eleventh root of (a9-2)«. 

log 1-9485 « -289688. 

(15) Prove that 71og}f + 61ogf + 5logf+logfJ«log 3. 

(16) Prove that 

2 log a + 2 log a^ + 2 log a' , . . + 2 log a* = n (n + 1 ) log a. 

(17) Prove that log,6 . log^a = 1 ; and that log,6 , log^c . log^ = 1. 

(18) Prove that log.r = log«6 . log^c . logoC?. . .log/-. 

(19) Given that the integral part of (3-456)i<»o«> contains 
53856 digits, find log 345*6 correct to five places of decimals. 

(20) Given that the integral part of (3*981)ioo«» contains 
sixty thousand digits, find log 39810 correct to five places of 
decimals. 

(21) If the number of births in a year be ^ of the popu- 
lation at the beginning of the year, and the number of deaths 
^, find in what time the population will be doubled. 

Given log2> log 3, and that log 241 =2-3820170. 

(22) Prove that 

l6g« + log(«-a)-log6-logc=21og^^-i^^. 

(23) Prove that 

log (a^ + a?*) + log (a + a?) + log (a - x) = log (ct* - -«*). 

(24) Prove that 

log sin 4^ =log 4 + log sin A +log cos ui + log cos %A. 
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CHAPTER XY, 



On the Use of Mathematical Tables. 



213. The Logarithms referred to in this chapter, and in 
future throughout the book, are Gormrum Logarithms. 

214. Books of Mathematical Tables usually giye an 
explanation of their own contents, but there are some points 
common to all such Tables which we proceed to explain. 

215. The student will be supposed to have access to a 
book containing the following : 

(i) A list of the logarithms of all whole numbers from ' 
1 to 99999, calculated to seven significant figures; 

(ii) A list of the numerical values, calculated to seven 
significant figures, of the Trigonometrical Ratios of all 
angles, between 0® and 90®, which difier by 1' ; 

(iii) A list of the logarithms of these Ratios calculated 
to seven significant figures. 

These will be found in Chambers' Mathematical Tables. 

Is. r 12, 
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216. We Lave said that logarithms are in general 
incommensurable numbers. Their values can therefore only 
be given approximately. 

If the value of any number is given to seven significant 
figures, then the error (i. e. the difference between the given 
value and the exact value of the number) is less than a 
millionth part of the number. 

Example, 3*141592 is the value of ir correct to seven signifi- 
cant figures. The error is less than '00000 1 ; for ir is less than 
3*141593, and greater than 3*141592. 

The ratio of -000001 to 3141592 is equal to 1 : 3141592. The 
ratio of '000001 to tt is less than this ; i. e. much less than the 
ratio of one to one million. 

217. An actual measurement of any kind must be 
made with the greatest care, with the most accurate instru- 
ments, by the most skilful observers, if it is to attain to 
anything like the accuracy represented by * seven significant 
figures.' 

Therefore the value of any quantity given correct to 
* seven significant figures ' is exact for all practical purposes. 

218. "We are given in the Tables the logarithms of all 
numbers from 1 to 99999 j that is, of any number having 
five significant figures. 

A Table consisting of the logarithms of all numbers 
from 1 to 9999999 (i.e. of any number having seven 
significant figures) would be a hundred times as large, 

219. There is however a rule by which, if we are given 
a complete list of the logarithms of numbers having ^t?^ sig- 
nificant figures, we can find the logarithms of numbers 
having six or seven significant figures. 
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Example, Suppose we require the logarithm of 4-804213. 

From the Tables we find 

log 4-8042= -6816211, Le. 4-8042 =10-«i«2ii...^ 

log 4-8043=-6816301, 4*8043= 10-«i<«*i-. 

The number 4*804213 lies between the two numbers 4*8042, 
4*8043 whose logarithms are found in the Tables, so that the 
required logarithm must lie between the two given logarithms. 

Therefore we suppose that 
log 4*804213= -6816211 +rf, i. e. 4*804213 =10*68i62ii-+«'. 

220. The BX7LE is as follows. The differences be- 
tween three numbers axe proportional to the corresponding 
differences between the logarithms of those numbers, pro- 
vided that the differences between the numbers are smaU 
compared with the numbers. 

Example, Thus in the above example 4*8042, 4*8043 and 
4-804213 are three numbers; -6816211, -6816301 and -6816211 +c^ 
are their three loga 

The difference between the first and second numbers is -0001. 
The difference between the first and third numbers is 
-000013. 

The difference between the logarithms of the first and 
second mmibers is -000009. 

The difference between the logarithms of the first and 
third numbers is d. 

By the Bule these differences are in proportion 
.-. -0001 : -000013= -000009 : rf, 
or 100 : 13=-000009 ; d; 

whence rf= -00000117..., 

.-. Iog4-804213=-6816211 + -00000117.., 

= •68162227 = -6816223 (to seven figures). 

12—2 

Digitized by VjOOQIC 



180 TRIGONOMETRY. 

221. We shall refer to the above rule as the Bule of 
Proportional BiflSBrences. 

It is often called also 'The Principle of Proportional 
Parts.' 

222. In Art. 197 we said that numbers are riot propor- 
tional to their Logarithms. Hence the differences of numbers 
and the corresponding differences of their logarithms cannot 
be exactly in proportion. The rule is however true for all 
practical purposes. The proof of the rule belongs to a 
higher part of the subject than the present. 

223. In the above example we said that 

6-68162227 = 6-6816223; 

and for this reason. We are retaining only seven significant 
figures in the decimal part of the logarithm. 

If we put 6-6816222 for 6-68162227 the 'error' is 
greater than '00000007. 

K we put 6-6816223 for 6-68162227 the 'error' is 
less than -00000003. 

Thus the second error is less than the first. 

In such a case, 1 must be added to the last digit which is 
retained, when the first digit which is neglected is 5 or 
greater than 5. 

224. We give two more specimen examples. 
Example 1. Find the logarithm of -004804213. 

We first find as before, by the rule of proportional differences, 
that log 4-804213=-6816223 

.-. log •004804213=3-681622a 
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Example 2. Fiind the nwmher whose logarithm is 2*5354291, 
In the Table we find that 

•5354207=log 3*4310 (i), 

and •5354334=log 3*4311 (ii). 

Let •5354291=log {3*4310+cf) (iii). 

Here we have three logarithms and three numbers. 

The difference between the first and second logs is *0000127. 

The difference between the first and third logs is *0000084. 

The difference between the first and second numbers is 
•0001. 

The difference between the first and third numbers is (L 
By the Rule these four differences are in proportion, 
/. -0000127 : •0000084= *0001 ; rf, 
or, 127 : 84=*0001 : d; 

A c?=*0001 x^V=*^>^^61, eta 
Therefore from (iii) *5354291=log (3-4310+ -000066) 

=log 3*431066. 
Hence, 2*5354291 =log 343*1066, 

or, the required number is 343*1066. 

EXAMPLES. LVm. 

(1) Find log 7-65432, having given that 

log 7*6543 = -8839055, 
log 7*6544= -8839112. 

(2) Find log 564*123, having given that 

log 5*6412 =*7513715, 
log 5*6413= *7513792. 

(3) Find log -0008736416, having given that 

log 8*7364= *9413325, 
log 8*7365 = -9413375. 
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(4) Find log 6437125, having given that 

log 6-4371 =-8086903, 
log 6-4372=-8086970. 

(5) Find log 3-72456, having given that 

log 37245=4-5710680, 
log 37246=4-5710796. 

(6) Find the number whose logarithm is -5686760, having 
given that •5686710=log 3*7040, 

•5686827 =log 3-7041. 

(7) Find the number whose logarithm is 4*6602987, having 
given that -6602962=log 4*5740, 

-6603057 =log 4*5741. 

(8) Find the number whose logarithm is 6-3966938, having 
given that -3966874=log 2*4928, 

•3967049 =log 2-4929. 

(9) Find the number whose logarithm is 4*6431150, having 
given that -6431071 =log 4*3965, 

•6431170 =log 4*3966. 

(10) Find the number whose logarithm is -7550480, having 
given that 3*7550436=:log 5689*1, 

2*7550512=log 568*92. 

225. The same Bule of Proportional Differences is used 
in the case of angles and their Trigonometrical Batioe ; 
and therefore also in the case of angles and the loga- 
rithms of their Katies. 

Thus the (small) differences between three angles are 
assumed to be proportional to the corresponding differences 
between the sines of those three angles ; also, proportional 
to the corresponding differences between the logarithms of 
the sines of those angles 
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226. Sines and cosines are always less than unity, as 
also are the tangents of all angles between 0^ and 45^. 

The logarithms of these Batios must therefore have 
negative characteristics. 

To avoid the inconvenience of having to print these 
negative characteristics, the whole number 10 is added to 
each logarithm of the Trigonometrical Eatios, before it is 
set down in the Table. 

The numbers thus recorded are called the tabular 
logarithms of the sine, cosine, eta, of an angle. 

They are indicated by the letter * L.* 

Thus L sin 31® 15', stands for the tabular logarithm of 
sin 3r 15', and is equal to {log (sin 31* 15') + 10}. 

The words logaritlunic sine are used as abbreviation for 
tabular logarithm of the sine. 

Thus in the Tables we find 

Xsin3in5'=9-7149776. 
Therefore log (sin 310150 =9-7149776 -10=1-7149776. 

Exam^l. /Vnc? sin 310 6' 25"* 

The Tables give sin 310 6' ==-5165333 (i), 

sin 310 7'= -5167824 (ii). 

Let sin3lor25"=-5165333+rf (iii). 

The difference between the first two angles is 60". 
The difference between the first and third angle is 25\ 
The differences between the corresponding sines are -0002491 
andc?. 

By the Rule these four differences are in proportion. 
Therefore 60" : 25"= -0002491 : d, 

.'. rf^-0002491 X |J=-0001038. 
Hence from (iii) sin 3l0 7' 25"= -5165333+ -0001038= -5166371. 
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Example 2. Find the angle whose logarithmic cosine is 
9-7858083. 

The Table gives 9-7857611 =Z cos 520 22' (i), 

9-7859249 =Z cos 520 21' (jj)^ 

The cosine diminishes as the angle increafies. Hence corre- 
spondiDg to an increase in the angle there is a diminution of the 
cosine. 

Hence, let 9-7858083=Zcos(520 22'-2)) (iii). 

Subtracting the first tabular logarithm from the second the 
difference is -0001638. 

Subtracting the first tabular logarithm &om the third, the 
difference is 0000472. 

Subtracting the first angle from the second, the difference is 
-60". 

Subtracting the first angle from the third, the difference is 
-2). 

By the Rule these four differences are in proportion. . 

Therefore -0001638 : -0000472= -60" : -2), 
.•• 2)=60"x^&=17-3". 

Hence 9*7858083 -Zoos (52» 22' - 17") 

=Z cos 520 21' 43^ 

EXAMPLES. T.TT 

(1) Find sin 420 21' 30" 

having given that sin 420 21'= -6736577 
sin 420 22'= -6738727. 

(2) Find cos 470 38' 30" 

having given that cos 47® 38'*= -6738727 
cos470 39'=-6736577. 

(3) Find cos 21027' 45" 

having given that cos 210 27' = -9307370 
cos 210 28'» -9306306. 
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(4) Find the angle whose sine is -6666666 
having given that -6665325=sin 410 48' 

•6667493=Bin4l0 49'. 

(5) Find the angle whose cosine is -3333333 
having given that *3332584» cos *J(fi 23f 

•3336326=cos700 31'. 

(6) Find the angle whose cosine is *25 
having given that •2498167 =cos 75® 32^ 

•2500984=cos750 3r. 

(7) FindXBm45n6'30" 

having given that Zsin 450 16'=9-8514969 
Zsin45«ir=9-8516220. 

(8) Find Z tan 27*13' 45" 

having given that L tan 2T 13' = 9*7112148 
Ztan27«14'=9-7115254. 

(9) Find X cot 360 18' 20" 

having given that X cot 36^ 18' « 10-1339650 
L cot 36* 19'= 10-1337003. 

(10) Find the angle whose Logarithmic tangent is 9*8464028, 
having given that 9*8463018=X tan 35® 4' 

9*8465705«Ztan35<>5'. 

(11) Find the angle whose Logarithmic cosine is 9*9448230, 
having given that 9*9447862 =X cos 28* 17' 

9*9448541 «Z cos 28® 16'. 

(12) Find the angle whose Logarithmic cosecant is 10*4274623, 
having given that 10'4273638»Z cosec 21^ 57' 

10*4276774=Zooflec21» b^. 
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227. Problems in which each of the lines inyolved 
contains an eooact number of foet, and each angle an exact 
number of degrees, do not occnr in practical work. 

As from time to time the skill of observers and of in- 
strument-makers has increased, so also has the number of 
significant figures hj which observations have been recorded. 

Thus the want was felt of some method by which the 
labour involved in the multiplication and division of long 
numerical quantities could be avoided. At the end of the 
Seventeenth Century a celebrated Scotch mathematiciaD, 
John Napier, Baron of Merchiston, proposed his method of 
* Logarithms ' ; L e. the method of representing numbers by 
indices ; * which, by reducing to a few days the labour of 
' many months, doubles, as it were, the life of an Astronomer, 
' besides freeing him from the errors and disgust inseparable 
' from long calculations.' Laplace, 

228. We shall now give a few examples of the practical 
use of logarithms. 

Example 1. The sides containing the right, angle (7 in a right 
angled triangle ABC contain 3466*4 ft. and 4543*5 feet respec- 
tively; find the angles of the triangle, and the length of the 
hypotenuse. 

B 




Let a, &, c be the lengths of the sides of the triangle opposite 
the angles A^B^C respectively. 
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Then a=3466-4 feet, 6=4543-5 feet. 
^ , a 3456-4 

We shall give in two parallel columns the work (i) in the 
logarithm notation (ii) when expressed by indices. 

In the Tables we find 

log 3456-4=3-5386240. 3456-4=108-mm»40. 

log 4543-5=3-6573905. 4543*5 = 108-<»7M<». 

, a , , a lO^-MMMO 

.-. logj =loga-iog6. .-. j= jQ3:e67^. 

=3-5386240-3-6573905. «io8.6S88240-«4«mo6. 

,\ log tan ^ = 1-8812335. /. tan4=10i-Mi23S6. 

.% Z tan ul= 9-8812335. «108.88i283fi-io. 

In the Tables we find 
9-8810522=Z tan 37<> 16'. i(y>-88io«M-w= tan 37® 15'. 

9-8813144=Z tan 37® 16'. i09-Mia**-w=tan 37® 16'. 

Whence we find by the Rule of Proportional Differences 
9-8812335 =Z tan 370 15' 42". lOO-88i2336-io==tan 37® 15' 42". 
.% J^=37n5'42". 
Also 5=(900- A .\ jB=520 44' 18", 

and -=coseo-4=coBeo37^ 15' 42", 

a 

••• log c=log a + log cosec 37^ 15' 42" 

=loga+Zcosec 370 15'42"-10 

= 3-5386240 + 10-2179174 - 10 

=3-7565414 

=log 6708-8, 

.'. the hypotenuse contains 5708-8 feet. 

Thus we have found the angles and the third side of the 
triangle. 
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229. There are some formulsB which are seldom used in 
practical work, because they are not adapted to logarithmic 
calculation. They are those in which powers of quantities 
are connected by the signs + or -, 

Example. In the above example we might have found the 
length of the hypotenuse by means of the formula 

But we should have had to go through the process of calcu- 
lating by multiplication the values of a* and h\ 

For this reason, a formula which consists entirely of 
factors is always preferred to one which consists of terms, 
when any of those terms contain any power of the quantities 
involved. 

If in the above example, the lengths of the hypotenuse c 
and of one side a were given, then the formula 

68=ca-a2=(c-a)((j+a) 
will give the length of h. "For 

log62=log {(c-a) (tf+a)}, 
or, 2 log 6=log {0—0)+ log (c+a). 

And the values of (c+a) and (c-a) are easily written down 
from the given values of c and a. 

EXAMPLES. LZ. 

In the following questions Ay B,C wee the angles of a right 
angled triangle of which (7 is a right angle, and a, 6, c are the 
lengths of the sides opposite those angles respectively. 

(1) Given that a= 1046*7 yards, c= 1856-2 yards, C=90^, 
find^. 

log 1046-7 =3-0198222, log 1856-2 =3*2686248, 
X sin 340 19' =9-7510991, 
Zsm340 20'=9-7512842. 
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(2) Given that a= 843-2 feet, (7= 90», and ul = 34« 15' ; find c. 
log 843-2 =2-9259306, L cosec 34015' =10-2496421, 

log 1-4982 =-17557. 

(3) Given that a =4845 yards, 6=4742 yards, and C=90, 
findul. 

log 4845 = 3-6852938, log 4742 = 3'6759615, 
L tan 450 36' = 10-0090965, Z tan 45® 37' = 100093492. 

(4) Given that c= 8762 feet, C=90, and ul =37^10', find 
a and 6. 

log 8762 =3-9426032, Z sin 37® 10'= 9*7811344, 
L cos 370 10'=9-9013938, log 5-2934= -72373, 
log 6-9823 =-843997. 

(5) Given that 6 = 1694*2 chains, (7=90^ and ul = 180 47', 
find a. 

log 1694-2=3-2289647, L cot 18® 47' =10-4683893, 
log 5-7620= -76057. 

(6) Given that a=1072 chains, (j=4849 chains, and C=900, 
find 6. 

log 5921 = 3-7723951, log 3777 = 3*5771470, 
log 4-729 =-67477. 

(7) Given that 6=841 feet, c=3762 feet, and (7=9O0, find a. 

log 4603 = 3-6630410, log 2921 = 3-4655316, 
log 3-6668 =-56428. 

(8) Given that a=7694-5 chains, 6=8471 chains, C=900, 
find A and c, 

log 7694-5 = 3-8861804, log 8471 = 3*9279347, 

X tan 420 15' = 9*95824, L cosec 420 15' = 10*1723937, 

log 1*1444= -05857. 

230. In the following examples the student must find 
the necessary logarithms from the Tables. 
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""MISCIELLANEOnS EXAMPLES, LXI. 

(1) A balloon is at a height of 2500 feet above a plain and 
its angle of elevation at a point in the plain is 40<^35'. How far 
is the balloon from the point of observation 1 

(2) A tower standing on a horizontal plain subtends an 
angle of 37^ 19' 30" at a point in the plain distant 369*6 feet 
from the foot of the tower. Find the height of the tower. 

(3) The shadow of a tower on a horizontal plain in the sun- 
light is observed to be 176*23 feet and the elevation of the sun at 
that moment is 33^ 12'. Find the height of the tower. 

(4) From the top of a tower 163*5 feet high by the side of a 
river the angle of depression of a post on the opposite bank of 
the river is 29^47' 18". Find the distance of the post from the 
foot of the tower. 

(5) Given 0=673-12, 6=415*89 chains, (7=900, find^ and B, 

(6) Given a=576*12, c=873*14 chains, (7=900, find h and A. 

(7) From the top of a light-house 112*5 feet high, the angles 
of depression of two ships, when the line joining the ships points 
to the foot of the light-house, are 27^ 18' and 20^ 36' respectively. 
Find the distance between the ships. 

(8) From the top of a clifi* the angles of depression of the 
top and bottom of a light-house 97*25 feet high are observed 
to be 23<^ 17' and 24P 19' respectively. How much higher is the 
cliff than the light-house ? 

(9) Find the distance in space travelled in an hour, in con- 
sequence of the earth's rotation, by St Paul's cathedral (Lati- 
tude of London=51^ 25', earth's diameter =7914 miles.) 

(10) The angle of elevation of a balloon from a station due 
south of it is 47° 18' 30", and from another station due west of 
the former and distant 671*38 feet from it the elevation is 41<> 14'. 
Find the height of the balloon. 
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CHAPTER XYL 

On the Relations betweeic the Sides and Angles 
OF A Triangle. 

231. The three sides and the three angles of any 
triangle, ^e called its six paxts. 

By the letters -4, ^, C we shall indicate 
geometrically^ the three angular points of the triangle ABC ; 
algebraically, the three angles at those angular points re- 
spectively. 

A 




By the letters a, b, c we shall indicate the measures of 
the sides £C, GA, AB opposite the angles -4, B^ G respec- 
tively. 

232. I. We know that, ^ + ^ + C = 180°. [Euc. i. 32.] 

233. Also if A be an angle of a triangle, then A may 
have any value between 0* and 180°. Hence, 

(i) sin A must be positive (and less than 1), 

(ii) cos A may be positive or negative (but must be 

numerically less than 1), 

(iii) tan A may have any value whatever, positive or 

negative. 
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234. Also, if we are given the value of 

(i) sin A, there are two angles, each less than 180", 
which have the given positive value for their sine. 

(ii) 008 Ay or (iii) tan A, then there is only one valne 
of Af which value can be found from the Tables. 

235. 4 + f + ? = 90*. Therefore ^ is less than 90% 
and its Trigonometrical Eatios are all positive. Also, -^ is 

known, when the value of any one of its Batios is given* 
Similar remarks of course apply to the angles B and (7. 

Example 1. To prove sin (-4 + J5) = sin C. 

^+5+(7=1800 .-. ^+5=1800- C, 
and.-. sin(^+5)=sin(18(y>-C)=sina [p. 104.] 

Example 2. To prove sin =cos ^ > 

Now ^±|±?=9<^. ...^^=900-f, 

and .-. sin:^Y^=sin ^90° - |j = cos ^ . [Art 118.] 

Example 3. To prove 

. . . T» . ^ . -4 B C 

smJ.+sm5+smc7=4cosQ . coSg . cos-. 

Now sin-4+sinJ5=2 sin — ^ . cos -^- [Art. 157.] 

C A—B 
=2 cos -.cos— g—. [Art lia] 

c c 

and sin (7=2 sin - . cos - . [Art 166.] 

«2 cos :^±^ . cos ^. [Art, 118.] 
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A 8mil+Hm5+BinC7=2coB^.cofl— ^+2coB^.cofl--4— f 
Cr A^B A+B\ 

=2008^^2008^.0081). [Art. 157.] 
■A B C 

= 4 008 — . 008 ^ . cos ^ . Q.E.D. 

EXAMPLES. LXn. 

Find A from each of the six following equations, A being an 
angle of a triangle. 

(I) cos^=i. (2) cos^=-i. (3) 8in^=i. 

(4) tanul=-l. (6) sin^ = -^ (6) tan^=-V3. 

Prove the following statements, Ay B, G being the angles of a 
triangle. 

(7) 8inU+5+C)=0. (8) 008(^+5+0= -1. 

(9) 8in^-±-^=l, (10) ooB4±|±^=a 

(II) tan(^+i?)=-tana (12) cot^^^^tan^^. 

(13) ooe(.l+J?)=-oosa (14) cos(^+5-C)=-cos2a 
(15) tan^l - cotB^coaC • sec^l . cosecJS. 
,-^. sin^-sinjB . C . A-B 

.,_. iiaZB-fanSO . 3A 
("^ co83<7-o«iaB=**"T- 

ABO 
(18) ainil+Bin^-8in(7»4sin— .sin^ •^'^o* 

L. 13 
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ABC 
,*(19) an^-sinJ9+sin(7=4sin — .cos-5- . sin-^. . 

JL ^ A 

(20) . sin "o • cos 2+3^^ o-^^ 2 "^^"^ 2 * ^® 2 

=2 COS — . COS -^ . COS •3. 
^ ^ ^ 

-4. J5 (7 

(21) cos ^+cos5 + cosC-l=4sin— . sin— . sin-. 

^ Jt 2t 

(22) cos2-|.+cos2— -cos2- = 2cos— .COS g. sin 2 . 

(23) sm2 — - sin2 - +sm2 ^^ 1 - 2 cos -g . sm - . cos ^ . 

(24) sin +sm +sm —^ 1 

^ . A . B , C 
=4sin-.sm~.sin2. 

(25) sin 2^ +sin 25+sin 2(7=4 sin^ . sin5 . sin C. 

(26) sin^ ♦ ces^-sin5 . cos5+sin(7. cos (7 

= 2cos^ . sinJ5 . cosC. 

(27) sin(5+.(7-^)-sin((7+^-5)+sin(^+5-C7) 

=4cos-4 . sinJ5 . cos(7. 

(28) cos2^+cos2J5+cos2(7= -l-4cosil . cosJ5 . cos(7. 

(29) sin2^ -sin25 + sin2(7=2sin^ . cosJ5 . sinC 

(30) cos(i?+a-^)+cos((7+^-J5)-cos(^+5-(7)+l 

=4 sin^ . sin5 . cos(7. 

,^,, .A B ^ . B C A 

(31) sm- .cos^.cos-^+sin- . cos-. cos ^ 

, . a A B , A . B . C ^ ^ 
+sin ^ . cos 2 • cos o- =sin ^ . sin ^ . sm -+ 1. 

(32) tan^ + tan5+tan(7=t.an^ . tani? . tan (7. 

(33) tan—, tan-^ + tan^. tan — +tan-2 .tan -5^=1. 
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236. liABC be a right-angled triangle baving C» 90^ 
tbeii(ii + J5) = 90*, 

K 




Hence, sin il = sin (90® - jB) = cos A 



Also, 
and so on. (See page 52.) 



sin ii = — = cos B, 
c 



EXAMPLES. LXm. 

In a right-angled triangle ABC, in which (7 is a right angle, 
prove the following statements. 



(1) tan^=cot5. 

(3) sin2^=sin2ff. 

/e\ ' a A 2a6 

(5) sin 2-4 = -5-. 



(7) cos 2^ = 



6»-a« 



(2) tan5=cot-4+cos(7. 

(4) cos 2^ + cos 2B-= 0. 

(6) coeec25=g + A. 

^ ' sin^-i+sm^JB 



(9) sm«^=^. 



(10) C0S2^ 



c+6 

""27- 



A-B 



(11) (^cosg + sm^j = — . (12) ^^=taii 

(13) sin(^-J?)+coB2^=0. (14) sin(^-J5)+sin(2il + (7)=»0, 
(15) (8in^-sin5)*+(cos^+cos5)«=2. 

2sin^ 



(16) A+^j. A~^. 



^/cos2B' 



13—2 
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237. n. To prove a==hQo%C -^ceo&B. 

From J, any one of the angular points, draw AD per- 
pendicular to BG, or to BG produced if necessary. 

There will be three cases. Fig. L when both B and C 
are acute angles ; Fig. ii when one of them {B) is obtuse ; 
Fig. iii when one of them {B) is a right angle. Then, 




Fig.L 



GA 
BB 



=:coa ACB', or, (7i) = 6cos(7, 



Fig.ii. 



and -t^^cobABD; or, DB =^ e oob B, 
AJS 

.-. a=CZ> + i)^=6cos(7 + ccosJ?. 
GD 



^coa ACB; or, GJ)=-bcoaG, 



GA 

^ = cos ABD : or, J?2) = c cos (180* - B), 
AB 

.'. a = CZ)-^Z) = 6cosa-ccos(l80*»-^) 

= 6 cos C + c cos -B. 

rig.iiL a=GB=^hoo&G 

=5co8(7+ccos A [For, cos5 = cos90® = 0.] 

Similarly it may be proved that, 

6 = ccosii + acosC; c = a cos ^+6 cos -4. 
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238. m. To prow that in any triangle^ the sides a/re 
proportional to the sines of the opposite a/ngles; or, To prove 

that —, — 7=-: — 5"— ■: — 7y» 
siaA smB sin C 

From Af any one of the angular points, draw AD per- 
pendicular to BC, or to BG produced if necessaiy. Then, 

Fig.L AD=.h^nC; for, ^^ = sin (7 [Def ] : 

AD 
eAao AD^caiaB; for, --^ = sinA 

.*. 6sin(7=csin^; 

b c 

rig.ii. AD^banC, 

and ii2> = c sin ii^2> - c sin (180* - -S) 
. •. AD ^cainB; 
.-. b^O = CBmBy 
be 



or, 



sin -5 sin (7 * 



Fig.iiL il5 = J(7.8in(7; or, c«=6sin(7; 

... ^ = -^. [Forsin5«=sin90r=l.] 
sin (J sin x> "^ 

Similarly it may be proved that 
a 6 . 

sin A mnB * 

a h e 

sm^i sin^ sin 1/ 
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239. IV. Toproveth(Ua*-^V + ff-2bcQO%A. 

Take one of the angles A. Then of the other two, one 
must be acute. Let B be an acute angle. From draw CF 
perpendicular to BA^ or to BA produced if necessary. 

There will be three figures according as jl is less, greater 
than, or equal to a right angle. Then, 

.0 X 




B e ABGAFBeA 

Tig.l BC' = CA' + AB'^2.BA.FA; [Eua ii. 13] 

or, a* = 6» + c"-2c.i^ul 

c=6«+c»-.2c6cos-4. [For ^^ = 6.003-4.] 

Fig.li BC'^CA'-^AB' + 2.BA.AF; [Euc. ii. 12] 

or, a» = 6» + c* + 2c6cosi^J[(7 

« 5« + c« - 26c cos i. [For FAG = 1 80* - ^.] 

Tig.m.BG'=OA'-^AB'; [Euc. i. 47] 

or, a* = 5» + c" - 2bc cos A. [For cos ^ = cos 90' = 0.] 
Similarly it may be proved that 

6* = c" + a*- 2ca cos -5, 
and that c' = a' + 5* — 2ab cos C. 

240. V. Hence, 

COS-1- ST- > C08-a= tTTZ » COS C = 



26c 



2ca 



2a6 
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241. VL >o;p^«Aa<sm'^=<i±£z^±llf), 
and that ^.A;^(a + b + c){b + c-a) ^ 

A 
Since cos -4 = 1 - 2 sin* -^ , [Art 166] 

and cos ^ = ^ — ; [Art 240] 

.% 2sm*^ = l-cosil = l jTT 

2 26c 

__ 2&c-(y-i-c'~a') _ a'-(5«-26c + c*) 
"26c 26c 

a«-(6->c)' {a-(6-c)}{a+(6-c)} 
26c , 26c 

. ^A (a + c-b)(a + h-c) 

••^2-= — 4 — -• ^'"°- 

Again, oosil=2co8*Y-l; [Art 166] 

••• 2 cos* 2 =■ 1 + 008^ = 1 + — 2j3— 

.'. oos'-5 = i— j^ = i j^ -'. <J.E.D, 

2 46c 46c 

242. Similarly it may be proved that 

. ,5_^+£-^j6 + a-^ ,B {a + b + e){a + c-h) 
*^ 2" i^ '*^ 2 ST • 

and that 

G (c + a-h){e + h-a) __,C (a + b + e)(a + b-e) 

""^ 2 i^r '*^2 Si ' 
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^ 243. VII. Now let* stand for ?^.i|^^, so tliat 
(a + 6 + c) « 2«. 

■ Then, (6 + c-^a)=:(6 + c + a-2a) = (2«-2fl) = 2(«-a), 
and (c + a-6) = (c + a + 6-26)=(2«-26) = 2(«-6), 

and (a+ 6 - c) = (a + 6 + c - 2c) = (2»- 2c) = 2 («- c). 

Then the result of Art. 241 may be written 

- ,A 2»2(g-a) j1 /s{»-a) 

and so on. 

. A 

A_ 2 ^ V(g-6)(*-c) 



2 cos-^ ^l8{8-a) 



Hence, tan -^ = 

244. Vni. Again 

sin ii = 2 sin -^ . cos -5- ; [Art 166] 



=^j^s/8{8-a)(8-b){8-c). 

The letter S usually stands for \/« (« - a) (« - 5) (« - c) , so 
that the above may be written = -^ . 



-,. ,, , sin^ 2aS sinC 

Similarly, — r— = -r =^ —7— • 
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245. IX. To prove that 7 . cot -jr = tan — -tt— . 

^ 6+c 2 2 

h c 

Since -t — ^ = -; — 7= , let cacli of these fractions « (f. 
sin ^ Bin (7 

Then 5 = cf sin^, and c s c^sin G. 

6-c _ (f sin^-c?sin(7_ sin^-sinC 
" 6 + c"c?sin^ + c?sinC7~ sin -5 + siiTC 

2 sin — ^— . cos — 5— tan — ^ — 
2 sin — ^ — • cos — ^ — tan — ^ — 

tan 



^. [since tan^^ = taii(90»-i).l 



cot^ 

tan — 

6-c ,ii 2 ^^ ^ i?-C 

,..__. cot 2- -j-..cot^ = tan-.^. Q.E.D. 

Q. ., 1 c-a 'B . C-A 

Similarly, . cot 77-= tan ^ , 

c+a 2 2 ' 

ana =. . cot -rr- = tan — s — . 

a + 6 2 2 

246. NoTB. In the next ohapter we shall prove, that given three 
of the parts of a triangle (one of which mtist be a side), we can find 
the remaining three parts by means of the formtiln of this chapter. 
Hence, these formals cannot be equivalent to more than three 
independeiU equations. It is an instraotive, but somewhat difficult 
problem to take three of these formnlsB (e,g. A+B-\-C = 19Xfi, 
6=e cos ii+a cos C7» e=&6o8^ + aoosP) and deduce all the others 
from them. 
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247. The following examples are important 

Example 1. Suppose we are given that 

a= 6 cos C+ c 008 5, 1 

h =c cosil+a cos C, I 

c = a <iOBB+b GOB A. J 
Then, taking a times the first +2) times the second -c times 
the third, we get 

a*+h^-<^={ahcoBC+accoaB) + {bcooBA+baco6C) 

^ {oa 006 B+ 6b oobA\ 
^2ahcoRC. 

Example 2. Suppose we are given that A + B+ C^ 180^, 

and that -; — 7 = -^— 5=-^— 7vr=cn, 

sm^l smjB emC^ •^' 

, b^+<^-a* _ d*^n^B+d*Bia^C^d^Bin^A 

2be " 2d^BmBamC ' 

sin^^+sin^C-s in'J. __ 2cosii.sinjg.sinC 
"" 2sin^sinC7 2sinjS.sinC 

[Ex, 29, p. 194, since (^ +5 + C)=180<>.] 
=cosX 



248. The formula 

a h^ e 



^d 



sin J. sin ^ sin (7' 
is very frequently of use in solving examples. 

Example, Prove that 

acos J.+6 cosjS+c cos(7=2a sin^ sinC 
Since a=efsin^, h=^d^B^ o=c?sinC, 

the above may be written 

d^Sinil . cos J.+<3?sin^. cos^+e^sinC cos(7 

= 2c? sin ^ . sin ^ . sin C, 
or iBin2il+sini2j5+sin2C=4sinJ.,Bin5.sinC, 

which is Example (25) on page 194. 
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249. Th^ student is advised to make himself thoroughly 
familiar with the following formulsB: 

a = 5 cos (7 + c cos ^ (ii), 

J 2S' 



sin ^ sin ^ sin (7 

COS^s 



26c 

A _ /s (« — a) 

2" V ~br~ 



(iii). 



eoe 



(vii), 



2.S' 



^^ = li V«(«-a)(«-6)(«-c) = -^ (viii), 

' (ix). 



tan— ^r — = -r- — . cot -s- 
2 6 + c 2 



EXAMPLES. LZIV« 

In any triangle ABC prove the following statements : 
. . 8in^ + 2sin^ sinC 

^^^ — ^T25 r- 

,j,. sin*il-m.sin*jB sin* (7 

(3) a cos il + ft cos i?-c cos C^ 2c cos -4. cos A 

(4) (a + 6)sin5^ = ccos— g— . 

(6) (6-c)cos-^»asin- « 



2 



COB^ 



/«^ wo^ cosjg cosC^ 

^ ^ sin^.sinC sin(7.sin^ sin J., sin j^" 
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(7) asm(jB-C)+&sin((7-^)+csin(-i-i?)-a 



. 6+£ co8jg+co s(7 



6«sinC+c*sinjB 



(10) V6csinjB.sin(7= ^^^ 

(11) a+6+c=(6 + c)cosui + (c+a)oosjB+(a+6)cosa 

(12) 6+c-a=(6+c)oosJ.-(c-a)cosjB+(a-6)coea 

(14) a(6«+<!»)co84+6(c*+o')cos5+o(a>+6^co8C=3aft& 
(16) aoos(.l+5+0)-^«<»(^+-^)-<'*^(-^+^"^- 

(19) tan ^. tan ^-j:^^^. 

(20) tan^(6+c-a)=tan2(c+a-6). 

(7 (? 

(21) c*=(a + 6)2sin2- + (a-6)«cos«^. 

♦ ♦MISCELLANEOUS EXAMPLES. LXV, 

(1) If i? is the length of the perpendicular from A on BC^ 

(2) If2cos5.sm(7= sin ^ then i?»=(?. 



(3) If.l=3j9,thensin5=i, 
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(4) llslho sin B • siiiC7= 7 , theii5=Cl 

/«x B G A , C A B 

(5) acos^.oo6^.ooBec^==6cos^.cos^.cosec^ 

ABC 
«=cooBo .cos^.cosec^=«. 

(6) Given oos ^ = } and cos jB = }f , prove that cos (7= - JJ. 

(7) If sin«i?+sin«(7-sinM, then -i=90^ 

(8) If sin 2jB+sin 2(7=sin 2^, then either 5=900 or (7=90^. 

(9) If^ :B :(7=X :2 : 0, then 1+4 cos ^. cob 5. cos C=0, 
and a\ 6*, c* are in a.p. 

,-^. . A . B-C . , B . C-A 

(10) asm— .sm— 5— + 6smTr.sm— 5— 

. C . J-5 ^ 

+ csin5-.sm — 2 — =0. 

(11 ) If D is the middle point of BC, prove that 

4uli>«=262+2c2-a«. 

(12) Given that a = 25, and that A = SB, prove that C= 60". 

(13) a^(acosui + 5cosi?+ccosC)=8^. 

(14) If h cos* -x+ccos* o = ir> ^^®^ 6, a, c are in a.p. 

(15) If D, JS; i^ are the middle points of the sides BC, CA, 
ABf then 

4(AB» + BE^+CF^)^Sia^+i^+<^. 

(16) If D is the middle point of BO, coiADB^^^^ . 

(17) 11 dy 6, / are the perpendictdars from A^ B, C on the 
opposite sides of the triangle, then 

a sin ^ + 6 sin 5 + c sin C=> 2 (<;? cos ^ + 6 cos i? +/cos C). 

[Some of the Examples in the Appendix might be worked by the 
student at this stage.] 
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CHAPTER XVII. 
On the SoLUTioij op Triangles. 

250. The problem known as the Solntion of Triangles 
may be stated thus : WTien a sufficient number of the parts of 
a tricmgle a/re given, to find the magnitude of each of the 
other parts. 

251. When three parts of a Triangle (one of which 
must be a side) are given, the other parts can, in general be 
determined. 

There are four cases. 

I. Given three sides. [Compare Euc. I. 8.] 

II. Given one side and two angles, [Euc. I. 26.] 

III. Given two sides and the angle between them. 

[Euc. I. 4.] 

lY. Given two sides and the angle opposite one of 

them. [Compare Euc. VI. 7.] 

Case I. 

252. Given three sides, a, 6, c, [Euc. I. 8; VI. 5.] 
We find two of the angles from the formulsa 

2 V «(«-«) 

tan-= /{»-c)(s-a) 
2 V «(«-6) 
The third angle C = 180 - ^ - A 
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253. In practical work we proceed as follows : 

logtani=log /(E^EES; 
or, 

Z tan-g - 10 = J { log (« - 6) + log (« - c) - log « ~ log (» - a)}. 
Similarly, 

JD 

Z tan -- 10 = J {log («- c) + log («-»)- log «-log(«-6)}. 

254. Either of the formul» sin 4 =' /iiH^HfUf) 

2 V be ' 

^ = /llf-Z-fy may also be used as above. 

A A 

The sin -r and the cos -^ formulae are either of them as 

convenient as the tan -5- formula, when one of the angles only 

is to be found. If all the angles are to be found the tangent 
formula is convenient, because we can find the L tangents of 
two half angles from the same ^bwr logs, viz. log ^, log (« - a), 
log (« — 6), log (s — c). To find the L sines of two half angles 
we require the six logarithms, viz. log (s — a), log (s - 6), 
log (8 - c), log a, log h, log c, 

Example. Given a=275-35, 6=189*28, .c=301*47 chains, 
find A and B. 

Here, «= 383*05, 9- a= 107-70, «- 6= 193*77, «-c=81-58. 
Then 

Z; tan^ = 10 + J {log 193*77 +log 81 -68 - log 383*05 - log 107*70} 

=10+i{2*2872865+l-9115837 - 2*5832555 - 2*0322157} 
=9*7916995 [from the tables], 

whence ^=310 46' 28*5"; /. 4«630 30' 57". 
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Also 

Z tan 1= 10+i {log 81-68 + log 107-70 - log 383-05 - log 193-77} 

«9-6366287=Z tan 180 59' 9-8"; 
.-.5=37058' 20"; C«1800-^ -5=78030' 43". 

255. This Case may also be solved by tke formula 
6« + c*-a* 



cos j4 = - 



26c 



But this formula is not adapted for logarithmic calculation, 
and therefore is seldom used in practice. 

It may sometimes be used with advantage, when the 
given lengths of a, h, c each contain less than three digiits. 

Example. Find the greatest angle of the triangle whose 
sides are 13, 14, 15. 

Let a=15, &»14, c=13. Then the greatest angle is A. 

^ . 14»+13«-15« 140 . oQ>i«i^ 

Now, cosJ.=— 5 — =-; — rs- = s — 71 — --=X= -384615. 
' 2x14x13 2x14x13 ^* 

= cos 670 23', nearly. 

[By the Table of natural cosines.] 

.-. the greatest angle=670 23'. 



EXAMPLES. LZVL 

(1) If a=352*25, &s513'27, c=482-68 yards, find the angle A, 
having given 

log 674-10=2-8287243, log 321-85=2-5076535, 

log 160-83=2-2063401, log 191-42=2-2819873, 

Xtan200 38'=9-5758104, Z tan 20^39' =9-5761934. 
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(2) Find the two largest angles of the triangle whose sides 
are 484, 376, 522 chains, haying given that 

log 6-91 = -8394'780, log 315= -4983106, 

log 2-07 =-3159703, log 1-69 =-2276867, 

Ztan36046'6"=9-8734581, Xtan 310 23'9"=9-7853745. 

(3) If a=5238, ^=5662, c=9384 yards, find the angles A 
and B, having given 

log 1-0142 = -0061236, log 4*904 = -6905505, 

log 4-48 =-6512780, log 7-58= -8796692, 

Xtanl4»38'=9-4168099, Z tan 150 57' =9-4560641, 

L tan 140 39' ^ 9-4173265, L tan W 58' = 9-4565420. 

* (4) If a = 4090, b = 3850, c = 3811 yards, find A, having given 

log 5-8755= -7690448, log 3*85 = '5854607, 

log 1-7855= -2517599, log 3811 = -5810389, 

L cos 320 15' =9-9272306, L cos 320 16' =9-9271509. 

(5) Find the greatest angle in a triangle whose sides are 

7 feet, 8 feet, and 9 feet, having given 

log 3= -4771213, Z cos 360 42' =9 -9040529, 
log 1-4= -146128, diff. for60"= -0000942. 

(6) Find the smallest angle of the triangle whose sides are 

8 feet, 10 feet, and 12 feet, having given that 

log2 = -30103, Zsin20042'=9-5483585, diff. for 60"= -0003342. 

(7) Ifaib: c=4 : 5 : 6, find C, having given 

log 2 =-3010300, log 3= -4771213, 
Z cos 410 25' =9-8750142, diff. for 60"= -0001115. 

(8) The sides of a triangle are 2, mJ6, and 1 + ^3, find the 
angles. 

(9) The sides of a triangle are 2, ^/2 and ^3 - 1, find the 
angles. 

L. 14 
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Case 11. 

256. Given one side and two angles, as a, B, G. 

[Euc. I. 26; Yl. 4.] 

First, -i s. 180* - ^ - (7; which determines A. 

^T ^ b a . a . sin iB 

Next, - — p = -. — -: , or, 6 = — : — j- ; 

sin -5 sin -d sinil ' 

J e a a . sin (7 

and, -;-— ^ = - — -. , or, c = —, — j— , 

tan G tan A ' smA 

These determine b and c. 

257. In practical work WB proceed as follows ; 
a.taxiJB 



Since 6 = 



»in-i ' 
a. sin^ 



.'. log 6 = log — . ^ 

.-. log6=:loga + log (sin ^) + 10 -(10 + log sin -4). 
or, log 6 = log a + Z sin ^ - Z sin j4. 

Similarly, log c = log a + Z sin (7 - Z sin A. 

Example. Given that c= 1764-3 feet, C=IS^2T, and 
^=66«39', find 6. 

From the Tables we find log 1764*3 =3-2465724. 

Z sin W 27' =9-5003421, Z sin 66® 39'-9-9628904 ; 
.-. log 6=3-2465724+9-9628904- 9-5003421 
=3-7091207 =log 5118-2; 
.% 6=5118-2 feet 
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EXAMPLES. LZVIL 

(1) If ^=63^24', J5-:66027', c=338-66 yards, find (7 and a, 
haying given that 

Z sin 630 24' =9-9046168, log 3-3865 « -5297511, 

L^&fi 9'=9'9381851, log3-1346»-4961821, 

log3-1347=-4961960. 

(2) If ui=48<>, i?=540, and c-38 inches, find a and 6, 
having given that 

log 38=1-5797836, log2-88704= -4604527, 

log 3-14295= -4973368, Z sin 540=99079576, 

L sin 78«=9-9904044, L sin 480=9-8710735. 

(3) Find c, having given that a=1000 yards, J.=500, (7=660, 
and that 

Z sin 500=9-8842540, Z sin 660=9*9607302, 
log 1-19255 =-0764762. 

(4) Find 6, having given that 5=32015', C=210 47'20", 
a=34 feet. 

log 3-4= -531479, Z sin 320 15'=9-727228, 
log 2-241 =350442, Z sin 540 2' =9-908141, 
log 2-242 = -350636, Zsin540 3' =9 908233. 

(5) Find a, 6, C, having given .1=720 4', i?=4l0 56'18", 
c=24 feet. 

log2-4 =-3802112, Zsin7204' =9*9783702, 
logl*755 =::-2442771, Zsin 410 56' 10" =9*8249725, 
log 1-756 «-2445245, Zsin 410 56' 20" =98249959, 
log 2-4995 = -3978531, Zsin 650 59' =9-9606739, 
log 2-4996 =-3978705, Zsin660 =9-9607302. 

14—2 
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Case III. 

258. Given two sides and the indnded angle, as &, c,^. 

[Euc. I. 4j VL 6.] 

First, B + C= \W - A. Thus (^ + (7) is determined. 

Next, tan — r — = ^ cot -zr . 

' 2 h+c 2 

Thus (5 - (7) is determined. 

And B and (7 can be found when the values of (B + C) 
and {B — (7) are known. 

_ ^, a 6 & . sin ^ 

Lastly, ". — 7= ■: — -^^ora^—, — ^ , 
•^ sm ^ sm ^ sin jd 

Whence a is determined. 

259. In practical work we proceed as follows ; 

^. ^ B-a h-c A 
Since tan -2- =5^1,^°* 2' 

.-. log(tan:?^)+10 

= log (6 -c) - log (6 + c) +log (cot-o-) "^ ^^' 

B — C A 

or, Z tan — - — = log (6 - c) — log (6 + c) + Z cot— . 

. , . Z» . sin -4 

Also, since a = — ^ — 5- , 

' sin^ 

.•. log a = log 6 + X sin -4 — X sin ^, as in Case IIL 
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Examjple, Given &=»456'12 chains, c=296'd6 diains, and 
A = 740 sa, find the other angles. 
Here, 6 -<;= 159-26, 6+c=.762'9a 
From the Table we find, 

logl59-26=2-2021067, and log 752- 98 =2-8767834, 
L cot 37<> 10' = 10-1202593 ; 

... L tan ^^^=2-2021067 - 2-8767834+10-1202593 

= 9-4455826 =Z tan 15« 35' 18". 
.-. B - (7=3inO' 36", and 5+(7= 180^ - 740 20'. 
Thus 5+C=105«40'; 

.-.2^= 1360 50' 36"; 2(7= 740 29' 24", 
or, -B=68025' 18"; or, (7=370 14' 42". 

260. The formula a' = i' + c' — 2&c cos ^ may be used in 
simple cases; or it may be adapted to logarithmic calculation 
by the use of a subsidiary angle. [Of. Example LXXYI. 
(20), p. 256.] 

Example, If 6=35 feet, c=21 feet, and -4=50°, find a, given 
tliatco8 50»=-643. 

Here a2=352 + 2ia-2x35x21 xcos500; 

... ^^=:5a + 3a-2x5x3xcos500, 

=25 +9 - 30 X -643, =14-71. 

.-. 1=3-82 nearly; or, a =26*74= about 26 J feet. 

EXAMPLES. LXVnL 

(1) Rnd B and C, having given that -4 =40^, 6 = 131, c= 72. 
log 5-9 =-7708520, Z cot 20^ =10-4389341, 
log 2-03= -3074960, Z tan 38^36'= 9-9021604, 
X tan 380 37'= 9.9024195. 
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(2) Find^ and By having given that a»35 feet, 6»21 feei| 
C=500. lQg2= -301030, Ztan28nr=9-729020, 

Z tan 650= 10-331327, X tan 28n2'= 9*729323. 

(3) If &»19 chains, o»20 chains, ^=60<>, find B and C, 
having given that log 3-9=- •691065, Z tan 20 32* =8*645863, 

Z cot 30<>= 10-238561, Z tan 2« 33^=8 -648704. 

(4) Given that a =376*376 chains, 6=251-765 chains, and 
C= 780 26', find ul and A Z cot 39® 13'= 10-0882755, 

log 1*2461 = •0965529, Ztan 13^39'= 9*3863370, 
log 6-2814= •7980565, Ztanl3040'= 9*3858876. 

(5) If a = 135, 6 = 105, C7= 60^, find A, having given that 

log 2=*3010300, Z tan 120 12' =9*3348711, 
log 3 = *4771213, Z tan 120 13' « 93354823. 

(6) If a=21 chains, 6=20 chains, (7=600, find c. 

(7) Find c in the triangle of example (5). 

(8) In a triangle the ratio of two sides is 5 : 3 and the in- 
cluded angle is 760 30'. Find the other angles. 

log 2 = *3010300, Z cgt 350 15' = 10*1507464, 
Z tan 190 28' 50"= 9*5486864. 



Case IV. 

261. Given two sides and the angle opposite one of 

them, as 6, p, B, [Omitted in Euc. I; Euc. VL 7.] 

•ni 1. • ^ ^ • yy etaxkB 

First, since -, — 7= = -. — = : *•. sin C= — y — . 
smG smB 

C must be found from this equation. 
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When C is known, ^ = 180" - ^ - C, ' 

6sm-4 
and, a=--^ — 5-» 

Wliich solves the triangle. 

262. We remark however that the angle (7, found from 
the trigonometrical equation sin = a given quantity, 
where C7 is an angle of a triangle, has two values, one less 
than 90^ and one greater than 90^ [Art. 234.] 

The question arises, Are both these values admissible ¥ 

This may be decided as follows : 

If ^ is not less than 90®, G must be less than 90* ; and 
the smaller value for C only is admissible. 
If ^ is less than 90* we proceed thus. 

1. If 6 is less than c sin j5, then sin C, which = — r — > 

is greater than 1. This is impossible. Therefore if 6 is 
less than c sin J?, there is no solution whatever. 

2. If h is equal to c sin B, then sin (7 = 1, and therefore 
(7= 90*; and there is only one value of (7, viz. 90*. 

3. If 5 is greater than c sin Bj and less than c, then B 
is less than (7, and C may be obtuse or acute. In this 
case G may have either of the values found from the equa- 
tion sin (7 = — 7 — • Hence there are two solutions, and the 

6 

triangle is said to be ambiguous* 

4. If h is equal to or greater than c, then B is equal to 
or greater than (7, so that G must be an acute angle; and 
the smaller value for G only is admissible. 
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263. The s^me results may be obtained g^motrir 

cally. 

Construction. Draw -4-6 = c; make the angle -4^2)= the 
given angle B] with centre A and radius = & describe a 
circle; draw AD perpendicular to BD. 




Then^2) = C8in^. 



1. If 5 is less than c sin By i.e. less than AD, the circle 
will not cut BD at all, and the construction fails. (Fig. L) 

2. If 5 is equal to ADy the circle will touch the line 
BD in the point 2>, and the required triangle is the 
right-angled triangle ABD. (Fig. ii) 

3. If 5 is greater than AD and less than AB, i.e. than 
c, the circle will cut the line BD in two points C^y (7, each 
on the same side of B, And we get two triangles ABC^y 
ABG^ each satisfying the given condition. (Fig. iii) 

4. If & is equal to c, the circle cuts BD in B and in 
one other point C; if 5 is greater than c the circle cuts BD 
in two points, but on opposite sides of B. In either case there 
is only one triangle satisfying the given condition. (Fig. iv.) 
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264. We may aliso obtain the same results alfi^bnd- 
callyy icGm the formula 

6* = c* + a* ~ 2c a cos ^. 

In this 5, c, B are given, a is unknown. Write x for a 
and we get the auadratic egnatioii 

SB* - 2c cos J? . a; = 6* - c*. 

Whence^ ic* - 2c cos -ff . a? + c" cos* j5 = 6* - c* + c* cos* J? 

= 6'-c'sin*^; 

Let Oj, a, be the twx> values of a; thus obtained, then 

«! = c cos ^ + JV - c" sin* J?| 
a, = c cos J? - ^6* - c* sin* ^) 

Which of these two solutions is admissible, may be 
decided as follows ; 

1. If 5 is less than c sin B^ then (5* — c* sin* B) is nega- 
tive, 80 that aj, a, are impossible quantities. 

2. If 6 is equal to c sin J?, then (6* - c* sin* -5) = 0, and 
a^ = a^'y thus the two. solutions become one. 

3. If 6 is greater than c sin ^, then the two values a 
Ot are different and positive unless 

Vft* - c* sin *-fi is > c cos By 
Le. unless 6* -c* sin* -5 >c*cos*^, 

Le. unless 6* >c*. 

4. If 5 is equal to c, then a, = 0; if & is greater than c, 
then Oi is negative and is therefore inadmissible. In either 
of these cases a^ is the only available solution. 
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265. We give two examplea In the first there ai^ 
two solutions, in the second there is onlj one. 

Example 1. Find A and C, having given that 5=379-41 
chains, c=483-74 chains, and 5=34« 11'. 

Z sin C7»log c + X sin i^-log 5 

=2-6846120+9-7496148 - 2-5791088 
=9-8551180=Zsin 45* 45'; 
.-. (7=45045', or, 180»-.45'>45'=134« 15'. 
Since h is less than 0^ each of these values is admissible. 
WhenC= 460 45', then -4=10(y>4'. 
When (7= 134* 15', then ul=ll«34'. 

Example 2. Find A and C, when 6»483'74 chains, c= 379*14 
chains, and B^Z4P 11'. 

Z sin (7= log + X sin jS - log 6 

==2-5791088 + 9-7496148 - 2-6846120 
=9'6441116'-Z sin 26^9'; 
/. (7=2609', or, I8OO- 26*9' =153051'. 

Since h is greater than Oy C must be less than 90^, and the 
larger value for C is inadmissible. 

[It is also dear that (1530 51' + 34' IV) is > I8O0]. 

.-.(7=2609', ^=119040'. 



EXAMPLES. T.TTT 

(1) If 5=400, 6=140-5 feet, a=170-6 feet, find A and C. 
log 1-405 =-1476763, Zsin400 =9-8080675, 
logl-706=-2319790, Z sin 510 18' =9-8923342, 
Zsin510 19'=9-8924354. 
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(2) Find B and C, having given iliat A » 50^, 6 =» 1 19 chains, 
a»97 chains, and that 

logl-19=-075547, Xsin50<> «9'884254, 

log 9-7 =-986772, Xsm70» =9-972986, 

Zsin70»r=9-973032. 

(3) Find B, (7, and c, having given that -4=60^, 6=97, 
a =119 (see example (2)). 

logl'653=-191169, X sin 380 38' 24"=9-795479, 

X sin 88« 37' 24"=9'999876. 

(4) Find -4, having given that a =24, c=25, C=65<> 59', and 
that 

log 2-5 = -3979400, X sin 65<> 59' =9*9606739, 

log 2-4= -3802112, X sin 610.16' =9*9429335, 
Xsin6inr=9-9430028. 

(5) If a=25, c=24, and C=650 59', find A, B and the 
greater value of 6. 

log 1-755 = -2442771, X sin 72^ 4'=9-9783702, 
log 1-756= -2445245, X sin 72^5' =9-9784111, 

Xsin41«66' 10"= 9*8249725, 

X sin 41« 66' 26"=9-8249959 ; 
for other logs see example (4). 

(6) Supposing the data for the solution of a triangle to be 
as in the three following cases (a), (fi\ (y), point out whether 
the solution will be ambiguous or not, and find the third side in 
the obtuse-angled tiiangle in the ambiguous case : 

(a) ^=300, a=125 feet^ 0=250 feei| 
O) ul=300, a=200feeti 0=250 feetj 
(y) ^=300, a=200 feet^ c=125 feet 
log 2 = -3010300, X sin 380 41' = 9.79588OO, 
lQg6-0389=-7809578, Xsin80 41' =9*1789001, 



log6*0390=-7809650. 
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266. It saves a little trouble in practice when using 

the formula a = — : — =r , to write it thus : a=5 sin ^ . cosec B. 
sin^ ' 

For then, loga = log 6 + Z sin -4 +Z cosec j5— 20. 

Thus the subtraction of a logarithm is avoided. 

* 267. In the following Examples the student must find 
the necessary logarithms etc. from the Tables, 

« MISCELLANEOUS EXAMPLF.B. LXX. 

(1) Find A when a=374*5, 6=576-2, c=759-3 feet 

(2) Find B when a=4001, 6=9760, c=7942 yards. 

(3) Find C when a=8761-2, 6=7643, c=4693-8 chains. 

(4) Find B when ^=86^ 19', 6=4930, c=5471 chams. 

(5) Find C when 5=32^ 68', c=1873-5, a=764-2 chains. 
• (6) Find c when (7=1080 27', a=36541, 6=89170 feet. 

(7) Find c when 5=74* 10', (7=620 45', 6=3720 yards. 

(8) Find 6 when 5=1000 19', (7=44® 59', o=1000 chains. 

(9) Find a when 5= 123^ 7' 20", (7= 150 9', c= 9964 yards. 
Find the other two angles in the six following triangles. 

(10) C7=100'> 37', 6=1450, c=6374 chains. 

(11) (7=620 K/^ 6=643, c=872 chains. 

(12) -4=760 2' 30", 6=1000, a =2000 chains. 

(13) (7=640 23', 6=873-4, (;=752-8 feet. 

(14) (7=180 21', 6=674-5, c=269-7 chains. 

(15) il=290 11' 43", 6=7934, a=4379 feet 

(16) The difference between the angles at the base of a 
triangle is 170 48', and the sides subtending those angles are 
105-25 feet and 76-75 feet ; find the third angle. 

(17) If 6 : c=4 : 5, a = 1000 yards and ^ =370 19', find 6. 

The student will find some Examples of Solution of Triangles 
without the aid of logarithms, in an Appendix. 
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CHAPTER XVIIL 
On the Measurement of Heights and Distances. 



268. We have said (Art. 97) that the measurement, 
with scientific accuracy, of a line of any considerable length 
involves a long and difficult process. 

On the other hand, sometimes it is required to find the 
direction of a line that it may point to an object which is 
not visible from the point from which the line is drawn. 
As for example when a tunnel has to be constructed. 

By the aid of the Solution of Triangles 

we can find the length of the distance between points which 
are inaccessible ; 

we can calculate the magnitude of angles which cannot be 
practically observed j 

we can find the relative heights of distant and inaccessible 
points. 

The method on which the Trigonometrical Survey of a 
country is conducted affords the following illustration. 
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269. To find the distance between two distant ohjectSm 



A^ ^B 

Two convenient positions A and B, on a level plain as 
far apart as possible, having been selected, the distance 
between A and B is measured with the greatest possible 
care. This line ^^ is called the base line. (In the survey 
of England, the base line is on Salisbury plain, and is about 
36,578 feet long). 

Next, the two distant objects, P and Q (church spires, 
for instance) visible from A and B, are chosen. 

The angles FAB, PBA are observed. Then by Case II. 
Chapter xvii, the lengths of the lioes PA, PB are cal- 
culated. 

Again, the angles QAB, QBA are observed; and by Case 
II. the lengths of QA and QB are calculated. 

Thus the lengths of PA and QA are found. 

The angle PAQ is observed ; and then by Case III. the 
length of PQ is calculated. 

270. Thus the distance between two points P and Q 
has been found. The points P and Q are not necessarily 
accessible ; the only condition being that P and Q must be 
visible from both A and B. 
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271. In practice, the points P and Q will generally be 
accessible, and then the line /'Q, whose length has been cal- 
culated, may be used as a new base to find other distances. 

272. To find the height of a distant object above the point 
of observcttion. 

P 




Let £ be the point of obser ration ; P the distant object. 
From B measure a base line HA of any convenient length, 
in any convenient direction; observe the angles PAB^ PBA, 
and by Case II. calculate the length of BP. Next observe at 
B the ' angle of elevation ' of P ; that is, the angle which 
the line BP makes with the horizontal line BM^ if being the 
point in which the vertical line through P cuts the horizontal 
plane through B, 

Then PM, which is the vertical height of P above B can 
be calculated, for PM= BP . sin MBP. 

Example 1. The distance between a church spire A and a 
milestone B is hnoion to be 1764*3 feet; C is a distant spire. The 
amgU CAB is Q4P 54', and the angle CBA is 66® 39'. Find the 
distance of Q from A. 

ABC is a triangle and we know one side c and two angles 
{A and B\ and therefore it can be solved by Case IL 

The angle ^(75= 180<> - 94* 64' - 66^ 39' 
= 18<>27'. 
Therefore the triangle is the same as that solved on page 210. 
Therefore ^(7=5118-2 feet 
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Example 2. If the spire C in the last Example stands on a 
hillf and the angle of elevation of its highest point is observed at 
A to be 4^ 19'; find how much higher C is than A. 

The required height x^AG.^4P 19* [Art 268], and AC is 
5118-2 feet, 

.-. log a;=log {AC. sin 40 19') 

=lQg 5118-2+Zsin4» 19' - 10 
= 3-7091173+8-8766150- 10 
=2-5857323=log 385*24 
Therefore x = 385 ft 3 in. nearly. 

EXAMPLES. T.yyr 

(Exercises xiv. and lxl consist of easy examples on this 
Buhject). 

(1) Two straight roads inclined to one another at an angle 
of 60^, lead from a town A to two villages B and C; B on one 
road distant 30 miles from A^ and C on the other road distant 
15 miles from A. Find the distance from B to C Ans. 25*98 m. 

(2) Two ships leave harbour together, one sailing N.E. at 
the rate of 7^ miles an hour and the other sailing North at the 
rate of 10 miles an hour. Prove that the distance between the 
ships after an hour and a half is 10*6 miles. 

(3) A and B are two consecutive milestones on a straight 
road and (7 is a distant spire. The angles ABC and BAC are 
observed to be 120^ and 45® respectively. Show that the dis- 
tance of the spire from A is 3*346 miles. 

(4) If the spire C in the last question stands on a hill, and 
its angle of elevation at ^ is 15®, show that it is *866 of a mile 
higher than A, 

(5) If in Question (3) there is another spire D such that the 
angles DBA and DAB are 45® and 90® respectively and the angle 
DAC is 45® ; prove that the distance from (7 to 2> is 2} miles 
very nearly. 
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(6) A and B are two consecutive milestones on a straight 
road, and C is the chimney of a house visible from both A and H. 
The angles CAB and CBA are observed to be 36° 18' and ISO^ 27' 
respectively^ Show that C is 2639*5 yards from B, 

log 1760 =3-2455127 Z sin 36^18'= 97723314 

log 2639-5=3-42152 Zcosec230 15' =10-4036846. 

(7) A and B are two points on opposite sides of a mountain, 
and (7 is a place visible from both A and B. It is ascertained 
that C is distant 1794 feet and 3140 feet from A and B respec- 
tively and the angle ACB is 58*^ 17'. Show that the angle which 
the line pointing frx)m AtoB makes with AC is 86^ 55' 49", 

log 1346 = 3-1290451 L cot 29° 8' 30" = 102537194 

log 4934 = 3-6931991 L tan 26^ 4' 19" = 9*6895654 

(8) A ^d B are two hill-tops 34920 feet apart, and C is the 
top of a distant hilL The angles CAB and CBA are observed to 
be 61^ 53' and 76® 49' respectively. Prove that the distance from 
^ to Cis 51515 feet, 

log 34920=4-5430742 Z sin 760 49'= 9-9884008 

log 51615=4-71193 Z cosec 41<> 18'= 10-1804562. 

(9) From two stations A and B on shore, 3742 yards apart, 
a ship C is observed at sea. The angles BAC, ABC are simul- 
taneously observed to bp 72® 34' and 81® 41' respectively. Prove 
that the distance from A to the ship is 8522-7 yards, 

log 3742 = 3-5731038 Z sin 81® 41' = 9-9954087 

log 8522-7 = 3-9305774 Z cosec 25® 45' = 103620649. 

(IQ) The distance between two mountain peaks is known to 
be 4970 yards, and the angle of elevation of one of them when 
seen from the other is 9® 14'. How much higher is the first than 
the second ] Sin 9® 14' = -1604555. Ans. 797*5 yards. 

(11) Two straight railways intersect at an angle of 60®. 
From their point of intersection two trains start, one on each 
line, one at the rate of 40 miles an hour. Find the rate of the 
second train that at the end of an hour they may be 35 miles 
apart. Ans. Either 25 or 15 miles an hour. (Art. 264.) 

U 15 
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(12) A and B are two positions on opposite sides of a 
mountain ; (7 is a point visible from A and B ; AC and BG are 
10 miles and 8 miles respectively, and the angle BCA is 60^, 
Prove that the distance between A and B is 9*165 miles. 

(13) In the last question, if the angle of elevation of (7 at ^ 
is 8S and at ^ is 2° 48' 24" ; show that the height of A above B 
is one mile very nearly. 

sin 80= -1391731 sin 2^ 48' 24"= -0489664. 

(14) Show that the angles which a tunnel going through the 
mountain from A to B, in Questions (12) and (13), would make 
(i) with the horizon, (ii) with the line joining A and C^ are 
respectively & 16' and 490 6' 24". 

sin 60 16' =-1091 ; tan lOO 53' 36"=-192450, 

(15) A and B are consecutive milestones on a straight road; 
C is the top of a distant mountain. At A the angle CAB is_ 
observed to be 380 19'; at B the angle CBA is observed to be 
1320 42'^ and the angle of elevation of (7 at ^ is lOO 15', Show 
that the top of the mountain is 1243*5 yards higher than B, 

L sin 380 X9' = 9*7923968 log 1760 = 3*2455127 

L cosec 80 59' = 10*8064659 log 1243*5 = 3*09465 
Z sin 100 15' =9*2502822. 

(16) A base line ABy 1000 feet long is measured along the 
straight bank of a river ; (7 is an object on the opposite bank ; 
the angles BAC^ and CBA. are observed to be 650 37' and 530 4' 
respectively. Prove that the perpendicular breadth of the river 
at (7 is 829-87 feet ; having given 

Zsin66»37'= 9*9594248, X sin 530 4' =9*9027289 

Zcosec 610 19' =10*0568589, log 8*2987= •91901. 
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^mSCELLANISOnS EXAMPLES. LXXH, 

(1) A man walking along a straight road at the rate of three 
miles an hour sees, in front of him at an elevation of 60®, a balloon 
which is travelling horizontally in the same direction at the rate 
of six miles an hour ; ten minutes after he observes that the 
elevation is 30^. Prove that the height of the balloon above the 
road is 440^^3 yards. 

(2) A person standing at a point A, due south of a tower built 
on a horizontal plain, observes the altitude of the tower to be 60*^.: 
He then walks to a point B due west from A and observes the 
altitude to be 45% and then at the point C in AB produced he 
observes the altitude to be 30®. Prove that AB=BC. 

' (3) The angle of elevation of a balloon, which is ascending 
uniformly and vertically, when it is one mile high is observed to 
be 35® 20' ; 20 minutes later the elevation is observed to be 
55® 40'. How fast is the balloon moving 1 
^ Am. 3 (sin 20® 20') (sec 66® 40') (cosec 35® 20') miles per hour. 

(4) The angular elevation of a tower at a place A due south 
of it is 30®; and at a place B due west of A, and at a distance a 
from it, the elevation is 18®; show that the height of the tower is 



*/2(l+V5) 

(5) The angular elevation of the top of a steeple at a place 
due south of it is 45®, and at another place due west of the former 
station and distant a feet from it the elevation is 15® \ show that 

the height of the steeple is f (3* - 3"^) feet. 

(6) A tower stands at the foot of an inclined plane whose in- 
clination to the horizon is 9®; a line is measured up the incline 
from the foot of the tower of 100 feet in length. At the upper 
extremity of this line the tower subtends an angle of 54®. Find 
the height of the tower. Aim, 114-4 ft, _ 

15-3 
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(7) The altitude of a certain, rock is observed to be 4!7^, and 
after walking 1000 feet towards the rock, up a slope inclined at 
an angle of 32^ to the horizon, the observer finds that the altitude 
is 77*. Prove that the vertical height of the rock above the first 
point of observation is 1034 ft. Sin 47<^=« '73135. 

(8) At the top of a chimney 150 feet high standing at one. 
corner of a triangular yard, the angle subtended by the adjacent 
sides of the yard are 30® and 45<* respectively ; while that sub- 
tended by the opposite side is 30^ Show that the lengths of the 
sides are 150 ft. 86*6 ft and 106 ft. respectively. 

(9) A flag staff A feet high stands on the top of a tower. 
From a point in the plain on which the tower stands the angles 
of elevation of the top and bottom of the flagstaff are observed 
to be a and fi respectively. Prove that the height of the tower 
^ Atan/g ^^ Asin/3.cosa ^^^ 

tana-taiTjS * sin(a-)3) 

(10) From the top of a cliff h feet high the angles of de- 
pression of two ships at sea in a line with the foot of the cliff are 
a and /3 respectively. Show that the distance between the ships 

is h (cot - cot a) feet. 

(11) The angular elevation of a tower at a place due south of 
it is a, and at another place due west of the first and distant d 
from it, the elevation is p. Prove that the height of the tower is 

d . cfsina.sinjS 

Vcot^^S-cot^a' Vsin(a-/3).Bin(a+)9)* 

(12) A man stands on the top of the wall of height A, and 
observes the angular elevation (a) of the top of a telegraph post ; he 
then descends from the wall, and finds that the angular elevation 
is now /9; prove that the height of the post exceeds the height of 



., • -sin^.oosa 

the man by A ^^^^^^ . 
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(13) Find the height of a cloud by observing (i) its elevation 
(a) and (ii) the depression {fi) of its reflexion in a lake h feet 
below the point of observation, Ans. Height above the lake 
h sin (a + j8) cosec (jS - a) feet, 

(14) If the angular elevation of the summits of two spires 
(which appear in a straight line) is a, and the angular depressions 
of their reflexions in a lake, k feet below the point of observation, 
are and y, then the horizontal distance between the spires is 
2A cos2 a sin O - y) . cosec O - a) . cosec (y — a) feet. 

(15) A statue AB on the top of a piUar BC situated on level 
ground is found to subtend the greatest angle (a) at the eye of an 
observer E when he is distant c feet from the pillar. Prove 
that the height of the statue is (2 c tan a) feet ; and, if 6 be the 
height of the observei*'s eye from the groimd find the height of 
the pillar. (See Note in the Answers.) 

(16) A man walking along a straight road observes that the 
greatest angle which two objects subtend at his eye is a. From 
the place where this happens he walks a yards; the objects then 
appear in a straight line making a right angle with the road. 
Prove that the distance between the objects is (2 a tan a) yards. 

(17) A man standing on a horizontal plain at a distance 
h feet from a tower, observes that o^ flagstaff on the tower sub- 
tends an angle a at his eye, and- that on -walking 2 k feet towards 
the tower the flagstaff subtends again the same angle. Prove 
that the height of the flagstaff is 2 (A - k) tan a feet. 

(18) A man walking along a straight tosA observes that the 
greatest angle which two objects Subtend at his eye is a; from 
the place where this happens' he wallfs a yards, and the objects 
then appear in a straight line' making an angle fi with the road. 

Prove that the distance between the object? is ^ — ^ yds. 

. . ** ^ *coea+cos/3/ 



Digitized by VjOOQIC 



( 230 ) 



CHAPTER XIX. 

On Tbiangles and Circles. 

273. To find the Area of a Triangle. 
The area of the triangle ABC is denoted by A. 
«- J..—./ H. K 




Through A draw HK parallel to BC, and through ABC 
draw lines AI), BK^ CH perpendicular to BC, 

The area of the triangle ABC is half that of the rectan- 
gular parallelogram BCIIK [Euc. i. 41]. 



Therefore 



But 



BG.CH BC.DA 

2 " 2 

a • 5 sin C7 



.(i). 



sin C = -^ . V « (« — a) (a — h){8-e)\ 

.-. A = iy«(« - a) («-6) (« - c) = 5' (ii). 
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274. To find the Radius of the Oircnmscriting Oirde. 
Fig. I. Fig. n« 

A 




Let a circle AA'CB be described about the triangle ABO. 
Let B, stand for its radius. Let be its centre. Join BOy 
and produce it to cut the circumference in A\ Join ,-4'(7. 

Then, Fig. i. the angles BAC^ BA'O in the same segment 

are equal; Fig. ii. the angles BAG^ BA!G are supplementary; 

also the angle BOA! in a semicircle is a right angleu 

CB 
Therefore -7775 = sin CA'B = sin CAB = sin -4, 

A IS . 



2^ = sin^; 



.-. 2i? = 



sin^ 



275. Similarly, it may be proved that 

2i? = -^; and that 2J?=-^. 
sin JO Bin C 

Hence, -JL.= ^=^^2A 

sin^ sinjB sin C 

Thus d^ the value of each of these fractions, ia the 
diameter of the circumscribing circle* 
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. 276< Tofindtkerad%m(^thslDSGrX\i%dLQkc\e. 




Let 2>, Ey F be the points in which the circle inscribed 
in the triaDgle^il^(7 touches the aides. Let / be the centre 
of the circle ; let r be its radius. Then ID = IE=^IF= r. 

The area of the triangle ABO 

= area of IBG + area of ICA + area of lAB. 

And the area of the triangle IBG = \ID . BC -^r ,a, 
.-. area oi ABC = \1D I BO + \IE . OA + \IF . AB 

or, A = Jr (a + 6 + c) = Jr « 2s = rs, 

A S 

8 8 

277. A circle which touches one of the sides of a 
triangle and the other two sides produced is . called an 
Egcribed Circle of the triangle. 
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278. To JiThd the radius of an Escribed Circle. 

Let an escribed circle touch the side BG and the sides 
ACy AB produced in the points 2>i, E^, F^ respectively. 
Let /j be its centre, r^ its radius. Then 

The area of the triangle ABG 

= area of ABIfi - area of 7,^(7, 

= Area of IfiA + area of I^AB - area of IiBC, 

or A:^^I,JS^.CA-h^I^F^.AB-':^I^2)^.BG 

= r^ (5 - a). 

* «-a~ « — a* 

279. Similarly if r, and r^ be the radii of the other two 
escribed circles of the triangle ABC, then 

S S 

^'^8-b' ^«"«-c' 

* 280. The following results are often useful. 

With the construction of the last two articles ; the lines 
lA, IB, 10 bisect the angles A, By C respectively ; the lines 
I^Ay I,B, Ifi bisect the angles BAG, GBF^, BCE^ respect- 
ively ; so that AII^ is. a straight line. 
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(i) Two tangents drawn from an external point to touch 
a circle are equal ; therefore 

AE=^AF', BD^BF] CE^CD; 
AE,=^AF,', BD^^BF^', CE^ = CD^. 

(ii) 2AE^ = AE^-\-AF,={AG + CD,)'¥{AB + BD,) 
= AC+CB + BA=a-hb + c=-28, 

(iii) 2AE^AE-hAF={AC-'CD) + {AB-'BD) 

= AC+AB'-B0 = b + c-a=^2(8-a), 

Similarly, i52?'=i5Z>=(« -6); CD = CE={8-c). 

(iv) BD^ = BF^ = AF^-'AB = (8^c). 
Similarly, CE^ = CD^ = (s- b). 

(v) Hence, BD^ = CD, and CD^ = BD. 

(vi) FF^=AF^^AF=8-{8"a) = a. 
Similarly, EE^ ^ a. 
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(vii) //, =AT^-AI= AF, sec ^ - ^i^sec ^ = FF, sec ^ 

•• ^^' A 

COS -. 

A A 

(viii) //'= ^^ tan-^ ; or, r = («-a) tan -, 

-4 -4 

A-^=^i^,tan-; or, r, = «tan2. 

(ix) ^jP= /jPcot ^ , and BF= IF cot f ^ 

.', c = AF + BF= r (cot ^ + cot |^ ; 

. A . Ji . A . B 

c sin -7. sin -r c sm —. sin^r 
e 2 ^ J 2 

•*• """"Tl rs" . A + B "d • 

cot 2.+ cot 2 sin — — cos - 

(x) F^BC^ISO'^-B, r.I^BC^W-^. Hence, 

r,|cot(90^-D + cot(90»-f)} = a; 

B C 
a cos — . cos — 

r, = 3 . 

008^ 

A A 

(xi) r, = i4 jP, tan ^ , and r = ^i^tan -^ ; therefore 

A A 

r —r = FF tan -x = a tan — . 

2a ^ 
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* 281. To find an expression for ths area of a quadri- 
lateral inscribed in a circle, in terms of the sides. 




Let DEFG be the quadrilateral ; and let d^Cyf^g repre- 
sent the sides. 

The angle F =^ 180"- 2>. [Eua iii. 22.] 

The area of GDE - \dg sin D. [Art. 273.] 

• The area of EFG = \efsm F^ Jc/sin (1 80" - D) 
= Jc/sini). 
Thus the area of the quadrilateral is 
\{dg + ef)%iTLD. 

We must find an expression for sin D in terms of the 
sides. 

From the triangle EGD we have 

EG^=d^ + 'g^-Mgco^D, 

From the triangle EGF we have 

EG* = e*-\-/'''2e/ COS F^ 

= e' +/' + 2e/cos D; [For 7^= 180" - D] 

. •. c/" + / - 2dg CQ5 D= 6* +/' + 2efoos D ; 
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The numerator of this expression is equal to 

={(c^+^)«-(.-/n X {(e+/r- (^-^n 

X {(.+/) + (^-^)}{(e+/)-(c£-^)} 

Let 2s stand for (c? + e +/+ ^). 

Then the above expression may be written 
(2s - 2/) (2s - 26) (2s - 2g) (2s - 2d). 

Therefore ajn'i) ^^(^-^) (^ J ^) («/)(« -^). 

{dg + e/y 

dg^ef 

Hence the area of the quadrilateral DEFG 
which ifl J (efy + «/) sin D 

Digitized by VjOOQIC 



238. TRIGONOMETRY. 

* 282. To prove that if I and O are the centres of Ute 
inscribed and circumscribed circles of a triangle, then 

0/» = i2*-2i?r. 




Let 01 produced cut the circumscribing circle in J7and 
K. Join lA, IG ; produce lA to cut the circle ABG again 
in V. Draw the diameter VOW and join CW. Then the 
angle VIC = IAC + ICA = ^A +^G=.^{A-hC). The angle 

ICV=ICB + £Gr=^ICB-^BAV=iG + iA = i{A + C), 
Therefore the angle VCI= VIG, and .-. VI = VG. 
Now OK' - or = HI.IK [Eua ii. 5] 

= r/. /^ = rC . lA. [Euc III. 35.] 



But VG=VW.siaGWV=2R.amGAV=2E.sm^, 



and 



IA=' 



[See Figure on page 234.] 



sm 



Hence OK' - OP = 2E am^ ^— ^-^ 

Sin -=■ 
2 
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BZAMPLES. LXZm. 

(1) Find the area of the triangle ABC when 
(i) a=4, 6=10 feet, (7=300. 

(ii) 6=5, c = 20 inches, il = 600. 

(iii) c=66S, a=15 yards, B=V1^ 14' [sin W I4'=-29C26]. 

(iv) a =13, 6=14, c= 16 chains. 

(v) a= 10, the perpendicular from A on BC= 20 feet. 

( vi) a = 625, 6 = 505, c = 904 yards. 

(2) Find the Radii of the Inscrited and each of the Escribed 
Circles of the triangle ABG when a=13, 6 = 14,c=nl5 feet. 

(3) Show that the triangles in which (i) a =2, ^ = 60^; 
(ii) 6=§, Vs, B=2(fi can be inscribed in the same circle. 

(4) Prove that jB=|^ ; find jB in the triangle of (2). 

(5) Prove that if a series of triangles of equal perimeter are 
described about the same circle, they are equal in area» 

(6) liA^Wy a=ij3, 6=V2, prove that the area 

=i(3+V3). 

(7) Prove that each of the following expressions represents 
the area of the triangle ABC: 

(i) ^. (ii) 2/22 sin J. sin J?, sin (7. 

(iii) rs. (iv) 2Jr(sin-4 + sin J5+ sin(7). 

ABC 

(v) Ja* sin 5 . sin C . cosec A, (vi) ra cosec — cos ^ cos . 

(vii) (fTir^^K (viii) i(a'-6*)sin-4.sin-ff ,cosec(il-5). 
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Prove the following statements : 

(8) If a, 6, c are in A. P., then ac^QrlL 

(9) The area of the greatest triangle, two of whose sides are 
50 and 60 feet, is 1500 sq. feet. 

(10) If the altitude of an isosceles triangle is equal to the 
base, R is five-eighths of the base. 

(11) iJ(sinil-|-sinJ5+sinC)=». 

(12) 6c=4/E2(cosil+cosJ?.cosC7). 

(13) If C is a right angle, 2r + 2i2 = a + 6. 

(14) r^r^+r^ri + rjT^^t^. 

1 1 11 

,,_, .A .B .C .A .B n 

(16) r^cot --=r2C0t - ^rgcot - =r cot -^ . cot - . cot - . 

Q 

(17) ri + r,=c cot ^. 

(18) Ul-I.i = i. 

(19) riZT + ^lzl^l.^^ (20) r, + r, + r3-r = 47?. 

(21) a.6.c.r=4R(«-a)(«-6)(«-c). 

(22) The distances of the centres of the escribed circles of the 
triangle ABC from that of the inscribed circle are 

4i2 sin - , 4jB sin ^ , 4/2 sin ^ . 

(23) If ii is a right angle, rj + r^==a, 

(24) In an equilateral triangle 3iJ = 6r « 2f\, 
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* CHAPTER XX. 

On the Area of the Circle, the Construction op 
Trigonometrical Tables, <ba 

283. Let r be the radius of the circle described about 
a regular polygon of n sides. Let be the centre ; UK 
one of the sides. 




From dmw OD peri>endicular to EK^ bisecting both 
UK and the angle HOK. Then, since the polygon has n 
equal sides, n times the angle ROK make up four right angles 

.-. HOK^ — , and .-. DDK = - . Hence, 
n n 

the perimeter of the polygon, which is n times HK^ 

=^2n.DH«2n. Off sin DOH 



= 2wr sin - : 
n 

the area of the polygon, which is n times the area of HOKy 

= nOD . HD =. nr cos - . r sin 
n n 

— nr sin - . cos - . 
M n 

^ 16 
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284. Let r be the radius of the circle inscribed Id a 
regular polygon of n sides. Let be the centre, HK one 
of the sides. 




H i M ^ 



From draw OM perpendicular to SK^ bisecting both 
UK and the angle HOK, Then since the polygon has 
n equal sides, n times the angle BOK make up four right 
angles, 

,-. //(9A'= — and . •. MOH = - . Hence 
n n 

the perimeter of the polygon, which is n times HK, 

= 2n . MH = 2n . OMtsm MOH 

= 2nr tan - . 
n 

The area of the polygon, which is n times the area oiHOK, 
^n.OM, MH^. n . OM . OMtam MOH 

= nr^ tan - 
n 

= the radius x half the perimeter. 

285. Lei a circle of radius r have a regular polygon 
of n sides circumscribed about it, and also a regular polygon 
of the same number {n) of sides inscribed in it. 
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The perimeter of the circumscribing polygon is 2nr tan -. 

The perimeter of the inscribed polygon is 2wr sin - . 

n 

The ratio of these perimeters is 1 : cos - (1). 

The area of the circumscribed polygon is nr^ tan - . 

n 

The area of the inscribed polygon is wr* sin - cos - , 

n n 

The ratio of these areas is 1 : cos'- (ii). 

n ^ ' 

286. We must assume the two following axioms : 

(i) The circumference of the circle lies in magnitude 
between the perimeter of a circumscribed and that of an 
inscribed polygon. 

(ii) The area of the circle lies in magnitude between 
the area of a circumscribed and that of an inscribed polygon. 

IT 

Now, when n is increased, - is diminished, and therefore 
n 

(by Art. 94) cos - approaches 1. 

Hence, as the number of the sides of the two polygons in 
Art; 285 is increased, their perimeters approach to equality. 

And since the circumference of the circle always lies in 
magnitude between them, each of these perimeters must 
approach the circumference of the circle. 

Therefore, the drciimference of a circle is that, to which 
the perimeter of a regular inscribed (or circumscribed) poly- 
gon approaches as the number of its sides is increased, 
and from which it can be made to differ by less than any 
assignable quantity however small. (Cf. Art, 32.) 

16—2 
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287. la like manner it follows, from (ii) Art. 285, that 
t]i6 ATM of the circle is the * limit ' of the area of a regular 
inscribed (or circumscribed) polygon when the number of the 
sid^ IB indefinitely increased. 

Now, twice the area of a polygon circumscribed about 
a circle is equal to (the radius x the perimeter). [Art. 284] 

This is true however great be the number of the sides. 
It is therefore true when the number of the sides is in- 
definitely increased. 

Therefore it is true for the circle itsel£ Hence, 
twice the area of a circle = the radius x the circumference. 
Or, the area of a circle « ^r (2trr) [Art. 34] 



KYAMPTiEfl. LZXIV. 

(1) Prove the surd expressions of Artw 37 for the ratios of the 
perimeters of certain regular polygons to the diameters of their 
circumscribing circles. 

(2) Prove that the area of a regular polygon of twelve sides 
described about a circle whose radius is 1 foot is 3*215 sq. ft 

(3) Prove that the area of a square described about a circle 
is ^ of the dodfcagon inscribed in the same oirolo. 

(4) Find the perimeter of a regular polygon of 100 sides 
(I) when described about a circle of 1 foot diameter, (ii) when 
inscribed in the same circle. Ans. (i) 3*14263, (ii) 3*14108 ft. 

(5) An equilateral triangle and a regular hexagon have the 
same perimeter : show that the areas of their inscribed circles 
ore as 4 : 9. 
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(6) Prove that the area of a regular polygon of n sides, each 
of whose sides is a, is -3- • cot . 

(7) If the areas of a regular pentagon and decagon are equal, 
the ratio of their sides is \/20 : 1. 

(8) If a be a side of a regular polygon and R and r the 
radii of the inscribed and described circles respectively, then 

2i2=acosec- and 2rs=a cot -. 
n n 

(9) If E and r be the radii of the inscribed and circunr!- 
scribed circles of a regular polygon of n sides, each = a, 

(10) The triangle formed from one side each of a regular 
pentagon, hexagon and decagon inscribed in the same circle, is 
right-angled. 

(11) Prove that the area of an irregular polygon described 
about a circle is equal to the product of the radius and half the 
perimeter of the polygon. 

(12) The area of an irregular polygon of an even number of 
sides circumscribed about a circle is equal to the radius x the 
sum of every alternate side. 

(13) The diameter of the dome of St PauFs is 108 feet ; prove 
that it covers an area of 1018 sq. yds. 

(14) The radius of the circle whose area is one acre is 39 J yds, 

(15) A length of 300 yards of paper, the thickness of which 
is the hundred and fiftieth part of an inch, is rolled up into 
a solid cylinder. Find approximately the diameter of the 
cylinder. Aru, 9*575 in. 

(16) The diameter of a roll of carpet is 2 feet and the thick- 
ness of the carpet is the eighth of an inch. What is the length 
of the carpet ? Ans. 301*6 ft 
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On the Construction op Trigonometrical Tables. 

288. To prove that, if be the circular measure of an 
angle less than a right angle, sin 6, 6, tan 6 are in ascending 
order ofmagnitvde, 

\P 




Let HOP be an angle (0) less than a riglit angle. Make 
the angle EOF on the other side of OR equal to JROP. 
With centre and any radius OE describe the arc P'RP. 
Draw PT, FT to touch the circle at P and F. PT and 
FT wHl meet on OR. The line PF is bisected by OB at 
right angles at M. 

Then, since the circumference of a circle lies between the 
perimeter of the inscribed and circumscribed polygons, it 
follows that the arc FBP lies in magnitude between FMP 
and FT^TP. In other words, FMP, the arc FRP, and 
FT-^ TP are in ascending order of magnitude. 

Therefore also their halves MP, RP, TP are in ascending 
order of magnitude. 

MP RP TP 
OP' OP' OP' 



And so also are 



That is^ sin 0, 6, tan are in ascending order of magni- 
tude, where 1 =— p — is the circular measure of the 
angle referred to. 
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1 

289. Hence, 1, -r—^ , 7. are in ascending order of 

sm u cos ff . ° 

magnitude. 

290. To prove that tfis'limW of -r— ^ , whm tf = 0, w 1 : 

•^ sind ' ' 

being tJie circular measure of t7ie angle referred to* 

$ 1 

Tiie value of -r— ^ lies between 1 and 7, . As fl is 

sin 6 cos 6 

diminished, cos approaches 1 ; and the smaller becomes, 
the more nearly does approach 1. [Art. 94] 

Therefore, by diminishing 6 sufficiently, we cism make 
$ 
— — ^ differ from 1 by less than any assignable quantity 

however small. 

This is what is meant when it is said that H/ie limit of 

-. — -, whea = 0. is I.' 
bin (^ ' 

291. The student must notice carefully that 6 here is 
the number of radians in the. angle referred to."^ 

Example. Prove that the limit of -i — ^ , when n=0, t» - — • 
Let B radians =n<*, then 

w 180' " IT ' "sin/i^ IT * sin ^* 

When n is diminished, 6 is diminished also, and the limit of 

B n / 

-T— T, when ^=0, is 1. Therefore the limit of -: — « (which 

180 e 



180 ^ \ , ^ . 180 

. -: — ;; ) , WhOU 71 = 0, IS . 



* It is on thia account that a radian is used as a unit of angle 
(irt. 62). 
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292. To prove thai if $ he the circuIcMr nveaswre of a 
positive angle less than a riglU angle, sin 6 lies bettceen and 

It Las been proved that sin is less than (i). 

And that $ is less than tan B, 

6 BOO B 

Therefore ^ is less than tan ^ ; or, ^ cos ^ is less than sin -. 


Now, sin ^ = 2 sin ^ . cos ^ ; [Art. 16G] 



•*. sin ^ is greater than 2 [ — cos ^ j 




cos-, 



9 

i.e. greater than cos* j^ , i.e. greater than 0-0 sin* ^ . 
^ 2 

But ( ^ ) is greater than sin* ^ . 

Still gi-«ater therefore is sin ^ than - \0^ (ii). 

Hence, sin is less than 0^ and greater than 0- —. 

293. Tojmd sin 10". 

la the above, is the circtdar measure of the angle. 

The circular measure of JO", correct to three significant 
figures, is •0000484.... [Examples X. (17).] 

Let ^=-0000484.... 

Then, 

^-J^= tf_i (.0000484....)'= e- -000000000000028.... 

Hence, and (0 - J^) are decimal fractions which agree 
in their first twelve figures at least. 
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And siDce sin 10" lies between these fractions, therefore 
the first twelve decimal places of sin 10" are the same as 
those of the circular measure of 10". 

Hence, if the value of tt be given to a sufficient number 
of decimal places, we can calculate the circular measure 
of 10", and therefore also sin 10", to 12 decimal places. 

294. To show how to construct a Table giving the Trigo- 
nometrical Ratios of cmgles which form an arithmetical pro- 
gression having 10" /or the common difference. 

In the identity 

sin (w + 1) a + sin (ti — 1) a = 2 sin na . cos a, 
let a= 10", and suppose a table of the sines of all angles at 
intervals of 10" to have been calculated up to n. 10". 

Then, sin (n - 1) a, sin na and cos a [ = >/l — sin*10"] are 
known. 

Therefore hj the above formula sin (n + 1) a can be found. 
Hence^ since we know sin 10", the sine of 20" can be 
found ; and then the value of sin 30"; and so on. 

295. When the sines of angles up to 45° have been 
calculated, the rest may be found from the formula, 

siu (45'' + il) - sin (45° - ^) = ^2 . sin A. 

Also, when the sines of angles up to 60° have been cal- 
culated, the remainder up to 90° can be found still more 
easily from the formula, sin (60° + ^) - sin (60° - -4) = sin A. 

The other ratios may be found from the following : 

cosil=sin(90°-^), tanil = ^^ cotil = tan(90°-^), 
cosec A = -: — -J , sec -4 = cosec (90° - A), 
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-296. Since 3" = 18** - 15", the sines of angles differing by 
3**, or by any multiple of 3", can be found independently. 
(See p. 120.) These values may be used to teat the accuracy 
pf the Tables calculated as abova 

297. The following formulae may be also used to test 
the accuracy of the Tables, 

8in(36*'+^)-sin(36»-^)-.sin(72*'+^)+sin(72*'-^)=sin^, 

cos(36V^)+cos(36*'~^)-cos(72"+^)-cos(72*-^)=cosil. 

They are called fommla of TerificatioiL 



On the Limit of the Visible Horizon. 

298. The surface of the sea is very nearly that of a 
sphere whose radius is 3957 miles. 

The height of the highest mountains on the globe is less 
than 6 miles. Thus a point must be considered to be at 
a very considerable height above the surface of the sea if 
its height is a thousandth part of the earth's radius. 

299. In the figure, let be the centre of the earth, 
PRP' part of the surface of the sea, T a point of observation, 
TR its vertical height 

Draw TPy TF tangents to the earth's surface. Then 
PMF is parallel to the 'horizontal plane' at i?. 

The angle TPM is called the dip of the horizon at T. 
It is the angle of depression of the most distant point on 
the horizon seen from T, It must obviously be a very 
small angle, since TR is so small compared with RO. 
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300. If RO be produced to cut the circle again in Z), 
then TF'^TR. TL [Euc. iii. 36] 

^TR {RL + TR) = 2TE. RO + TR\ 

But TR will in general be much less than a thousandth 
part of RO^ and therefore TR^ will be much less than a 
thousandth part of 2TR . RO. 

Hence, the formula TF'--2TR.R0y le. TF'= twice 
the earth's radius x vertical height, will give the value 
of TF correct to at least three significant figures. 

Example. Three times the height in feet of the place of obser- 
vation above the sea is equal to twice the square of the distance of 
the horizon in miles. 

Here, TF^=:^RL x 7914 miles. 

Let / be the number of feet in RL, then the number of 
miles in RL is ^^7: ; let x be the number of miles in TF, then 

^" 6^ "" 7914= ^nearly. Q.E.D. 
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EXAMPLES. LXZV. 

(1) Show that the limit of '^B?%m-^ (i.e. the area of a polj- 
gon of n sides inscribed in a circle of radius 22), when n=aois 

(2) Prove that the limit of nr* tan - , when n = oo , is irr». 

(3) Given that ir*= 8-141 592653589793... prove that the cir- 
cular measure of 10" is •00004848136811... 

(4) Prove that2sin(720+^)-2sin(720-^)=(V5-l)sini4, 
and that 2sin (36^+-4)-2sin (360-^) = (V5 + l)sin^. 

(5) If a mast of a ship be 150 feet high, show that the 
greatest distance seen from its top is 15 miles nearly. 

(6) Prove that if the dip of the horizon at the top of a 
mountain is V^ 26' [=tan-i -025], the mountain is about 6630 feet 
high. ^ 

NOTE, The definitions givexi in Arts. 75, 78 of the Trigonometrical 
Batios are now used exolusiyely. 

The NAMES tangentf secant, sirie, were given originally to quantities 
defined as follows. 

Let BOP be any angle. With centre and any radius describe 
the arc RP, Draw PM perpendicular to OR and PT perpendicular 
to OP. (See Figure on previous page.) 

Then PR is called an arc, PT is the tangent of the arc PR, OT is 
the secant of the arc PR, MP is the sine of tlie arc PR. 

The name sine is derived from the word sinus. For, in the figure, 
PMP' is the string of the <*bow" (arcus), and the string of a bow 
when in use is pulled to the archer's breast. 

The co-tangent, co-secant and co-sine are respectively the tangent, 
secant and sine of the complement of the arc or of the angle. 

The sine, tangent, etc. of the angle are the same as the mecuures 
of the sine, tangent, etc. of the arc, when the radius of the oirde is 
the unit of length. 
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« ^MISCIILLANEOnS EXAMPLES. LXXVI. 

(1) If 2cos^~cos2^=a and 2 sin ^- sin 2^ =6, prove that 

(2) If h cos^ + ifcsin ^=1 and I cos ^+m sin ^=1, prove that 

(3) The diagonals of a rhombus are 2a and 25, prove that 

the cosines of its angles are db-T-^-.« 

a^+ 6* 

(4) One of the values of 
V[2+V{2W(2 + ... + V2 + 2cos3)}] is 2cos^, 

(5) If &r=Iog«3, prove that the angle whose tangent is 

(6) If the number of degrees (^) in an angle is the same as 
the number of radians in another angle, and if the tangents 
of these angles are equal, prove that A is some multiple of 

180w 
180-7r' 

(7) If a, ft y are in a,p., then 

ain o + sin y = 3 sin . cos (^ - o). 

(8) Two parallel chords of a circle, lying on the same side of 
the centre, subtend respectively 72^ and I44<^ at tha centre. 
Prove that the distance between the chords is half the radius of 
the circle. 

(9) Prove that 4 sin {B-a). sin {m6—a) . cob (^ - mff) 

= 1 + cos (2^ - 2m^) - cos (2^ - 2a) - cos (2m^ - 2a). 

(10) Express a?*+y*+a*-2yV-2^«a^^-2:p^« in a form fitted 
for logarithmic calculation. 



Digitized by VjOOQiC 



254 TRIGONOMETRY, 

(11) Solve the equations 

(i) sin 3^ + V3 cos 3^=1. (ii) sinw^«cosw^. 

,...v cos 0+0?) wising /. X X A t, A 

(m) — t^ {— — ^-^. (iv) tanm^=cot9i^. 

^ ' cos(a-a?) nsina ^ ' 

(v) tan ^+tan 2^+tan 3^=0. 

(vi) cos 8^ -cos 5^+ cos 3^=1. 

(vii) cos 6 . cos 3^= cos bO . cos 16, 

(12) In any triangle tan — ^ — =tan f 0-- J cot-, where 

^=tan"iT. 

(13) Prove that 

62+^^25ccos(600+i4)=c2 + o2-2cacos(6(y>+5). 

Hence prove that if equilateral triangles are described on the 
sides of the triangle ABC, the centres of circles inscribed in theni 
wiU be the angular points of an equilateral triangle. 

(14) A round tower stands on an island in a lake. A^ B are 

two points on the land such that AB is a feet and points directly 

to the middle of the tower. At A and B the base of the tower 

subtends the angles 2a and 20 respectively. Prove that the 

,. . ^., . . ^asina.sinfl. 

diameter of the tower is 2 — ; — - — r-^ . 
sin p — sm a 

(15) At F the top of a tower of height A, the angles of de- 
pression of two objects on the horizontal plane on which the 
tower stands are Jtt-o and \it+cu Prove that the angle 
AFB=2a, and that AB=2htaja. 2a. 

(16) On the side of a hill there are two places B, C inac- 
cessible to each other, but known to be at the same distance (a) 
from a certain station A also on the hilL At the lower plaee C 
the horizontal angle 6 between A and B is observed as well as 
the altitudes \, fi of A and B, Prove that the distance between 

B and C is 2o jcos (X -/x) cos*5 - cos (X + /*) sin^ - v , 
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(17) In the ambiguous case, given 5, c, 6, if a^, a, are the 
two values of o, prove the following statements : 

(i) ai + a2«2ccos-5. (ii) a^a^^i^-l^, 

(iii) a^ - ^a^a^ cos 2i3 + a./ = 46* cos* .B. 

(iv) The distance between the centres of the circumscribing 

circles of the two triangles is J^ . „ . 

(v) The circumscribing circles of the two triangles are 
equal 

(vi) If jB=^45<*, the angle between the two positions of ^ is 
cos~i— „-^^-=, 

(18) Prove that if Z^, /j, /g are the centres of the escribed 
circles, then 72-4/3 is a straight line, and I^A, I^, I^G are pei- 
pendicular to /jA* hh^ hh respectively. Prove also that 

(i) /a/g^acosec-^. (ii) The angle Vi73=| - 1 . 

(iii) The areaof 7,72/3=2^ = — j-i^-—^. 

sm-sm-sm^ 

(iv) The radius of the circle circimiscribing I^I^I^^^K 

(19) If 7>, E, F are the feet of the perpendiculars from 
A,B,C on the opposite sides, the triangle J)£F is called the 
* pedal tiiangle* of the triangle ABC*; prove that 

(i) EF=acosA. (ii) The angle -EZ>i^=.n— 2-4. 

1 1^11 r \ ^^ - ^ 

^"^^ r^AD'^BE^ CF' ^^""^ BFTCF'a^' 

(v) The radius of the circle circumscribing AEF^ R cos A. 

(vi) The radius of the circle circumscribing DEF^^R 

* The student should notice that ABC is the pedal triangle Ot 
IJ^I^ in Question (18). 
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(20) Prove that in any triangle ABC 

WSc A 
Hence prove that if tan 6=-7—- sin ^ , then a = (6 - c) sec B, 

(21) Prove that in any triangle ABC 

^hc A 
a= (6 + c) cos ft where sin j9=t — cos -^ . 

Use this method, or that of Example (20), to find a by the aid 
of the Tables, when 6=347, c=293, -4 =39® 42'. [See Art 260.] 

(22) Prove that in any triangle 

loga=log(6-c) + 2rCos--Zcos^; where^=tan-ir3-tan.2 . 

(23) If D,E,F are the middle points of BC, CA, AB, then 

sin BAD^ .^==i|?5£^=^. [See Ex (11) (15) page 205.] 
v6=* + 26<jcos-<l + c* 

(24) If :ir=7/i, y=-II%, z^II^, d^2R, prove that 

(25) The circle escribed to the side BC of the triangle ABC 
will be the inscribed circle of the triangle whose sides are 

sa sh so 



(26) If a point Q be taken within ABC such that the angles 
BQCy CQA, AQB are each 120<>, prove that 

Qj^x 4V2A + \^ (58 ^-c»-a') 
*'{12V3A + 3(a2+6« + c2)}*' 

(27) If sin A and cos ul are both given, prove that in general 
n different values and no more can be assigned to sin — » 
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(28) If from a point on a circular arc (of radius r) which 
subtends an angle a at the centre, perpendiculars are drawn to 
its bounding radii, then the distance between the feet of the 
perpendiculars is r sin a. 

(29) If two oirdes, radii a and 6, touch externally, the angle 
between their common tangents =2 tan""^ ^ ( ^y/ r ~ a / - ) . 

(30) If the inscribed circle touches the sides in DEF, prove 
ABC 



that EF\FB\ i>^=cos=^ ; cos ^ : cos^ 



(31) If the bisectors of the angles A^ By C meet the opposite 

sides in2>,^,^then (i) AD=~ cos^. (ii) C72>= -.-?^'5^. 
' ' ^' b+c 2 ^ ' sin^+smC 

(iii)' The area of i>^^ 

^ . A . B . C 

n » 2smTr-.sm-^.sm~ 

_„ 2ahc _„ 2 2 2 

"" (6 + c)(c + a)(a + 6)~'^* i^-d d-A ITS' 
^ ' ^ ' ^ ' cos — r — . COS — 5 — . cos — - — 

z z z 

(32) If a, i3, -y, d are the angles of a quadrilateral inscribed 
in a circle, then 

cos (o + iS). COB + 7). cos (y + S). cos (a + o) = (l-COS*o- 008^/3)1 

(33) If 6i and B^ ^ ^^ values of 6 found from the equation 
acos^+6sin^=c, then 

- . cos ^- ' = T . sm ^- ^ = - • cos *Q ^ . 
a 2 6 2 c 2 

(34) If a=6 cos X + <J cos <^ ) 

6=(Jcosd +acosx > 
c^a cos +6 COB ^) 

prove that cos2tf + cos 2<^+cos 2^ + 4 cos ^. cos0 . cosx + l«»0, 

hence [see Ex. (20), p. 143], prove that 

(^±0±;^) = (2n+l)7r. 

L. 17 
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(35) A circle is drawn touching the inscribed circle and the 
Bides AB^ AC (not produced) of the triangle ABC, Another 
oirele is drawn touching the circle and the same side. Prove 



larl -J I I 



that the radius of the n* circle thus drawn is r I . | and 

V+sin-g-y 

that the sum of the radii of aU the circles, when n=: oo , is 

^(cosec:|-l). 

(36) If AG, BOy CO pass through the centre of the circum- 
scribing circle and meet the opposite sides on DEF, then 

J_ 1_ J 2 

(37) If h and k be the lengths of the diagonals of a quadri- 
lateral and 6 the angle between them, prove that the area of the 
quadrilateral is ^ Air sin ^. 

(38) K -4^ = ^^ =-r^ and X+r+^= 1800, prove that 
^ ' smX smx smZ ^^ 

x=y cos ir+ z cos F. 

(39) Two regular polygons of n and 2n sides are de- 
scribed such that the circle inscribed in the first circum- 
scribes the second; also the radius of the circle inscribed 
in the second is to that of the circle circimiscribing the first 
as 3+V3 is to 4 Vs. Prove that n=6. 

(40) Prove by the aid of a figure like that of Art 282 that 

(41) Ifyz+zx+xtf=l, prove by Trigonometry that 

a y z Axyz 

1 - -i^a + fZp + 1 -^ - (rr^)^ir^)n(rZ72)- 

[See Ex. (33), (32), p. 194.] 
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ANSWERS TO THE EXAMPLES. 

I. Page 2. 
(I) 80. (2) 10. (3) 16. (4) 109il- 

(5) 6 acres. (6) — ^. (7) -3- yds. 

(8) A shilling and a three-penny piece. 

II. Pages 4, 5. 
(1) 77440. (2) 6 ft. (3) 4^. (4) 6i, V^. V. 

(5) 16-625, 16|, i|A. *f^. (6) 9^, » shillings. 

-_, 80a 80a 80a 80a ,«, „^ , ,„. 

(7) -Y* —> T' ~T' (®) 21shiUmgs. 

III. Pages 7. 8. 
(1) 10 ft. (2) 80 yds. (3) 20 ft. (4) 60 ft. 

(5) 90 ft. (6) 20if nearly. (7) 6a feet 

(8) 12a yards. (10) ^ a yards. (12) ?^ a feet 

(13) 1:V2. (14) V84ft (15) 2V9o''-6'»ft 

IV. Page 13. 
(1) 9-899 ft (2) 2489 yds. (3) 6836 in. 
(4) 1138 in. (5) 933-4 ft (6) 2604 in. 
(7) 8-66 ft (8) 4-607 ft. (9) 48 in. 
(10) 85 ft 11 in. 

V. Pages 21, 22. 
(1) 3fyds. (2) 25Ht (3) 150f in. (4) ^\h. 

(6) 7^ti. (6) 660. (7) 15J nearly. (8) 83600. 

(9) 32f. (10) 7 ft (11) 663f.l3-8in. (12) 339f ft 
(13) 443 in. (14) 236 in. . (16) 203 in. 

(16) 274 in. (17) 1886 in. 

Vn. Page 28. 

(1) '632118 of a right angle. (3) •021827 of a right angle. 

(2) 1*0426991 M (4) -03294894 ,, 

17—2 
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(5) '006241 of a right angle. 

(6) 10-000812 „ 

(7) -8204062 „ 

(8) -0102034 



(9) -6900071 of a right anc^e. 

(10) 1-19030045 „ 

(11) 10061801 „ 

(12) -0226048 



(13) 36» 78*91". (14) 104* 30r 21". (15) l«20*ar\ 

(16) icr2(r. (17) 6«26\ (18) 302« 12* 5(r. 

(19) 100*10*. (20) i»r-r. (21) 6451 io\ 

(22) 2»3a. (28) riO\ (24) 10\ 

VIII. Page 80. 

(1) -09175 of a right angle = 9« ir 5a'. 

(2) -0675 „ =6«76'. 

(8) 1-07875 „ =107K8r6(r. 

(4) -1804296l234567§ =X8« 4' 29*, etc. 

(5) 1-467 „ =146« 7r 77-t'. 

(6) -54 „ =54«44'44-4\ 

(7) P14'15". (8) 7* 52' 30". (9) 



(10) 21»36'8-r. 



(11) 16* 12' 37-26". 



153« 24' 29-34". 
(12) 31«30'. 



1. 

(3) 



IX. Page 85. 
(1) 2 right angles or 180*. 



- right angles. 



(5) 2 right angles. 



(7) 
(9) 



— right angles. 
20 right angles. 



(4) 
(6) 
(8) 



(2) f of a right angjie. 
- right angles. 

— , right angles. 

■003 of a ri(^t angle. 



2. (1) ». 
(5) 

3. (1) 
(5) 

4. (1) { 



T 

180' 

T 

6* 

X 

20000' 



(2) 
(6) 1«. 



2ir. 



(8) |. 



W l- 



(7) 



180 



(2) i- 



(G) 



200000 
(2) V. (3) 1. 



T. (8) 

(^) H' 

(7) — . 
^'' 200 



V' (9) 

(4) 
(8) 1«. 

(5) t». 



180' 

S50' 
(9) 5x. 

<«) i^' 
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X. Pages 87—^9. 
<1) |. (2) 90. <3) 4t. (4) W. 

<6) U24ft (6) 5ttft. (7) 9ffk. 

<8) 838000 mUes. (9) ^ radian -61V degrees. 

<10) 21)^ degrees. (11) aiiV> (1^) about 34 yds. 

<13) 1 : 3-1416. (14) 3-1416. (16) 8-14lt . 

(16) 400:1. (17) -0000484.... (18) 49,V "^ 

(19) ^ i.e. a right angle. <21) 473:489. 

180 
(22} (1)4=1, (ii) &=— . 

ZI. Pages 40-48. 

(1) j^. (2)88«, 160. (3)900,45». (4) 18«, 224*. 

<5) 38«, 18*, (7) 460, 60«, 760. (g) 390, 60*, 8I0. 

(9) 300,60*, 90*, (14) 26«, 8«6'. (16) H- 

<iu) 1560, nS-S*, ^. (20J 46a- (21) (i) Sf, (ii) g. 

<32) »•. (23) a right angle. (24) ^^. 

(.5) ?^* degrees. (26, ^. (27) g. %, -J. 

XII. Pages 60—62. 

(1) (i) BA, BD. (ii) DB, AD. (iu) Dii, CD. (iv) DC, iii). 

,^. ... DB ,.,. DC ..... CD r \ ^^ i \ ^S 

(2) (1)^. (u)-^-^. (m)^. (ly)^. (T)^. 

, .. DC , ... CD , .... DA ,. , ^2) , , D^ 
(VI) 2^. M^. (vrn)^. (IX) -g^. (X)—. 

,^, „, DB B^ ,.., CD CB ,.,., DB ^/4 

<^) Wc5' Cl- <"^CB' Cl- ^'^'^CD' CB' 

., . DB BC . . AD AB , .. DB BC 

^"^^ AB' TC ^^^ AB' AC' ^^^AD' AB' 
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..^ ,,.DA ,,..BA AC .....DO ,. . ^B 

, , .iD uiB / .. -BD , ... DB B.i AE 

, .... Dil ,. X Bii iiC / V ^C' , ., DB B(7 
(ym) ^. (IX) ^01^. (x)^. <xi)2Bor^. 

(xu)^* 

(5) Bin-4 = f, C08i4=|, ianA=ii 8inB=f, eosB^f, tanB=}. 

(7) Of the smaller angle, the sine = A, cosine =)}, tangent =1*7. 
Of the larger angle, the sine^^}, cosine =y<^, tangent^ V* 

(8) Of the smaller angle, the sine = i, cosine = ~- , tangent = --^ . 
Of the larger angle, the 8ine=:.^ , cosine =i, tangent :7V3* 

XIV. Pages 63—66. 
(1) 179 ft. (2) 346 ft. (3) 86-6 ft. (4) 138-6 ft. 

(6) 7Jft. (6) 60®, 173 a (7) 63-17 yds. (8) 84-16 ft. 

(9) 73-2 ft. . (10) 86-6 ft. (11) -866 miles =1524 yds. 
(12) 173-2 yds. (14) 373 ft. ' (16) 3733 ft. 

(16) ^mile8=6466ft (17) '^^-, (18) SO*, 

(19) about 623-6 miles. 

XVI. Page 74. 

(1) sm^ = ^/l-cosM, tan^ = >/l^^, cotA^-j-.^^^d=^ 

^' COS^ V^l-C08«^' 

BeOil = -., coseo A= , 

003^ ^1-cosM 

1 cot -4 1 

(2) sin ^=3 —7= , coSi4=-T; — , tani=— — ;, 

^^ ^/I+ootM ' ^l+cot*.4* oot/i' 

, /^l+cotM . tz -5- 

seoiis^^ ^ - , oosepi4=:/^l + oo.t*il. 



COtii 

sec^^- 

sec-i * """"""sec^* 



(3) BmA=. '^ , oos.l = — -, tan.l=:Vseon-l, 



. . 1 . seoii 

cot^=:— = , , coseo -4 = 



^/secM-l ^/seo«^-l 
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(4) «mA= . , G08A = ^ —. — , tan4=- 



. - I — r- ^ coseoii 

cot -4 = /^coseo^ 4 - 1, Bfift A =~ j , 

/^yoosec* 4-1 



tjcoaeo!* 4-1 



/e\ ^ /i s-i-r X .1 sin 4 . . Jl - sin* 4 

(6) cos 4 = V 1 - Bin* 4, tan4=s-7-r - > cot4=:-5^ — ; — ■: — r» 

sec 4 = , , coseo 4 =—. — 7 , 

jJl-BVO*A B"i4 

.^. . ^ tan 4 . 1 J. M ^ 

(6) Bin 4 =s -7^ , cofl4=~7= . » cot 4=7 1, 

^' Vl + ten*4 Vl+tanM ^»^^ 

tt — I — i-7- A Jl + teai^A 

sec 4 = ^1 + tan' 4, coflec4 = > — •- 

XVn. Pa^e 76. 

(4) ^,^. (5)f.i. ^ (6) f.f, 

(7) --!=-• (8) '^ ^ 



(9) n/^, _i=, (11) ;i«(l + Aj«) = l. 

XVIII. Page 77. 

(2) sec $ increases continnonfily from 1 to od , 

(3) sin 4 diminishes oontinnonsly from 1 to 0. 

(4) cot $ diminislies continnonsly &om od to 0. 

XIX. Pago 82. 

(4) Yes, (6) No. (6) Yes, 

(7). (i) W. (ii) -10a«. (iii) 09. (iv) -260*. (v) 115*. 

(vi) 410«. (Yii) -^. (viii) ^. 

XX. Page 84, 
(1) 45«. (2) 30». (8) 450. (4) 60». 

(5) SO®. (6) 300. (7) 30«. (8) 0^ or 45o. 
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(9) 
(18) 

<W) 



90*, or 60». 
9(»». <w46». 
80». 



ao) 

(14) 
(18) 



60*. 
18». 
80*. 



(11) 
(16) 



46». 
45». 



(13) 
(16) 



46». 
45». 



(») 
{«) 
(7) 
(10) 

tW) 

(W) 
(16) 

(16) 



XXI. Page 86. 
the valtM 3 is initdtniiwiMfi. (1) 

f.ori. (6) S.orJ. 

7 /s 
the Talae — ~ is inadmissible. 

D 



4 



(1) 
(3) 



l-8sin>d+38in«9. (11) 

l-sin il 

l+sin^* 

oosec $ decreases contixiQoiisly from od to 1. 

cot $ increases continuously from to oo . 



(9) l-sin^^. 

-2C08*9 + 2C08«^ 



oos*^ 



(1) 
(5) 

(1) 

(4) 

(7) 

(10) 

(12) 

(1) 
(4) 
(7) 
(10) 



XXII. rage 89. 
+6. (2) 0. (3) +2. (4) +3. 

+ 10. (6) 0. (7) +7. (8) +7. 

XXIV. Page 94. 

The second. (2) The fourth. (8) The second. 

The third. (5) The fourth. (6) The first. 

The second. (8) The first. (9) The first. 

The fourth. (11) The fourth. 

The first, if n be even, the third, if n be odd. 

XXV. Page 98. 



+, +, +. 
-. +, -. 
+ , -I -. 
+, +. +. 



(2) +, -,-. 
(6) -, +. -. 
(8) +, +, +. 
(11) +. -. -. 



(3) -. -, +. 
(6) -,-.+. 
(9) +, +, +. 
(12) -, +, ^. 



^** 2 ' V3' 
+^, -J. -V3. 



XXVI. Page 100. 



"va' "^* 
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26$ 



(6) 

(7) 

(9) 

(11) 

(18) 

(16) 



1 1 

_J- -1 +1 

V2' V2' 
, V3 1 

-^. -i. +V3- 



'"va* 



+ V2* •*•'• 



(6) 

(8) 

(10) 

(12) 

(U) 



^ a • 
1 

"V2* 



+ J 
1 

V3 



+ 1. 



+ ii + 2 • +773 
2 ' ^*' 



1 
-V3- 



V3 

:4 ' 



-i, -V3. 



** 2 ' ^V3' 



XXVII. Page 100. 

Each of these expressioiis changes eontinwmsly as the angle A 
increases from 0^ to 860^^, and their values are repeated at each com. 
plete leTolation of the revolving Ime. 

Their values are given below when they are zero and when they 
oease to increase and begin to decrease, and vice versa. The first 
table gives also the sign of each between the values. 





00 




900 




1800 




2700 




(1) cos^ 
<2) tan^ 


+ 1 


+ 





^ 


-1 


_ 





+ 





+ 


00 


— 





+ 


00 


— 


(3) ootil 


00 


+ 





.- 


00 


+ 





— 


(4) Feo^ 


+ 1 


+ 


00 


— 


-1 


-. 


00 


+ 


(5) 00000 4 


00 


+ 


+ 1 


+ 


00 


— 


-1 


— 


(6) l-siuil 


+1 


+ 





+ 


+ 1 


+ 





+ 


(7) sinM 





+ 


+ 1 


+ 





+ 


+ 1 


+ 




0* 


450 


900 


1360 


1800 


2250 


2700 


3150 


(8) sm^.cos^ 





+i 





-J 





+4 





-i 


(9) BinA-^eosA 


+ 1 


+>/2 


+ 1 





-1 


-V2 


-1 





(10) tan^ + oot^ 


00 


+ 2 


00 


-2 


00 


+ 2 


00 


-2 


(11) sin4-cos4 


-1 





+1 


+va 


+1 





-1 


-va 



The following figures exhibit the changes in the sign and magni- 
tude of sin ^ (fig. i.), oos $ (fig. ii.), and tan $ (fig. iii.). The measure 
of the distance from along the line OX=the circular measure of the 
angle ; the vertical distance from OX measures the Batio, 
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Fig. i. The Curve of the Sine. 
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Fig. iL The Curve of the Cosine. 
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Fig. iii. The Curve of the Tangent. 
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XXXT. Page 112. 

(1) (i) 30®, 150«, -2100, .3300. (U) 450, 1350^ .225», -816*. 
(iii) 60«, 120S -2400, -SOO*. (iv) -SO®, -ISO®, 210», 330», 

(2) (i) 200,1600.3800,5200. (ii) ^, ^, 1^, IJ:, 

8ir 18t 22t 27t 
v"/ "y* ~7~» "7"» ~7~* 

(8) (i) tf=nT+(-l)«^-l). Cu)#=n»+(-l)«J. 

(m) nT±-, 
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XXXII. Page 115. 
(1) (i) ^=2nT±iT. (u) ^=»T+}ir. (iii) B^UT'-iw. 
(iv) ^=»T-iir. (v) ^=2wT±|ir. (vi) ^^nr+jr. 

(3) The tangent. (4) No. 

(5) (i) 600, -600, 3000, -SW. (yj 460, 2260, 405o, - 135*. 
(ui) -460, -2260, 1360, 3160. (iv) -600, -240o, 120o, 3000. 
(v) 1440, - 1440, 2160, - 2160, (vi) 1360, - 450, - 2250, 31fi», 

XXXIV. Page 120. 

(5) 1,«. (6) Jf,«. 

XXXVm. Page 131. 

(1) 8m(^+#)+flm(^-^). (2) co8(a-/5)fcoB(a+i8). 
(8) «n(8o+3^)+sin(2a-3/S). (4) cob 2a + cos 2^. 

(6) sin 8^ -sin 2^. (6) cos ^+ cos 2^. (7) } (cos 3^ -cos 6^). 
(8) i (sin 4^- sin ^. (9) sin600+sin400. 

(10) i (sin 600 _ gin 300). (n) 2 cos 3d cos 2d. 

(12) -cos4dsin2d. (13) 4oos«|sin2d. 

XXXIX. Page 132. 

(4) tan2tt. (6) tanaj. (7) -2oot2aj. (8) tan»^ 
(12) sin2d=l, .-.^=450; sin20=J, .•. ^=160, 

XLV. Page 147. 

(2) sin2.i=|, 8in3^=-.J^v'5. 

(3) sin 2d= - J V16, sin 3d= A\/15, cos 3d = - H ; in the second. 

XLVI. Page 149. 
(3) Bm^=.. V^- (^) ^i-^ \/^^. 

XLVII. Page 154. 
(1) (i) +,.. (ii) -.+. (iU) «, -. (iv) +, .. (V) +, -, 
(▼i) +, +. (vii) -, -. (viii) -, -. 
(8) sin90=J{V(3 + V6)-V(6-V5)J, 

co8 9««J{V(3+V5) + V(5-V6)l, 
sin 810= cos 90, 008 1890:3 -cos 90, tan 202 Jo= ^2-1 
tan 97J0=: - (V3 + V2) (V2 + 1). 
(7) Between (2nxl800-460) and (271x1800+450). 
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XLVm. Page 157. 
(1) (?=:-.^+nT+(-l)»|. (2) ^=-|+nr+(-l)»|. 

(3) (?=-^+nir+(-l)»^, (4) ^= + J+nx+(-ir J. 

(5) ^=+^ + 2nT±^. (6) ^=^+nTAj. 

(7) «=-68n2'+nxl80« + (-l)«(2X«48'). 

(8) a; = - 69« 26' 30" + 2n x 180<> dt (69» 26' 30"}. 

(9) a;=7604'+nxl800+(-l)»(U056'). 

(10) a:=-o-^ + 2nTdkj3. 

L. Pa«e6 159, 16a 
(7) ±(V3 + 1). (8) i>/2. (9) *1. 

(13) i(2n+l)T; or, l(3n±l)ir. (14) iMr:fc^; or | (afi+l)r. 
(16) J(2n+l)T;or^ + (-l)-^ 

(16) (2n+l)T;or,oo8-il^. (17) ~; or^.r. 

(18) Both equations are satisfied if (x* - jr*) s an odd integer ; Qr, 
if (»+sr)'=27t, and («~ y)^=s4ifi - 2n, m and n being integers. 

(19) (i) 2 sin d. cos ^= sin 29, and therefore it goes through the 
same changes as sin 9, while d changes from to 2r. (ii) oos^d-sin*^ 
= cos 2d. (iii) sin 3d goes through the same changes as sin d, 
while $ goes from to Sir. (iy) oot 2A ; compare with cot^. 
(y) sin (d + a) goes through the same changes while goes from to r, 
as sin d goes through while 9 goes from a to r + a. (vi) cos (29 - a) 
goes through the same changes while goes from to r, as cos 29 

goes through as changes from - ^ to r- x . (See Ans. to XXYII.) 

(20) They are the solutions of the equations sin 9^ sin a, and 
cos ( ^ - 9 ) =cos ( ^ - « ) ; *^d ^® know that cos ( ^ - 9 j sssin 9. 

(21) They are the solutions of the equations sinf9+j]=sin^, 
andoosr9-^j=cos|; alsocosf 9-^j=sin (^ + ^). '*"^g=«»5« 
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LI. Page 162. 



U.Sk 



a) © a»-«», (ii) a**-», (iii) a^'"^ fiv) a«"*"«. 

(9) (i) 5-4690116. (ii) 10-6243928. (iii) 13-7609366. 
(iT) '8853661. (v) 1'7968680. (vi) 8*9699598. 

(vii) 2-7346058, 

(8) 2», 2», 2-^ 2-*, 2-», 2^ (4) 3«, 3*, 3-», 3-«, 3-», 8"^ 

LII. Page 163. 

(1) -60206, -9542426, -90309, -7781513, 1-20412, 1-690196. 

(2) 1-146128, 1-20412, 1-2552726, 1-8802113, 14813639, 1-6232493. 

(3) 1, -69897, 1-1760913, 1-39794, 1-4771213, 1-5440680. 

(4) 1-5563026, 160206, 1-6812413, 1-69897, 2-80103, 3. 

(6) 7-201593,3-858708. (6) -7545579,2-989843. 

(7) 1-4532. (8j 2408-6. (9) (i) 4-5868. (ii) -93646. 

(10) 3-9549. (11) 40975-3 sq.ft. (12) 84-925 in. 
(18) 8-2617 in. (14) 110115 cub. yds. 

Lm. Page 165. 

(I) 8,V,},1, -J. (2) 8,6,-1,-3,-6,2. 
(3) 2, 4, -1, -3, -2, -4. (4) 4,}, -J, -1. 

(5) 8, -1, 5, -2. 8, -3. (6) 4, 1, i, J, J. 

(7) -7781513, 1-6232493, 1-20412. 

(8) 1-6901960, 1-5668026, 1-7993406. 

(9) 2-30108, 2-7781513, 1-845098. 

(10) -69897, 5228787, 1-69897. 

(II) 1-644068, 2-1760913, - 1 + -80108. 
(12) -5440680, -8627278, - 2 + -9084852. 

LIV. Pages 168, 169. 

(1) 4,2,0,6.1. (2) -2,-6,-1,-8. 

(8) 3,-1.0,1,0. -7. (4) 4,1,6,8. 

(5) the second decimal place, the first dec. pi., the sixth dec. pi. 

(6) ten thousands, units^ hundreds, third dec. pL . first dec. pL , units. 

(7) 10.4,26,81. (8) 9.11,85,4,9,6. 

(9) units, fourth dec. pi., thousands, seventh dec. pi., second dec. pi. 

(10) tenth integral pi., twelfth dec. pi., fifth dec. pi., units, twelfth 
dec pi., first dec. pi. 
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LV, Pages 171, 172. 

(1) 2-8901023, -8901028, 1-8901023, 5*8901023. 

(2) 6-7714662, -7714562, 4-77U552, 2-7714652, 8-7714562. 

(8) •27724... (4) -00001638... (5) •77448... (6) •005968.. 



LVL Page 174. 



(1) Divide each log by 3. (2) 

(3) Divide each log by -30103. 

(4) Multiply each log by -4771213. 

(5) Divide eaoh log by -4771213. 
(7) 1-183... (8) 1-10730... 



Multiply eaoh log by 2. 



(6) 8-82190.. 
•66438... 



LVIL Pages 176, 176. 



(1) 8,0,J,0.}. 

(5) -61375, 

.„. ... 2 log 7 

(7) (1) x^ — 

(iii) fls= 



(4) 1-8121177,66. 
(6) 7,4,3,3. 

71og2+41og7 



log2 + 41og7 

21og7 
:21og2+log3' 



<^> *=21og3+log7- 

4(log3+log7) . 
^ ' '^""81og2 + 3(log3+log7)' 

1 ,.^v 1 



/ii\ n ^ 3a 2 h 8a+2 he 

^^^' "' 6 + 1' 26+2' 6 + 1' 6+1' 26 + 2' 6 + 1* 

(12) 63 - 31 = 32. (13) (a^ - a^) integers. (14) 1-9485 nearly. 

(19) 2-53855. (20) 4-53999. (21) 167 years. 

LVIII. Pages 181, 182. 
(1) -8339066. (2) 2-7513738. (3) 4-9418333. 

(4) 6-8086920. (5) -5710750. (6) 3-70404. 

(7) 46740-26. (8) 2492837. (9) -000439658. (10) 5-689158. 



(1) -6737652. 
(4) 41* 48' 87". 
(7) 9-8616594. 
(10) 85«4'23". 



LIX. Pages 184, 185. 
(2) -6737652 
(5) 700 81' 48-6". 
(8) 9-7114477. 
(11) 23n6'27-6''. 



(3) -9806572. 
(6) 760 8r2r. 
(9) 10-1888768. 
(12) 210 56'4r 
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LX. Padres Ids, 189. 
(1) 84n9'81-8". (2) 1498-2 ft. (8) 460 86' 66". 

(4) 6298-4 ft., 6982*8 ft. (6) 676*2ohain8. 

(6) 4729 chains. (7) 8666*8 feet. (8) 42^ 16; 11444 chains. 

LZI. Page 190. 
(1) 8842*9 ft. (2) 281*74 ft. (8) 116*8 ft. (4) 286*6 ft. 

(6) 68» 1724", 810 42' 86". (6) 6661 chains, 41* 17 12". 

(7) 81ft. (8) 1942 ft. (9) 646*7 miles. (10) 1000 ft. 

LXVL Pages 208, 209. 
(1) 410 16' 51.5". (2) 780 32' 12", 620 46' 18". 
(3) 290 1716", 810 65' 81". (4) 640 81' 68".. 

(6) 780, 28' 64*4". (6) 410 24' 84-6". (7) 820 49' 9". 

(8) 760,600,460, (9) 1850,800,160, 

LXVII. Page 211. 
(1) 818*46 yds. (2) 28*87 inches, 81*48 inches. 

(3) 1192*66 yds. (4) 22*415 ft. 

(6) 24*996=26 ft. nearly, 17*659ft., 650 69^^42". 

LXVIII. Pages 218, 214. 
(1) 1080 36' 80", 810 28' 80". (2) 980 11' 49", 86O 48' ir. 

(8) 67" 27 26 -4", 620 82' 84*6". (4) 640 26' 47", 870, 7 18\ 

(6) 72012*69". (6) 20*6 chains. (7) 122*7, 

(8) 710 13' 60", 820 16' 10". 

LXIX. Pages 218, 219. 

(1) i[=oioi8'21",C=88041'89"*, oril=12804r89",(7« IP 18^21". 

(2) B = 700 0' 56", c= 690 69' 4"; or, ^=109® 69* 4", (7= 200 0' 66". 
(8) B=88088'24", C=91021'86", c-1568. (4) 61016'10r', 
(6) ii=72«4'48",B=410 66'12"; or, ^i =1070 66' 12", 

B »6o 6' 48", b = 17-66. (6) fi is ambiguous ; 60*8898 ft. 
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LZX. Page 220. 
The angles are given correct to the nearest second. 
(1) 280 35' 89". (2) 1040 44' 39". (3) 32^20' 48". 

(4) 430 40^. (6) 1280 23' 13". (6) 106531ft. 

' (7) 8437-6 yds. (8) 1728-2 ohains. (9) 25376 yards. 

(10) .i=66027'48'',B=12055'12". (11) .i =92012' 53', 5=35037' 7". 
(12) jB=2901'40",(7=74065'60". (18)B=70035'24";or,109024'36". 

(14) B=61056'17";or,12803'43". (16) J5=6206'10";or,117063'50". 
(16) Very nearly 900. (17) 1319.6 yds. 

TiXXTT, Page 229. 

(15) To find the point £ in an nnlimited straight line CE at 
vhich a finite straight Une AB subtends the greatest angle, a circle 
must be described passing through A and B, and tonching the line CE 
in the point E, In (15) the centre of the circle lies vertioally above E, 
and in the horizontal line through the middle point of AB* 

' LXXni. Page 239. 

(1) (i) 10 sq.ft. (ii) 43-3 sq. in. (iii) 148-13 sq. yds. 
(iv) 84 sq. chains =8-4 acres (v) 100 sq. ft. 

(vi) 151872 sq. yds. 

(2) 4, lOi, 12, 14 ft. (4) 81 ft. 

LXXVI. Pages 253—256. 

(10) •'{x-hy+z)(y+z-x)(z+x-'y){x+y-z), 

(11) (i) A{6nT-2T+(-l)-x}. (ii) glj. 

,.... tt-jS . X iL »+P msinjS+fiBino) 

(ui) x= —^ + cot-i < tan -^ . — .-— ^- r— . > . 

^ ' 2 ( 2 nsina-msin/Sj 

(iv) ^^'^\ . (v) sin 2^ (3 cos 2^-1) (2 cos 2^ + 1)=0. 
* ' 2(m+n) ^ ' ^ ' * 

(vi) sin4d.cos-7r-.8in 7r-=0. (vii) sin 8d. tin 49=0. 

(21) 223-17. 
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APPENDIX. 

Pabt L 

(1) Simplify the formuL© 

62+c8-a« .. /(8(8-a)\ 

in the case of an equilateral triangle, 

(2) The sides of a triangle are as 2 : ^^6 : l+V^, find the 
angles. 

(3) The sides of a triangle are as 4, 2^2, 2(^3-1), find 
the angles. 

(4) Given (7=12(y>, c=^19, a =2, find 6. 

(5) Given .1=600, 5=4^7, £;=6V7, find a. 

(6) Given .1=460, ^^eoo.and a=2, find c. 

(7) The sides of a triangle are as 7 : 6 : 13, find the greatest 
angle. 

(8) The sides of a triangle are 1, 2, >/7, find the greatest 
angle. 

(9) The sides of a triangle are as a :b : ,J(a^ + a& • &*), 
find the greatest angle. 

(10) When a : & : c as 3 : 4 : 5, find the greatest and least 
angles ; given cos 36° 52'= '8. 

(11) If a = 5 miles, 5=6 mileS; c = 10 miles, find the greatest 
angle, [cos 49^33' =-65.] 
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274 APPENDIX. 

(12) If a=4, 6=5, (J=8, find C; ^ven that cos54«54'=-575. 

(13) The sides of a triangle are 7, 8, 13, find the greatest 
angle. 

(14) Given (7=180, a=V5 + li c«V5 - 1, find the other 
angles. 

(15) If 6=3, C=U(fi, c=Vl3, find a and the sines of the 
other angles. 

(16) Given A^105\ B=46\ c=,j2, solve the triangle. 

(17) Given-jB=750, 0=3(fi, c=V8, solve the triangle. 

(18) Given jB=45<>, c=*/75, 6=^50, solve the triangle. 

(19) Given ^=30®, c=160, 6=50^3, show that of the two 
triangles which satisfy the data one will be isosceles and the 
other right-angled. Find the third side in the greatest of these 
triangles. 

(20) Is the solution ambiguous when B = 30^, c = 1 50, 6 = 75 ? 

(21) If the angles adjacent to the base of a triangle are 22|*^ 
and 112J<>, show that the perpendicular altitude wiU be half the 



(22) If a=2, 6=4 - 2^3, c= V6 (V3 - 1), solve the triangle. 

(23) If .1=90, jB=45o, 6=v^6, find c. 

(24) Given jB = 15«, 6 = ^3 - 1, c = V3 + 1, solve the triangle. 

(25) Given sinjB=*25, a= 5, 6=2*5, find A, Draw a figure 
to explain the result. 

(26) Given (7= 150, c = 4, a = 4 + */48, solve the triangle. 

(27) Two sides of a triangle are 3^6 yards and 3(^3+1) 
yards, and the included angle 45^, solve the triangle. 

(28) If (7= 300, 6 = 100, c = 45^ jg t^g triangle ambiguous ? 

(29) Prove that if ^=450 and jB=60nhen2c=a(l+V3). 

(30) The cosines of two of the angles of a triangle are ^ 
and 5, find the ratio of the sides. r - _ _ _ 1 _ 

*' Digitized by Google 



ANSWERS TO APPENDIX. 

(1) COB ^ = J, cos Ji = i V3. (2) 45^ 600, 750. 

(3) 1300, 300, 150. (4) 8. (6) 14. (6) 1+ ^3. (7) 1200. 
(8)1200. (9)1200. (10)900,360 52'. (11)1300 27'. (12)1250 6'. 
(13) 1200. (14) il=540orl26o, B=1080or360. (15) a=l. 
(16) C=300, o=V3 + l, 6=2. (17) ii=750, a:=6=V8+l. 

(18) (7=600 or 1200. (19) 100^3. (20) no. 

(22) il = 1060, C= 600, B = 150. (23) JV3(n/6+1). 

(24) A =900 or 6OO, C=750 or IO50, a=2V2 or V6. (26) 8O0 

or 1600. (26) ii=450 or 1350, B=300 or 120o, 6=^2 (1+ V3) 

orV6(l+V3). (27) 6O0, 750, 6 yds. (28) It is impossible. 

(30) 16:8V3:4V5+6. 
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29 A.ND 30, B&DFORD STREET^ COVBNT OriiUVVH, 

London, W,C;Jafiuary, 188$. 



CLASSICS. 

ELEMENTARY CLASSICS. 

iSmo, Eighteenpence each. 

This Series falls into two Classes — 

(i) First Reading Books for Beginners, provided not 
only with Introductions and Notes, but with 
Vocabularies, and in some cases with Exercises 
based upon the Text 

(2) Stepping-stones to the study of particular authors, 
intended for more advanced students who are beginning 
to read such authors as Terence, Plato, the Attic Dramatists, 
and the harder parts of Cicero, Horace, Viigil, and 
Thucydides. 

These are provided with Introductions and Notes, but 
no Vocabulary. The Publishers have been led to pro- 
vide the more strictly Elementary Books with Vocabularies 
by the representations of many teachers, who hold that be- 
ginners do not understand the use of a Dictionary, and of 
others who, in the case of middle-class schools wlhere the 
cost of books is a serious consideration, advocate the 
Vocabulary system on grounds of economy. It is hoped 
that the two parts of the Series, fitting into one another, 
may together fulfil all the requirements of Elementary and 
Preparatory Schools, and the Lower Forms of Public 
Schools. 

^ a 
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4 MACMILLAN'S EDUCATIONAL CATALOGUE. 

The following Elementary Books, with Introductions, 
Notes, and Vocabularies, and in some cases with 
Exercises, are either ready or in preparation: — 

Csesar — ^THE gallic war. book L Edited by A. S. 
Walpole, M.A. [Hiody, 

THE INVASION OF BRITAIN. Being Selections from Books 
IV. and V. of the "De Bello Galileo." Adapted for the use of 
Beginners. With Notes, Vocabulary, and Exercises, by W. 
Welch, M.A., and C. G. Duffield, M.A. [Heady. 

THE GALLIC WAR. BOOKS IL and IIL Edited by the 
Rev. W. G. Rutherford, M.A., LL.D., Head-Master of West- 
miDster School. [HMdy, 

THE GALLIC WAR. SCENES FROM BOOKS V. and VL 
Edited by C. Colbeck, M.A., Assistant-Master at Harrow ; 
fonnerly Fellow of Trinity College, Cambridge. [Riody, 

Cicero.— DE SENECTUTE. Edited by E. S. Shuckburqh, 
M.A., late Fellow of Emmanuel College, Cambridge. 

[In^e^raiion, 

DE AMICITIA. By the same Editor. [In the press, 

STORIES OF ROMAN HISTORY. Adapted for the Use of 
Beginners. With Notes, Vocabulary, and Exercises, by the Rev. 
G. E. Jeans, M.A., Fellow of Hertford College, Oxford, and 
A. V. Tones, M.A., Assistant-Masters at Haileybnry Collie. 

[Ready. 

£utropiuS. — Adapted for the Use of Beginners. With Notes, 
Vocabulary, and Exercises, by WiLLiAM Welch, M.A., and C. 
G. DuFFiELD, M.A., Assistant-Masters at Surrey Comity School, 
Cranleigh. [Ready^ 

Greek Testament— selections from THE GOSPELS. 
Edited by Rev. A. Calvert, M.A., late Fellow of St John's 
College, Cambridge. [In prepeareOi^n, 

Homer. — ILIAD. BOOK I. Edited by Rev. JOHN Bond, M.A., 
and A. S. Walpole, M.A. [Rwdy. 

ILIAD. BOOK XVIII. THE ARMS OF ACHILLES. Edited 
by S. R. Jambs, M. A., Assistant-Master at Eton College. [Ready, 

ODYSSEY. BOOK I. Edited by Rev. John Bond, M.A. and 
A. S. Walpole, M.A. [Ready. 
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Horace— ODES. BOOKS L—IV. EditedbyT.E.PA<JB,M.A., 

late Fellow of St. John's College, Cambridge ; Assistant-Master 

at die Charterhouse. Each is, 6^. [Ready, 

Livy. — BOOK I. Edited by H. M. Stephenson, M.A., Head 

Master of St. Peter's School, York. [Ready. 

THE HANNIBALIAN WAR. Being part of the XXI. and 

XXII. BOOKS OF LIVY, adapted for the use of beginners, 

by G. C. Macaulay, M.A., Assistant-Master at Rugby ; formerly 

Fellow of Trinity College, Cambridge. [Ready. 

THE SIEGE OF SYRACUSE. Adapted for the Use of Beginners. 

With Notes, Vocabulary, and Exerases, by George Richards, 

M.A., and A. S. Walpolk, M.A. [In the press. 

Ovid.— SELECTIONS. Edited by E. S. Shuckburgh, M.A., 

late Fellow uid Assistant-Tutor of Emmanuel College, Cambridge. 

[Ready, 
Phsedrus.— ELECT FABLES. Adapted for the Use of Be- 
ginners. With Notes, Exercises, and Vocabularies, by A. S. 
Walpolk, M.A. [Ready, 

Thucydidcs.— THE RISE OF THE ATHENIAN EMPIRE. 
BOOK L CC. LXXXIX. — CXVII. and CXXVIIL — 
CXXXVIIL Edited with Notes, Vocabulary and Exercises, by 
F. H. COLSON, M.A., Senior Classical Master at Bradford 
Grammar School ; Fellow of St. John's College, Cambridge. 

[Ready 
Virgil.— iENEID. BOOK I. Edited by A. S. Walpole, M.a! 

[Ready, 
iENEID. BOOK V. Edited by Rev. A. Calvert, M.A., late 
Fellow of St. John's College, Cambridge. [Ready, 

SELECTIONS. Edited by E. S. Shuckburgh, M.A. 

[Ready, 

Xenophon.— ANABASIS. BOOK L Edited by A. S. 

Walpole, MA. [Ready, 

The following more advanced Books, with Introductions 
and Notes, but no Vocabulary, are either ready, or in 
preparation : — 
Aeschylus.— PROMETEHUS VINCTUS. Edited by Rev. H 

M. Stephenson. [In preparation 

Cicero.— SELECT letters. Edited by Rev. G. E. Jeans] 

M.A., Fellow of Hertford College, Oxford, and Assistant-Master 

at Haileybnry CoUege. [Ratdy. 

Euripides.— HECUBA. Edited by Rev. John Bond, M.A. 

and A. S. Walpole, M.A. IReady, 



Digitized by VjOOQIC 



6 MACMILLAN*S EDUCATIONAL CATALOGUE. 

Herodotus.— SELECTIONS FROM BOOKS VIL AND VHL 
THE EXPEDITION OF XERXES. Edited by A. H. Cooke, 
M.A., Fellow ODd Lecturer of King's College, Cambridge. 

Horace. — selections from the satires and 

EPISTLES. Edited by Rev. W. J. V. Baker, M. A., FeUow of 
St. John's Collie, Cambridge ; Assistant-Master in Marlborough 
College. [Ready. 

SELECT EPODES AND ARS POETICA. Edited by H. A. 
Dalton, M. a, , formerly Senior Student of Christchordi ; A<^sistant- 
Master in Winchester College. [Ripody, 

Livy.— THE LAST TWO KINGS OF MACEDON. SCENES 
FROM THE LAST DECADE OF LIVY. Selected and Edited 
by F. H. Rawlins, M.A., Fellow of King's College, Cambridge; 
and Assistant-Master at Eton College. [In preparation. 

Plato.— EUTHYPHRO AND MENEXENUS. Edited by C. E. 
Graves, M.A., Classical Lecturer and late Fellow of St. John's 
College, Cambridge. {Ready, 

Terence.— SCENES from the ANDRIA. Edited by F. W. 
Cornish, M.A., Assistant- Master at Eton College. [Ready, 

The Greek Elegiac Poets.— from callinus to 

CALLIMACHUS. Selected and Edited by Rev. Herbert 
Kynaston, D.D,, Principal of Cheltenham College, and formerly 
Fellow of St. John's College, Cambridge. [Ready^ 

Thucydides.— BOOK IV. Chs. l— xli. the capture 

OF SPHACTERIA. Edited by C. E. Graves, M. A. [Ready, 

Virgil. — GEORGICS. BOOK II. Edited by Rev. J. H. Skrine, 
M.A., late Fellow of Merton College, Oxfoid ; Assistant-Master 
at Uppingham. [Ready, 

♦#• Other Volumes to follow, 

CLASSICAL SERIES 
FOR COLLEGES AND SCHOOLS. 

Fcap. 8vo. 
Being select portions of Greek and Latin authors, edited 
with Introductions and Notes, for the use of Middle and 
Upper forms of Schools, or of candidates for PubUc 
Examinations at the Universities and elsewhere. 
^SChines. — in CTESIPHONTEM. Edited by RcT. T. 
*^WATKIN, M. A., late FcUow of St. John's College, Cambridge. 

\In tkepress^ 
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^SChylua, — PERSiC. Edited by A. O. Prickard, M.A., 
Fellow and Tutor of New College, Oxford. With Map. 3J. 6</. 

Catullus,— SELECT POEMS. Edited by F. P. Simpson, B.A., 
late Scholar of Balliol College, Oxford. New and Revisetl 
Edition. 5x. The Text of this Edition is carefully adapted to 
School use. 

Cicero.— THE CATILINE ORATIONS. From the German 
of Karl Halm. Edited, with Additions, by A. S. Wilkins, 
M.A., Professor of Latin at the Owens College, Manchester. 
New Edition, y, 6d, 

PRO LEGE MANILIA. Edited after Halm by Professor A. S. 
Wilkins, M.A. 31. 6cL 

THE SBCONB PHILIPPIC ORATION. From the German 
of Karl Halm. Edited, with Corrections and Addition?, 
by John E. B. Mayor, Professor of Latin in the University of 
Cambridge, and Fellow of St. John's College. New Edition, 
revised. 5J. 

PRO ROSCIO AMERINO. Edited, after Halm, by E. H. Don 
KIN, M.A., late Scholar of Lincoln College, Oxford ; Assistant- 
Master at Sherborne School. 4^. dg^. 

PRO P. SESTIO. Edited by Rev. H. A. IIoldkn, M.A., LL.D., 
kite Fellow of Trinity College, Cambridge; and late Classical 
Examiner to the University of London. $s. 

Demosthenes.— DE corona, Edited by B. Drake, M.A,, 

late Fellow of King's College, Cambridge. New aid revised 
Edition. 41. 6d, 

AD VERSUS LEPTINEM. Edited by Rev. J. R. Kino, M.A., 
Fellow aa4 Tutor of Oriel College, Oxford. 4r. 6d. 

THE FIRST PHILIPPIC. Edited, after C. Rehdantz, by Rev. 
T. GwATKiN, M.A., late Fellow of St. John's College, Cambridge. 

Euripides. — BACCHAE. Edited by E. S. Shuckburgh, M.A. 
late Fellow of Emmanuel College, Cambridge. [In preparation 

HIPPOLYTUS. Edited by J. P. Mahaffy, M.A., FeUow and 
Professor of Ancient History in Trinity College, Dublin, and J. B. 
Bury, Scholar of Trinity College, Dublin. 3^. 6</. 
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Euripides.— MEDEA. Edited by A. W. Verrall, M.A., 
Fellow and Lecturer of Trinity College, Cambridge, js, 6d, 
IPHIGENIA IN TAURIS. Edited by E. B. England, M.A., 
Lecturer at the Owens College, Manchester. 4J. 6d. 

Herodotus.— BOOKS v. and VL Edited by Rev. A. H. 
Cooke, M. A., Fellow of King's College, Cambridge. 

[In preparation, 

BOOKS VII. AND VIII. THE INVASION OF GREECE BY 

XERXES. Edited by Thomas Case, M.A., formerly Fellow 

of Brasenose College, Oxford. [In preparation. 

Homer.— ILIAD. BOOKS I., IX., XL, XVL— XXIV. THE 
STORY OF ACHILLES. Edited by the late J. H. Pratt, 
M.A., and Walter Leaf, M.A., Fellows of Trinity College, 
Cambridge. 6x. 

ODYSSEY. BOOK IX. Edited by Prof John E. B. Mayor. 
2s, 6d, 

ODYSSEY. BOOKS XXL— XXIV. THE TRIUMPH OF 
ODYSSEUS. Edited by S. G. Hamilton, B.A., Fellow of 
Hertford College, Oxford. 3J. 6d, 

Horace.— THE odes. Edited by T. E. Page, M.A., formerly 
Fellow of St. John's College, Cambridge ; Assistant-Master at 
Charterhouse 6j. (BOOKS I., IL, III., and IV. separately, 
2s. each.) 

THE SATIRES. Edited by Arthur Palmer, M.A., Fellow of 
Trinity College, Dublin ; Professor of Latin in the University of 
Dublin. 6s, 

THE EPISTLES and ARS POETICA. Edited by Professor 
A. S. WiLKiNS, M.A. [In the press. 

Juvenal, thirteen satires. Edited, for the Use of 
Schools, by E. G. Hardy, M.A., Head-Master of Grantham 
Grammar School ; late Fellow of Jesus College, Oxford. 5^. 
The Text of this Edition is carefully adapted to School use. 
SELECT SATIRES. Edited by Professor John E. B. Mayor. 
X. AND XL zs, ed, XII.— XVI. 4f. 6d, 

Livy. — BOOKS II. AND HI. Edited by Rev. H. M. STEPHENSON, 
M. A., Head-Master of St. Peter's School, York. $s, 

BOOKS XXI. AND XXII. Edited hv the Rev. W. W. Capks, 
M. A., Reader in Ancient History at Oxford. With Maps. 5/. 

BOOKS XXIII AND XXIV. Edited by G. C. Macaulay, M.A., 
Assistant-Master at Rugby. [In preparation. 
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Lucretius, books L— hi. Edited by T. H. Warburton 
Lee, M.A., late Scholar of Corpus Christ! Cfollege, Oxford, and 
Assistant-Master at Rossall. 4J. 6d. 

Lysias. — select orations. Edited by E. S. Shuckburgh. 
M. A., Assistant-Master at Eton College. 6s, 

Martial. — SELECT epigrams. Edited by Rev. H. M. 
Stephenson, M.A. 6s, 

Ovid.— FASTI. Edited by G. H. Hallam, M.A., FeUow of St. 

John's College, Cambridge, and Assistant-Master at Harrow. 

With Maps. 5^. 
HEROIDUM EPISTULiE XIIL Edited by E. S. Shuckburgh, 

M.A. 4s. 6d. 
METAMORPHOSES. BOOKS XIIL and XIV. Edited by 

C. Simmons, M.A. [In the press, 

Plato. — MENO. Edited by E. S. Thompson, M.A., Fellow of 
Christ's College, Cambridge. [In preparaHan, 

APOLOGY AND CRITO. Edited by F. J. H. Jenkinson, 
M.A., Fellow of Trinity College, Cambridge. [In preparation, 

THE REPUBLIC. BOOKS I.— V. Edited by T. H. Warren, 
M.A., Fellow of Magdalen College, Oxford. [In the press, 

PlautUS.— MILES GLORIOSUS. Edited by R. Y. Tyrrell, 
M.A., Fellow and Professor of Greek in Trinity College, Dublin. 

Pliny.— LETTERS. BOOK III. Edited by Professor John E. B. 
Mayor. With Life of Pliny by G. H. Rendall, M.A. 5/. 

Plutarch.— LIFE of THEMISTOKLES. Edited by Rcr. 
H. A. HoLDEN, M.A., LL.D. 5^. 

Polybius.— HISTORY OF THE ACH/EAN LEAGUE. "BSng 
Parts of Books II., III., and IV. Edited by W. W. Capes, 
M. A. [In preparation. 

Propertius. — SELECT poems. Edited by Professor J. P. 
PosTGATE, M.A., Fellow of Trinity College, Cambridge. Sr. 

Sallust. — CATILINA AND JUGURTHA. Edited by C. Meri- 
VALE, D.D., Dean of Ely. New Edition, carefully revised and 
enlarged, \s, 6d, Or separately, 2s, 6d, each. 
BELLUM CATULINAE. Edited by A. M. Cook, M.A., Assist- 
ant Master at St. PauFs School. 4J. 6rf. 
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Sophocles. — ANTIGONE. EcUted by Rev. John Bond, M. A., 
and A. S. Walpole, M.A. \In preparation. 

Tacitus. — AGRICOLA and GERMANIA. Edited by A. J. 
Church, M.A.j and W. J. Brodribb, M.A., Translators of 
Tacitus. New Edition, 3^. 6^. Or separately, 2j. each. 

THE ANNALS. BOOK VL By the same Editors. 2j. 6</. 

THE HISTORY. BOOKS I. and IL Edited by A. D. Godley, 
M.A. \In preparation, 

THE ANNALS. BOOKS L and IL Edited by J. S. Reid, 
M.A. \In preparation, 

Terence. — HAUTON TIMORUMENOS. Edited by E. S. 
Shuckburgh, M.A. 3^. With TranslatioBj 4^. 6<^. 

PHORMIO. Edited by Rev, John Bond, M.A., and A. S. 
Walpole, B.A. 4J. 6df. 

Thucydides. BOOK IV. Edited by C. %. Graves, M.A., 

Classical Lecturer, and late Fellow of St. John's College, 

Cambridge. 5** 

BOOKS I. IL HI. and V, By the same Editor. To be published 

• se parately . [/« preparation. 

BOOKS VL AND VII. THE SICILIAN EXPEDITION. Edited 

by the Rev. Percival Frost, M.A., late Fellow of St. John's 

College, Cambridge. New Edition, revised and enlarged, with 

Map. 5x. 

Virgil.— iENEID. BOOKS IL and HI. THE NARRATIVE 
OF iENEAS. Edited by E. W. Howsoj^, M- A., Fellow ©C King'fe 
College, Cambridge, and Assisi ant-Master »t Harrow, y, 

Xenophon.— HELLENIC A, books L and IL Edited by 

H. Hailstone, B.A., late Scholar of Peteibouse, Cambridge. 

With Map. 4^. 6rf. 
CYROPiEDIA. BOOKS VII. and VIII. Edited hy ALFRED 

Goodwin, M.A.^ Professor of Greek in University College, 

London. 5'^* 
MEMORABILIA SOCRATIS. Edited by A. R. Clueb, B.A 

BalUol College, Oxford. 6j. 
THE ANABASIS. BOOKS L— IV. Edited by Professors W. W. 

Goodwin and J. W. White. Adapted to Goodwin's Greek 

Grammar. With a Map. 5^. 
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Xenophon.— HIERO. Edited by Rev. H. A. Holden, M.A., 
LL.D. 3J. 6rf. 

OECONOMICUS. By the same Editor. With Introduction, 
Explanatory Notes, Critical Appendix, and Lexicon. 6s. 
%* Other Volumes wiU follow » 



CLASSICAL LIBRARY. 

(i) Texts, Edited with Introductions and Notes, 
for the use of Advanced Students. (2) Commentaries 
and Translations. 

^SChyluS.— THE EUMENIDES. The Greek Text, with 
Introduction, English Notes, and Verse Translation. By Bernard 
Drake, M.A., late Fellow of King's College, Cambridge. 
8vo. 5j. 

AGAMEMNON, CHOEPHORCE, AND EUMENIDES. Edited, 
with Introduction and Notes, by A. O. Prickard, M.A., Fellow 
and Tutor of New College, Oxford. 8vo. \In preparation, 

AGAMEMNO. Emendavit David S. Marqoliouth, ColL Nov. 
Oxon. Soc. Demy 8vo. 2J. 6d, 

Antoninus, Marcus Aurelius. — BOOK IV. OF THE 

MEDITATIONS. The Text Revised, with Translation and 
Notes, by Hastings Crosslky, M.A., Professor of Greek in 
Queen's College, Belfast. 8vo. 6j. 

Aristotle.— THE metaphysics, book I. Translated by 
a Cambridge Graduate. 8vo. 51. \Book IL in jpreparation, 

THE POLITICS. Edited, after Susemihl, by R. D. Hicks, 
M.A., Fellow of Trinity College, Cambridge. 8vo. [In the press, 

THE POLITICS. Translated by Rev. J. E. C. Welldon, M.A., 
Fellow of King's College, Cambridge, and Master of Dulwich 
Colleg^e. Crown 8vo. icj. 6d. 

THE RHETORIC. By the same Translator. [In the press. 

AN INTRODUCTION TO ARISTOTLE'S RHETORIC. 
With Analysis, Notes, and Appendices. By E. M. Cope, Fellow 
and Tutor of Trinity College, Cambridge. 8va 14^. 

THE SOPHISTICI ELENCHI. With Translation and Notes 
by E. PosTE, M.A., Fellow of Oriel College, Oxford. 8vo. 8j. 6d, 
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Aristophanes,— THE birds. Translated into English Verse, 
with Introduction, Notes, and Appendices, by B. H. Kbnnsdy, 
D.D., Regius Professor of Greek in the University of Cambridge. 
Crown 8vo. 6s, Help Notes to the same, for the use of 
Students, is, 6d, 

Attic Orators — from antiphon to ISAEOS. By 

R. C. Jebb, M.A., LL.D., Professor of Greek in the University 
of Glasgow. 2 vols. 8vo. 25J. 

SELECTIONS FROM ANTIPHON, ANDOKIDES, LYSIAS, 
ISOKRATES, AND ISiEOS. Edited, with Notes, by Pro- 
fessor Jebb. Being a companion volume to the preceding work. 
8vo. I2X. 6d, 

BabriuS. Edited, with Introductory Dissertations, Critical Notes, 

• Commentary and Lexicon. By Rev. W. GuNTON Ruthsrfo&d, 

M.A., LL.D., Head-Mafiter of Westminster School. 8yo. 12/. 6d, 

Cicero.— THE ACADEMICA. The Text revised and explained 
by J. S. Reid, M.L., Fellow of Caius College, Cambridge. 
New Edition. With Translation. 8vo. \In the press. 

THE ACADEMICS. Translated by J. S. Reid, M.L. 8vo. 5*. W. 

SELECT LETTERS. After the Edition of Albert Watson, 
M.A. Translated by G. E. Jeans, M.A., Fellow of Hertford 
College, Oxford, and Assistant-Master at Haileybory. 8to. 
lOr. 6d, 

(See also Classical Series,^ 

Euripides. — MEDEA. Edited, with Introduction and Notes, by 
A. W. Verrall, M.A., Fellow and Lecturer of Trinity College, 
Cambridge. 8vo. 7^. 6d. 

INTRODUCTION TO THE STUDY OF EURIPIDES. By 
Professor J. P. Mahaffy. Fcap. 8vo. ix. 6</. {Classical IVriters 
Series.) 

(See also Classical Series.) 

Herodotus.— BOOKS I.— IIL the ancient EMPIRES 
OF THE EAST. Edited, with Notes, Introductions, and Ap- 
pendices, by A. H. Sayce, Deputy-Professor of Comparatiye 
Philology, Oxford; Honorary LL.D., Dublin. Demy 8vo. i&s. 

BOOKS IV.— IX. Edited by Reginald W. Macan, M.A., 
Lecturer in Ancient History at Brasenose College, Oxford. 8to. 

[In preparation. 
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Homer. — THE ILIAD. Edited, with Introduction and Notes, 
by Walter Leaf, M. A., Fellow of Trinity College, Cambridge, 
and the late J. H. Pratt, M. A. 8vo. [In preparation' 

THE ILIAD. Translated into English Prose. By Andrew 
Lang, M.A., Walter Leaf, M.A., and Ernest Myers, M.A. 
Crown 8vo. 12s, 6d, 

THE ODYSSEY. Done into English by S. H. Butcher, M.A., 
Professor of Greek in the University of Edinburgh, and Andrew 
Lang, M.A., late Fellow of Merton College, Oxford. Fourth 
Edition, revised and corrected. Crown 8vo. los, 6d. 

INTRODUCTION TO THE STUDY OF HOMER. By the 
Right Hon. W. E. Gladstone, M.P. i8mo. is, {Literature 
Primers.) 

HOMERIC DICTIONARY. For Use in Schools and Colleges. 
Translated from the German of Dr. G. Autenrieth, with Addi- 
tions and Corrections, by R. P. Keep, Ph. D. With numerous 
Illustrations. Crown 8vo. ds, (See also Classical Series.) 

Horace.— THE works of Horace rendered into 

ENGLISH PROSE. With Introductions, Running Analysis, 
Notes, &c. By J. Lonsdale, M.A., and S. Lee, M.A. (Globe 
Edition,) ^s, 6d. 

STUDIES, LITERARY AND HISTORICAL, IN THE ODES 
OF HORACE. By A. W. Verrall. Fellow of Trinity College, 
Cambridge. Demy 8vo. 8f. 6d, 

(See also Classical Series, ) 
Juvenal.— THIRTEEN SATIRES OF JUVENAL. With a 
Commentary. By John E. B. Mayor, M.A., Professor of Latin 
in the University of Cambridge. Second Edition, enlarged. 
Crown 8vo. Vol. I. 7j. 6d, VoL IL lor. 6d. 

THIRTEEN SATIRES. Translated mto English after the Text 
of J. E. B. Mayor by Herbert Strong, M.A., Professor of 
Latin, and Alexander Leeper, M.A., Warden of Trinity 
College, in the University of Melbourne. Crown 8vo. 3^. 6d, 
(See also Classical Seriei^ 
Livy. BOOKS XXL— XXV. Translated by Alfred John 
Church, M.A., of Lincoln Colle<^e, Oxford, Professor of Latin, 
University College, London, and William Jackson Brodrjbb, 
M.A., late Fellow of St. John's College, Cambridge. Cr. 8vo. 

INTRODUCTION TO THE STUDY OF LIVY. By Rev. 
W. W. Capes, Reader in Ancient History at Oxford. Fcap. 8va 
U. 6^. {Classical Writers Series.) 

(See also Classical Series,) 
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MartiaL— BOOKS I. and II. OF THE EPIGRAMS. Edit^ 
with Introdttctioa an4 Notes» by ProfiBssor J. £• B. Mayor, M. A. 
8vo. \lHth€ press, 

(See also Classical Series.) 

Pausanias.— DESCRIPTION of Greece. Translated by 
J. G. Frazer, M.A., Fellow of Trinity Collie, Cambridge. 

[In preparation, 
Phrynichua— THE NEW PHRYNICHUS ; being a Revised 
Text of the EU:loga of the Grammarian Phrynichus. With Intro- 
duction and Commentary by Rev. W. Gunion Ruthxrford, 
M.A., LL.D., Head Master of Westminster School. 8vo. i%s, 
Pindar.— THE extant odes of PINDAR. Translated 
into English, with an Introduction and short Notes, by Ernest 
Myers, M. A., late Fellow of Wadham College, Oxford. Second 
Edition. Crown 8vo. 5x. 
Plato. — PHiEDO. Edited, with Introduction, Notes, and Appen- 
dices, by R. D. Archer-Hind, M.A., FeUow of Trinity College. 
Cambridge. 8vo. 8j. 6d, 
PHILEBUS. Edited, with Introduction and Notes, by Henry 
Jackson, M.A., Fellow of Trinity Collie, Cambridge. 8vo. 

[In preparation, 

THE REPUBLIC— Edited, with Introduction and Notes, by H. C. 

Gooduart, M.A., Fellow of Trinity College, Cambridge. 8vo 

[In preparation, 
THE REPUBLIC OF PLATO. Translated into English, with 
an Analysis and Notes, by J. Ll. Daties, M.A., and D. J. 
Vaughan, M.A. i8mo. 4J. 6</. 
EUTHYPHRO, APOLOGY, CRITO, AND PILEDO. Trans- 
lated by F. J. Church. Crown 8vo. 4;. 6d. 
(See also Classical Series,) 

PlautUS.— THE MOSTELL ARIA OF PLAUTUS. With Notes, 
Prol^omena, and Excursus. By William Ramsay, M.A., 
formerly Professor of Humaniity in the University of Glasgow. 
Edited by Professor George C Ramsay, M.A., 01 the University 
of Glasgow. 8vo. 14J. 

(See also Classical Series,) 

Sallust. — CATILINE AND JUGURTHA. Translated, with 
Introductory Essays, by A. W. Pollard, B.A. Crown 8vo. 6j. 
(See also Classical Series,) 

Studia Scenica. — Poh I., Section I. Introductoxy Study on 
the Text of the Greek Dramas. The Text of SOPHOCLES' 
TRACHINIAE, 1-300. By David S. MARtaauouTH, Fellow 
of New College, Oxford. D«my 8vo. 2s, 6d. 
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Tacitus.— THE ANNALS. Edited, with IntroducAions und 

Notes, by G. O. Holbrooke, M. A., Professor of Latin in Trinity 

College, Hartford, U.S.A. With Maps. 8vo. i6s, 
THE ANNALS. Translated by A. J. Church, M.A., Professor 

of Latin in the University of London, and W. J. Brodribb, M.A. 

With Notes and Maps. New Edition. Crown 8vo. p, 6d, 
THE HISTORY. Edited, with Introduction and Notes, by 

Rev. Walter Short, M.A., and Rev. W. A. Spooner, M.A. 

Fdlows of New College, Oxford. 8vo. {In preparation, 

THE HISTORY. Translated by A. J. Church^ M.A., Professor 

of Latin in the University of London, and W. J. Brodribb, M.A. 

With Notes and a Map. New Edition. Crown Svo. 6s. 
THE AGRICOLA AND GERMANY, WITH THE DIALOGUE 

ON ORATORY. Translated by A. J. Church, M.A., and 

W. J. Brodribb, M.A. With Notes and Maps. New and 

Revised Edition. Crown Svo. 4J. 6d. 
INTRODUCTION TO THE STUDY OF TACITUS. B 

A. J. Church, M.A. and W. J. Brodribb, M.A, Fcap. Svo 

iSmo. I J. 6d, {Classical Writers Seties.) 

Theocritus, Bion, and Moschus. Rendered into Eng- 
lish Prose with Introductory Essay by Andrew Lang, M.A. 
Crown Svo. 6s, 

Virgil. — THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Notes, Introductions, Running Analysis, 
and an Index, by James Lonsdale, M.A., and SAmuel Lee, 
M.A. New Edition. Globe 8vo. 3J. 6d, 
THE iENEID. Translated by J. W. Mackail, M.A., Fellow of 
Balliol College, Oxford. Crown Svo. [/« the press. 



GRAMMAR. COMPOSITION, & PHILOLOGY. 

Belcher.— SHORT EXERClfffiS IN LATIN PROSE COM- 
POSITION AND EXAMINATION PAPERS IN LATIN 
GRAMMAR, to which is prefixed a Chapter on Analyais of 
Sentences. By the Rev. H. Belcher, M.A., Assistant-Master in 
King's College School, London. New Editien. i&mo. u. 6d. 
KEY TO THE ABOVE (for Teachers only), zs. 6d, 
SHORT EXERCISES IN LATIN PROSE COMPOSITION 
Part IL, On the Syntax of Sentences, with an Appendi)?, inclttd- 
ing EXERCISES IN LATIN IDIOMS, &c. iSmo. ^s. 
KEY TO THE ABOVE (for Teachers only). 3*. 
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Blackie.— GREEK AND ENGLISH DIALOGUES FOR USE 
IN SCHOOLS AND COLLEGES. By John Stuart Blackik, 
Emeritus Professor of Greek in the University of Edinburgh. 
New Edition. Fcap. 8vo. 2s, 6d, 

Bryans.— LATIN PROSE EXERCISES BASED UPON 
CAESAR'S GALLIC WAR. With a Classification of Csesar's 
Chief Phrases and Grammatical Notes in Caesar's Usages. By 
Clement Bryans, M.A., Assistant-Master in Dulwich College, 
late Scholar in King's College, Cambridge, and Bell University 
Scholar. Extra fcap. 8vo. 2s, 6d, 

GREEK PROSE EXERCISES based upon Thucydides. By the 
same Author. Extra fcap. Svo. [In preparation, 

Colson.— A FIRST GREEK READER. By F. H. Colson, 
M.A., Fellow of St. John's College, Cambridge, and Senior 
Classical Master at Bradford Grammar School. Globe Svo. 

\In preparation, 

Eicke,— FIRST LESSONS IN LATIN. By K. M. Eicke, B.A., 
Assistant-Master in Oundle School. Globe Svo. 7s. 

Ellis.— PRACTICAL HINTS ON THE QUANTITATIVE 
PRONUNCIATION OF LATIN, for the use of Classical 
Teachers and Linguists. By A. J. Ellis, B.A., F.R.S. Extra 
{cap. Svo. 4J. td. 

England.— EXERCISES ON latin syntax and IDIOM, 
ARRANGED WITH REFERENCE TO ROBV'S SCHOOL 
LATIN GRAMMAR. By E. B. England, M.A., Assistant 
Lecturer at the Owens College, Manchester. Crown Svo. 2s, 6d, 
Key for Teachers only, 2j. dJ. 

Goodwin. — Works by W. W. Goodwin, LL.D., Professor ol 

Greek in Harvard University, U.S.A. 
SYNTAX OF THE MOODS AND TENSES OF THE GREEK 

VERB. New Edition, revised. Crown Svo. 6s, 6d, 
A GREEK GRAMMAR. New Edition, revised. Crown Svo. 6s. 
**It is the best Gx«ck Grammar of its sixe in the English language."— 

A GREEK GRAMMAR FOR SCHOOLS. Crown Svo. 51. 6d. 

Greenwood.— THE ELEMENTS OF GREEK GRAMMAR, 
indttding Accidence, Irr^ular Verbs^ and Principles of Deriva- 
tion and Composition ; adapted to the System of Crude Forms. 
By J. G. Greenwood, Principal of Owens College, Manchester. 
New Edition. Crown Svo. 5^. 6d, 
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Hadley and Allen.— a greek grammar for 

SCHOOLS AND COLLEGES. By James Hadley, late 
Professor in Yale College. Revised and in part Rewritten by 
Frederic de Forest Allen, Professor in Harvard College. 
Crown 8vo. 6s. 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION. 
A brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Hodgson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo. y, 

Jackson. — first steps to greek prose composi- 
tion. By Blomfield Jackson, M.A., Assistant-Master in 
King's College School, iLondon. New Edition, revised and . 
enlarged. i8mo. is, 6d. 

KEY TO FIRST STEPS (for Teachers only). i8mo. 3^. 6d. 
SECOND STEPS TO GREEK PROSE COMPOSITION, with 

Miscellaneous Idioms, Aids to Accentuation, and Examination 

Papers in Greek Scholarship. i8mo. 2s. 6d. 
KEY TO SECOND STEPS (for Teachers only). i8mo. 3J. 6d, 

Kynaston.— EXERCISES in the composition of 

GREEK IAMBIC VERSE by Translations from English Dra- 
matists. By Rev. H. Kynaston, D.D., Principal of Cheltenham 
College. With Introduction, Vocabulary, &c. Extra fcap. 8vo. 
4r. 6d, 

KEY TO THE SAME (for Teachers only). Extra fcap. 8vo. 
4^. 6d, 

Lupton.— ELEMENTARY EXERCISES IN LATIN VERSE 
COMPOSITION. By Rev. J. H. Lupton, M.A., Sur-Master 
in St. Paul's School. Globe 8vo. [In preparation, 

Macmillan.— FIRST LATIN grammar. By M. C. Mac- 
MILLAN, M.A., late Scholar of Christ's College, Cambridge; 
sometime Assistant- Master in St. Paul's School. New Edition, 
enlarged. i8mo. is. 6d. A Short Syntax is in preparation 
to follow the Accidence. 

Macmillan's Progressive Latin Course. By A. M. 

Cook, M. A., Assist. Master at St. Paul's School. [In preparation. 

Marshall.— A table of irregular greek verbs, 

classified according to the arrangement of Curtius's Greek Grammar. 
By J. M. Marshall, M.A., Head Master of the Cathedral 
School, Oarham. Svo, elbth. New Edition, i/. 

c 
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Mayor (John E. B.>— first GREEK reader. Edited 
after Karl Halm, with Corrections and large Additions by Pro- 
fessor J[ohn E. B. Mayor, M.A., Fellow of St. John's CoU^fe^ 
Cambridge. New Edition, revised. Fcap. 8vo. 41. 6d, 

Mayor (Joseph B.) — greek for beginners. By the 

Rev. J. B. Mayor, M.A., Professor of Classical Literature in 
King's College, London. Part I., with Vocabulary, is. 6d, 
Parts II. and III., with Vocabulary and Index, jj. 6d, Complete 
^ in one Vol. fcap. 8vo. 41. 6d, 
Nixon. — PARALLEL EXTRACTS arranged for translation into 
English and Latin, with Notes on Idioms. By J. E. Nixon, 
M.A., Fellow and Classical Lectmrer, King's College, Cambridge. 
Part I. — Historical and Epistolary. New Edition, revised and 
enlarged. Crown 8vo. 31. 6d. 

Peile A PRIMER OF PHILOLOGY. By J. Peilk, M.A., 

Fellow and Tutor of Christ's College, Cambridge. i8mo. is. 

Postgate and Vince. — a dictionary of latin 

etymology. By J. P. Postgate, M.A., and C. A. Vince, 

M. A. [In preparation. 

Potts (A. W.) — Works by Alexander W. Potts, M.A.. 

LL.D., late Fellow of St. John's College, Cambridge; Head 

Master of the Fettes College, Edinburgh. 
HINTS TOWARDS LATIN PROSE COMPOSITION. New 

Edition. Extra fcap. 8vo. 3^. 
PASSAGES FOR TRANSLATION INTO LATIN PROSE 

Edited with Notes and References to the above. New Edition. 

Extra fcap. 8vo. 2s. 6d. 
LATIN VERSIONS OF PASSAGES FOR TRANSLATION 

INTO LATIN PROSE (for Teachers only), 2s. 6d. 

Reid.— A GRAMMAR OF TACITUS. By J. S. Reid, M.L., 
Fellow of Caius College, Cambridge. [In preparation, 

A GRAMMAR OF VERGIL. By the same Author. 

[In preparation, 
*♦* Similar Grammars to other Classical Authors will probably follom. 

Roby.— A GRAMMAR OF THE LATIN LANGUAGE, from 

Plautus to Suetonius. By H. J. Roby, M.A., late Fellow of St. 

John's College, Cambridge. In Two Parts. Third Edition. 

Part I. containing: — Book I. Sounds. Book II. Inflexions. 

Book III. Word-formation. Appendices. Crown 8vo. 8j. td. 

Part II. Syntax, Prepositions, &c. Crown 8vo. 10s, 6d. 
" NforlMd by tli* clear and pracdaed insight of a master in hit ait. A book that 
would 49 hQQour to any QoiMitry."--ATHBN.4nxM« 
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Roby {continued) — 

SCHOOL LATIN GRAMMAR* By tho same Author. Crown 
8vo. 5j. 

Rush.— SYNTHETIC LATIN DFXECTUS. A First Latii 
Construing Book arranged on the Principles of Grammatical 
Aralysis. With Notes and Vocabulary. By Ei Rush, B.A. 
With Preface by the Rev; W. F. MouLTON, M.A., D.D, New 
and Enlarged Edition. Extra fcap. 8vo, 2s, 6d, 

Rust— FIRST STEPS TO LATIN PROSE COMPOSITION, 
By the Rev. G. Rust, M.A., of Pembroke College, Oxford. 
Master of the Lower School, King's College, London. New 
Edition. i8mo, u. 6d, 

Rutherford. — Works by the Rev. W. Gunion Rutherford, 
M.A., LL.D., Head-Master of Westminster School. 

A FIRST GREEK GRAMMAR. New Edition, enlarged. Extra 
fcap. 8vo. IJ. 6d, 

THE NEW PHRYNICHUS ; being a Revised Text of th© 
Ecloga of the Grammarian Phrynichus. With Introduction and " 
Commentary. 8vo. 18^. 

Simpson.— LATIN PROSE AFTER THE BEST AUTHORS 

By F. P. Simpson, B.A., late Scholar of Balliol College, Oxford 

I. CiESAR. Extra fcap. 8vo. [In the press 

Thring. — Works by the Rev. E. Thring, M.A., Head-Master of 
Uppingham School. 
A LATIN GRADUAL. A First Latin Construing Book for 
Beginners. New Edition, enlarged, with Coloured Sentence 
Maps. Fcap. 8vo. 2J. 6d, 
A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 8vo. 
IS, ed. 

White.— FIRST LESSONS IN GREEK. Adapted to GOOD- 
WIN'S GREEK GRAMMAR, and designed as an introduction 
to the ANABASIS OF XENOPHON. By John Williams 
White, Ph.D., Assistant- Professor of Greek in Harvard Univer- 
sity. Crown 8vo. 4J. (>d, 

Wright. — Works by J. WRIGHT, M.A., late Head Master of 
Sutton Coldfield School. 
A HELP TO LATIN GRAMMAR ; or. The Form and Use 
of Words in Latin, with Progressive Exercises. Qrown f vp. 
41. 6^. 

c a 
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Wright {eontinued)— 
THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 

from the First Book of Livy by the omission of Difficult Passages ; 

being a First Latin Reading Book, with Grammatical Notes and 

Vocabulary. New and revised Edition. Fcap. 8vo. 3^. 6d, 
FIRST LATIN STEPS ; OR, AN INTRODUCTION BY A 

SERIES OF EXAMPLES TO THE STUDY OF THE 

LATIN LANGUAGE. Crown 8vo. 3x. 
ATTIC PRIMER. Arranged for the Use of Beginners. Extra 

fcap. 8vo. 2J. 6d, 
A COMPLETE LATIN COURSE, comprising Rules with 

Examples, Exercises, both Latin and English, on each Rule, and 

Vocabularies. Crown 8vo. 2s, 6d, 
Wright (H. C.)— EXERCISES ON THE LATIN SYNTAX- 

By H. C. Wright, B.A., Assistant-Master at Haileybury 

College. i8mo. [Inpn^atUm. 

ANTIQUITIES, ANCIENT HISTORY, AND 
PHILOSOPHY. 

Arnold. — Works by W. T. Arnold, B.A. 
A HANDBOOK OF LATIN EPIGRAPHY. [In preparoHon, 
THE ROMAN SYSTEM OF PROVINCIAL ADMINISTRA- 
TION TO THE ACCESSION OF CONSTANTINE THE 

GREAT. Crown 8vo. dr. 
Beesly.— STORIES from the history of ROME. 

By Mrs. Beesly. Fcap. 8vo. 2J. 6d. 
Classical Writers. — Edited by John Richard Green, M.A. 

LL.D. Fcap. 8vo. is, 6d, each. 
EURIPIDES. By Professor Mahaffy. 
MILTON. By the Rev. Stopford A. Brooke, M.A. 
LIVY. By the Rev. W. W. Capes, M.A. 
VIRGIL. By Professor Nettleship, M.A. 
SOPHOCLES. By Professor L. Campbell, M.A. 
DEMOSTHENES. By Professor S. H. Butcher, M.A. 
TACITUS. By Professor A. J. Church, M.A., and W. J. 

Brodribb, M.A. 
Freeman. — history of ROME. By Edward A. Free 

MAN, D.C.L., LL.D., Hon. Fellow of Trinitjr College, Oxford, 

Rtgius Professor of Modem History in the University of Oxford. 

(Historieal Course for Schools.) i8mo. [In preparation. 

A SCHOOL HISTORY OF ROME. By the same Author 

Crovm 8vo. [In preparation, 

HISTORICAL ESSAYS. Second Series. [Greek and Roman 

His't<Jry.] By the same Author. 8vo. lox. 6d. 
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Fyffe.— A SCHOOL HISTORY OF GREECE. By C. A 
Fypfk, M.A., late Fellow of Univer»ity College, Oxford. Crown 
8vo. [In preparciHon, 

Geddes. — the problem of the Homeric poems. 

By W. D. Geddes, Profetsor of Greek in the University of 
Aberdeen. 8vo. 14;. 

Gladstone. — WorRs by the Rt. Hon. W. E. Gladstone, M.P. 
the time and place of homer. Crown 8vo. 6j. (id. 
A PRIMER OF HOMER. i8mo. u, 

Jackson.— A manual of greek philosophy. By 

Henry Jackson, M.A., Fellow and Prgelector in Ancient 
Philosophy, Trinity College, Cambridge. \In preparation, 

Jebb. — Works by R. C. JEBB, M.A., Professor of Greek in the 

University of Glasgow. 

THE ATTIC ORATORS FROM ANTIPHON TO ISAEOS. 
2 vols. 8vo. 25J. 

SELECTIONS FROM THE ATTIC ORATORS, ANTIPHON, 
ANDOKIDES, LYSIAS, ISOKRATES, AND IS^OS. 
Edited, with Notes. Being a companion volume to the preceding 
work. 8vo. 12^. dd, 

A PRIMER OF GREEK LITERATURE. i8mo. \s. 

Kiepert.— MANUAL OF ancient geography, Tians- 
lated from the German of Dr. Heinrich Kiepert. Crown 
8vo. 5J. 

Mahaffy. — Worksby J. P. Mahaffy, M.A., Professor of Ancient 
History in Trinity College, Dublin, and Hon. Fellow of Queen's 
College, Oxford. 

SOCIAL LIFE IN GREECE; from Homef to Menander. 
Fourth Edition, revised and enlarged. Crown 8vo. gj. 

RAMBLES AND STUDIES IN GREECE. With Illustrations. 
Second Edition. With Map. Crown 8vo. \os, 6^. 

A PRIMER OF GREEK ANTIQUITIES. With Illustrations. 
i8mo. ij. 

EURIPIDES. i8mo. u. 6^. {Classical Writers Series.) 

Mayor (J. E. B.)— bibliographical clue to latin 

LITERATUPvE. Edited after HUbner, with large Additions 
by Professor John E. B. Mayor. Crown 8vo. lor. (id. 
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Newton.— ESSAYS IN ART AND ARCHiEOLOGY. By 
C» T. Newton, C.B., D.C.L., Professot of Archaeology in 
University College, London, and Keeper of Greek and Roman 
Antiquities at the British Museum. 8vo. I2s. 6d. 

Ramsay.— A SCHOOL history of ROME. By G. G- 

Ramsay, M.A., Professor of Humanity in the University o* 
. Glasgow. With Maps. Crown 8vo. [In Reparation. 

SaycC— THE ANCIENT EMPIRES OF THE EAST. By 
A. H. Sayce, Deputy-Professor of Comparative Philosophy, 
Oxford, Hon. LL.D. Dublin. Crown 8vo. dr. 

Schwegler — ^a text-book of greek philosophy. 

Translated from the Grerman by Henry Norman. 8vo. 

[In preparation, 
Wilkins.-^A PRIMER OF ROMAN ANTIQUITIES. By 
Professor Wilkins. Illustrated. i8mo. is. 



MATHEMATICS. 

(i) Arithmetic, (2) Algebra, (3) Euclid and Ele- 
mentary Geometry, (4) Mensuration, (5) Higher 
Mathematics. 

ARITHMETIC. 

Aldis.— THE GIANT ARITHMOS. A most Elementary Arith- 
metic for Children. By Mary Steadman Aldis. With 
Illustrations. Globe 8vo. 2j. 6d, 

Brook- Smith (J.).— ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St. John's 
College, Cambridge; Barrister-at-Law ; one of the Masters o 
Cheltenham College. New Edition, revised. Crown 8vo. 41. 6d. 

Candler. — help TO arithmetic. Designed for the use of 
Schools. By H. Candler, M.A., Mathematical Master of 
Uppingham School. Extra fcap. 8vo. 2s. 6d. 

Dalton — RULES and examples in arithmetic. By 

the Rev. T. Dalton, M.A., Assistant-Master of Eton College. 
New Edition. i8mo. 2s. 6ti. 

[Anstoers to the Examples are appended. 

Pedley.— exercises IN arithmetic fbt the Use of 
Schools. Containing more than 7,000 original Et&mples. By 
S. Pedlkt, late of Tatnworth Qrammar School Crown 8va 5^. 
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Stnith. — Works by the Rev. Barnard Smith, M.A., late Rector 
of Glaston, Rutland, and Fellow and Senior Bursar of S. Peter*t: 
College, Cambridge. 

ARITHMETIC AND ALGEBRA; in their Principles and Appli- 
cation; with numerous systematically arranged Examples taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for the B.A. Degree. New Edition, 
carefully Revised. Crown 8vo. lor. 6d. 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 8vo. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. New 

Edition. Crown 8vo. 8j. 6d, 
EXERCISES IN ARITHMETIC. Crown 8vo, limp cloth, 2s. 

"With Answers, 2j. 6d, 
Answers separately, 6d, 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo, doth. 31. 
Or sold separately, in Three Parts, u. each. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC 
Parts I., II., and III., 2s. 6d. each. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL 
AND ELEMENTARY SCHOOLS. i8mo, cloth. Or sepa- 
rately, Part I. 2d, ; Part II. 3^. ; Part III. 7^. Answers, 6d, 

THE SAME, with Answers complete. i8mo, cloth, u. 6d. 

KEY TO SHILLING BOOK OF ARITHMETIC. i8mo. 41. 6d. 

EXAMINATION PAPERS IN ARITHMETIC. i8mo. w. 6d. 
The same, with Answers, i8mo, 2j. Answers, 6d. 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
i8mo. 4s. 6d, 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRIN- 
CIPLES AND APPLICATIONS, with numerous Examples, 
written expressly for Standard V, in National Schools. New 
Edition. i8mo, doth, sewed. 3^. 

A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 in. 
. by 34 in. on Roller, mounted and varnished. New Edition. 

Price 3J. 6d, 
Also a Small Chart on a Card, price id, 

EASY LESSONS IN ARITHMETIC, combining Exerciser ifi 
Reading, Writing, Soelling, and Dictation. Part I. for Standard 
I. in National Sdioob. Crown 8vr. 9^ 
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Smith. — Works by the Rev. Barnard Smith, M. A. {continiud) — 
EXAMINATION CARDS IN ARITHMETIC. (Dedicated to 

Lord Sandon.) With Answers and Hints. 
Standards I. and II. in box, is. Standards III., IV., and V., in 
boxes, IS, each. Standard VI. in Two Parts, in boxes, is, each. 
A and B papers, of neai'ly the same difficulty, are given so as to 
prevent copying, and the colours of the A and B papers differ in each 
Standard, and from those of every other Standard, so that a master 
or mistress can see at a glance whether the children have the proper 
papers. 

ALGEBRA. 

Dalton.— RULES and examples in ALGEBRA. By the 
Rev. T. Dalton, M.A., Assistant-Master of Eton College. 
Part I. New Edition. i8mo. 2s, Part II. i8mo. zs, 6d. 

Jones and Cheyne. — algebraical exercises. Pro- 
gressively Arranged. By the Rev. C. A. Jones. M.A., and C. 
H. Cheyne, M.A., F.R.A.S., Mathematical Masters of West- 
minster School. New Edition. iSmo. 2s. 6d, 

Smith.— ARITHMETIC AND ALGEBRA, in their Prmciples 
and Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree. By 
the Rev. Barna&d Smith, M. A., late Rector of Glaston, Rutland, 
and Fellow and Senior Bursar of St. Peter's Collie, Cambridge. 
New Edition, carefully Revised. Crown 8vo. lar. 6d. 

Todhunter.— Works by L Todhunter, M.A., F.R.S., D.Sc., 
late of St. John's College, Cambridge. 
'* Mr. Todhunter is chiefly known to Students of Mathematics as the author of a 

series ot admirable mathematical text-books, which possess the rare qualities of being 

clear in style and absolutely free from mistakes, typographical or other." — Saturday 

Revibw. 

ALGEBRA FOR BEGINNERS. With numerous Example-. 

New Edition. i8mo. 2s. 6d. 
KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. 6*. 6d. 
ALGEBRA. For the Use of Colleges and Schools. New Edition. 

Crown 8vo. Js, 6d, 
KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 

SCHOOLS. Crown 8vo. lar. 6d. 

EUCLID & ELEMENTARY GEOMETRY, 

Constable.— GEOMETRICAL EXERCISES FOR BE- 
GINNERS. By Samuel Constable. Crown 8vo. 3?. &/. 

CuthbertSOn.— EUCLIDIAN geometry. By Francis 
CuTUBERTSON, M.A., LL.D., Head Mathematical Master of the 
City of Loudou School. Elxtra fcap. Svo. 41. 6/. 
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Dodgson.— EUCLID. BOOKS I. AND II. Edited by Charles 
L. Dodgson, M.A., Student and late Mathematical Lecturer of 
Christ Church, Oxford. Second Edition, with words substituted 
for tlie Algebraical Symbols used in the First Edition. Crown 
8vo. 2J. 

%* The text of this Edition has been ascertained, by counting ihe words, to be 
Uts than five-sevenths of that contained in the^ordinary editions. 

Kitchener.— A geometrical note-book, containing 
Easy Problems in Geometrical Drawing preparatoiy to the Study 
of Geometry. For the Use of Schools. By F. E. Kitchener^ 
M.A., Mathematical Master at Rugby. New Edition. 4to. 2s\ 

Mault— NATURAL GEOMETRY; an Introduction to the 
Logical Study of Mathematics. For Schools and Technical 
Classes. With Explanatory Models, based upon the Tachy- 
metrical works of Ed. Lagout. By A. Mault. iSmo. is. 
Models to Illustrate the above, in Box, 12s, 6d, 

Smith. — AN ELEMENTARY TREATISE ON SOLID 
GEOMETRY. By Charles Smith, M.A., Fellow and Tutor 
of Sidney Sussex College, Cambridge. Crown 8vo. 9J. 6d, 

Syllabus of Plane Geometry (corresponding to Euclid, 
Books I. — VI.). Prepared by the Association for the Improve- 
ment of Geometrical Teaching. New Edition. Crown 8vo. is. 

Todhunter.— THE elements OF EUCLID. For the Use 
of Colleges and Schools. By I. Todhunter, M. A., F.R.S., D.Sc, 
of St. John's College, Cambridge. New Edition. i8mo. 3J. 6d, 

KEY TO EXERCISES IN EUCLID. Crown 8vo. 6s. 6d, 

Wilson (J. M.).— ELEMENTARY GEOMETRY. BOOKS 
I. — V. Containing the Subjects of Euclid's first Six Books. Pol- 
lowing the Syllabus of the Geometrical Association. By the Rev. 
J. M. Wilson, M.A., Head Master of Clifton College. New 
Edition. Exti-a fcap. 8vo. 41. 6d. 



MENSURATION. 

Todhunter.— MENSURATION FOR BEGINNERS. By 1. 
Todhunter, M.A., F.R.S., D.Sc, late of St. John's College, 
Cambridge. With Examples. New Edition. i8mo. zs, 6d. 

%* A Key to this work is now in the ^ess. 
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HIGHER MATHEMATICS. 

Airy. — ^Works by Sir G. B. Airy, K,C.B., formerly Astronomer- 
Royal :— 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Second Edition. Crown 8vo. 5^. dd. 

ON THE ALGEBRAICAL AND NUMERICAL THEORY 
OF ERRORS OF OBSERVATIONS AND THE COMBI- 
NATION OF OBSERVATIONS. Second Edirion, revised. 
Crown 8vo. 6j. 6^?. 

Alexander (T.).— elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Elemen- 
tary Mathematics. By T. Alexander, C.E., Professor of Civil 
Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part I. \s, 6d, 

Alexander and Thomson. — elementary applied 
MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part II. Trans- 
verse Stress. Crown 8yo. ioj. 6d. 

Bayma — the elements of molecular mechanics. 

By Joseph Bayma, S.J., Professor of Philosophy, Stonyhurst 
College. Demy 8vo. lor. 6d, 

Beasley. — ^an elementary treatise on plane 

trigonometry. With Examples. By R. D. Beasley, 
M.A. Eighth Edition, revised and enlarged. Crown 8vo, 3^, 6/. 

Blackburn (Hugh).— ELEMENTS OF PLANE TRIGO- 
NOMETRY, for the use of the Junior Class in Mathematics in 
the University of Glasgow. By Hugh Blackburn, M.A., late 
Professor of Mathematics in the University of Glasgow. Globe 
8vo. ij. 6d, 

Boole. — ^Works by G. Boole, D.C.L., F.R.S., late Professor of 
Mathematics in the Queen's University, Ireland. 
A TREATISE ON DIFFERENTIAL EQUATIONS. Sup. 
plementary Volume. Edited by I. Todhunter. Crown Svo. 

THE CALCULUS OF FINITE DIFFERENCES. Third 
Edition, revised by J. F, MouLTON. Crown Svo. loj. 6d, 
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Cambridge Senate-House Problems and Riders, 

with Solutions: — 
187S—PROBLEMS AND RIDERS. By A. G. Greenhill, 

M.A. Crown 8vo. 8f. 6d, 
1878— SOLUTIONS OF SENATE-HOUSE PROBLEMS. By 

the Mathematical Modecators and Examiners. Edited by J. W. L. 

Glaisher, M.A., Fellow of Trinity College, Cambridge. 12s, 

Cheyne.— AN elementary treatise on the plan- 
etary THEORY. By C. H. H. Cheynb, M.A., F.R.A.S. 
With a Collection of Problems. Third Edition* Edited by Rev. 
A. Freeman, M.A., F.R.A.S. Crown 8vo. 7j. 6d, 

Christie.— A collection of elementary test- 
questions in pure and mixed mathematics ; 

with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Homer's Method. By jAMEd 
R. Christie, F.R.S., Royal Military Academy, Woolwich. 
Crown 8vo. 8x. 6d. 

ClausiuS.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., Ute 
Fellow of Trinity College, Cambridge. Crown 8vo. 10s, 6d, 

Clifford.— THE ELEMENTS OF DYNAMIC. An Introduction 
to the Study of Motion and Rest in Solid and Fluid Bodies. By W. 
K. Clifford, F.R.S., late Professor of Applied Mathematics and 
Mechanics at University College, London. Part I. — KINEMATIC. 
Crown 8vo. Js, 6d, 

Cotterill. — APPLIED MECHANICS : an Elementary; General 
Introduction to the Theory of Structures and Machines. By 
James H. Cotterill, F.R.S., Associate Member of the Council 
of the Institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
Ae Royal Naval College, Greenwich. Medium 8vo. i8j. 

Day (R. E.) —electric light arithmetic. By R. Er 

Day, M.A., Evening Lecturer In Expetimental Physics Ut Klng'.^ 
College, London. Pott 8vo. 2j. 

Drew.— geometrical TREATISE ON CONIC BECtlONS. 

By W. H. Drew, M.A., St. John's College, Cambridge. New 

Edition, enlaiged. Crown 8vo. $5, ^^^^^.J 

SOLUTIONS TO THE PROBLEMS IN DREW'S COHiO 

SECTIONS. Crown 8vo. 4s, 6d. 
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Dyer.— EXERCISES IN ANALYTICAL GEOMETRY. Com- 
piled and arranged by J. M. Dyer, M.A., Senior Mathematical 
Master in the Classical Department of Cheltenham College. With 
Illustrations. Crown 8vo. 4s, 6d, 

Eagles (T.H.).— A CONSTRUCTIVE-TREATISE ON PLANE 
CURVES. By T. H. Eagles, of the Royal Indian Engineering 
College, Cooper's Hill. With Illustrations. Crown 8vo. 

[In the press. 

Edgar (J. H.) and Pritchard (G. S.). — notebook on 

PRACTICAL SOLID OR DESCRIPTIVE GEOMETRY. 
Containing Problems with help for Solutions. By J. H. Edgar, 
M.A., Lecturer on Mechanical Drawing at the Royal School of 
Mines, and G. S. Pritchard. Fourth Edition, revised by 
Arthur Meeze. Globe 8vo. 4J. 6d, 

Ferrers. — Works by the Rev. N. M. Ferrers, M. A., Fellow and 
Mastei of Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TRILINEAR CO- 
ORDINATES, the Method of Reciprocal Polars, and the Theory 
of Projectors. New Edition, revised. Crown 8vo, 6s, 6d. 

AN ELEMENTARY TREATISE ON SPHERICAL HAR- 
MONICS, AND SUBJECTS CONNECTED WITH THEM. 
Crown 8vo. ^s. 6d, 

Forsyth,— A treatise on differential EQUA- 
TIONS. By A. R. Forsyth, M.A., Fellow of Trinity College, 
Cambridge, [In preparation. 

Frost — Works by Percival Frost, M.A., D.Sc, formerly Fellow 

of St. John's College, Cambridge ; Mathematical Lecturer at 

King's College. 
AN ELEMENTARY TREATISE ON CURVE TRACING. By 

Percival Frost, M.A, 8vo. i2j. 
SOLID GEOMETRY. A New Edition, revised and enlarged, o! 

the Treatise by F&ost and Wolstenholme. In 2 Vols. VoL I. 

8vo. i6s. 

Hemming.— AN elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. 9J. 

Ibbetson.— A treatise on elasticity. By W. T. 

IBBETSON, M.A. Crown 8vo. llnpre/unUioti, 
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Jcllet (John H.).— a treatise on the theory of 

FRICTION. By John H. Jellet, B.D., Provost of Trinity 
College, Dublin; President of the Royal Irish Academy. 8vo. 

Johnson.— INTEGRAL CALCULUS, an Elementary Treatise 
on the ; Founded on the Method of Rates or Fluxions. By 
William Woolsey Johnson, Professor of Mathematics at the 
United States Naval Academy, Annopolis, Maryland. Demy 
8vo. 8j. 

Kelland and Tait. — INTRODUCTION TO QUATER- 
NIONS, with numerous examples. By P. Kelland, M.A., 
F.R.S., and P. G. Tait, M.A., Professors in the Department of 
Mathematics in the University of Edinburgh. Second Edition. 
Crown 8vo. 7^. 6d, 

Kempe.— HOW to draw a straight LINE: a Lecture 
on Linkages. By A, B. Kempe. With Illustrations. Crown 8vo. 
IX. 6d, {Nature Series,) 

Knox— DIFFERENTIAL CALCULUS FOR BEGINNERS. 
By Alexander Knox. Fcap. 8vo. [/« the press. 

Lock.— ELEMENTARY TRIGONOMI.TRY. By Rev. J. B. 

Lock, M.A., Senior Fellow, Assistant Tutor and Lecturer in 

Mathematics, of Gonville and Caius College, Cambridge; late 

Assistant-Master at Eton. Globe 8vo, 41. 6d, 

higher TRIGONOMETRY. By the same Author. Globe 8vo. 

Both Parts complete in One Volume. Globe 8vo. ^s, 6d. 

Lupton.— ELEMENTARY CHEMICAL ARITHMETIC. With 
1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 
in Harrow School. Globe 8vo. $s, 

Macfarlane,— PHYSICAL arithmetic. By Alexander 
Macfarlane, D.Sc, Examiner in Mathematics in the University 
of Edinburgh. Crown 8vo. [In the press. 

Mcrriman.— ELEMENTS OF the method of least 

SQUARE. By Mansfield Merriman, Ph.D., Professw of 
Civil and Mechanical Ennneering, Lehigh University, Bethlehem, 
Penn. Crown 8vo. 7*. 'od. 
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Millar. — ^elements of descriptive geometry. % 

J.B. Millar, C.E., Assistant Lecturer in Engineering in Owens 
College, Manchester. Crown 8vo. dr. 

Milne.— WEEKLY problem PAPERS. By the Rev. John J. 
Milne, M.A., Second Master of Heversham Grammar School, 
Member of the London Mathematical Society, Member of the 
Association for the Improvement of Geometrical Teaching, late 
Scholar of St. John's College, Cambridge. Pott 8vo. 

[fn the press, 

Morgan.— A collection of problems and ex. 

AMPLES IN mathematics. With Answers. By H. A. 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown 8vo. ds, 6d, 

Muir.— A TREATISE ON THE THEORY OF DETERMl 
NANTS. With graduated sets of Examples. For use in 
Collies and Schools. By Thos. Muir, M.A., F.R.S.K, 
Mathematical Master in the High School of Glasgow. Crown 
8vo. *ls. td, 

Parkinson.— AN ELEMENTARY TREATISE ON ME- 
CHANICS. For the Use of the Junior Classes at the University 
and the Higher Classes in Schools. By S. Parkinson, D.D., 
F.R.S., Tutor and Prselector of St. John's College, Cambridge. 
With a Collection of Examples. Sixth Edition, revised. Crown 
8vo. 9J. 6</. 

Phear.— ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. New Edition. Crown 8vo. 

Pirie.— LESSONS ON RIGID DYNAMICS. By the Rev. G. 
PiRiE, M.A., late Fellow and Tutor of Queen's College, Cam* 
bridge ; Professor of Mathematics in the University of Aberdeen. 
Crown 8vo. dr. 

Puckle. — AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. Puckle, M.A. Fifth Edition, 
revised and enlarged. Crown 8vo. 7^. 6</. 

Rawlinson. — elementary statics. By the Rev. George 
Rawlinson, M. a. Edited by the Rev. Edward Sturgbs, M. A. 
Crown 8vo. 4j. 6</. 
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Reynolds— MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifion College. Crown 8va 3^. 6d, 

Reuleaux.— THE KINEMATICS OF MACHINERY. Out- 
lines of a Theory of Machines. JBy Professor F. Reuleaux. 
Translated and Edited by Profe>sor A. B. W. Kennedy, C.E. 
"With 450 Illustrations. Medium 8vo. 2ij. 

Rice and Johnson — differential calculus, an 

Elementary Treatise on the ; Founded on the Method of Rates or 
Fluxions. By John Minot Rice, Professor of Mathematics in 
the United States Navy, and William Woolsey Johnson, Pro- 
fessor of Mathematics at the United States Naval Academy. 
Third Edition, Revised and Corrected. Demy 8vo. i4f. 
Abridged Edition, 8j. 
Robinson.— TREATISE ON MARINE SURVEYING. Pre- 
pared for the use of younger Naval Officers. With Questions for 
Examinations and Exercises principally from the Papers of the 
Royal Naval College. With the results. By Rev. John L. 
Robinson, Chaplain and Instructor in the Royal Naval College, 
Greenwich. With Illustrations. Crown 8vo. 7j. 6d. 
Contents. — Symbols used in Charts and Surveying— The Construction and Use 
of Scales — Laying off Angles— Fixing Positions by Angles — Charts and Chart- 
Drawing — Instruments and Observing — Base Lines— Triangulation — Lievelling— 
Tides and Tidal Observati<»is— Soundings — Chronometers— Meridian Distances 
— Method of Plotting a Survey— Miscellaneous Exercises— Index. 

Routh. — Works by Edward John Routh, D.Sc, LL.D., 
F.R.S., Fellow of the University of London, Hon. Fellow of St. 
Peter*s College, Cambridge. 

A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 
RIGID BODIES. With numerous Examples. Fourth and 
enlarged Edition. Two Vols. 8vo. Vol I. — Elementary Parts. 
14*. Vol. II. — The Advance Parts. 14J. 

STABILITY OF A GIVEN STATE OF MOTION, PAR- 
TICULARLY STEADY MOTION. Adams' Prize Essay for 
1877. 8vo. 8j. 6d. 

Smith (C). — Works by Charles Smith, M.A., Fdlow and 
Tutor of Sidney Sussex College, Cambridge. 
CONIC SECTIONS. : Second Edition. Crown 8vo, 7j. 6d, 
AN ELEMENTARY TREATISE ON SOLID GEOMETRY. 
Crown 8vo. 9*. 6d, 

Snowball — the elements of plane and spheri- 
cal TRIGONOMETRY ; with the Construction and Us« of 
Table? of Logarithms. By }• C. Snowr.^li^ M.A. Now Edition. 
Crown 8vo. 7j. 6</. 
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Tait and Steele.— a treatise on dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait 
and Mr. Steele. Fourth Edition, revised. Crown 8vo. I2s. 

Thomson.— A treatise on the motion of vortex 

rings. An Essay to which the Adams Prize was adjudged in 
1882 in the University of Cambridge. By J. J. Thomson, Fellow 
and Assistant Lecturer of Trinity College, Cambridge. With 
Diagiams. 8vo. 6s. 

Todhunter. — Works by I. Todhunter, M.A., F.R.S., D.Sc., 
late of St. John's College, Cambridge. 

" Mr. Todhunter is chiefly known to students of Mathematics as the author of a 
series of admirable mathematical text-books, which possess the rare qualities of being 
clear in style and absolutely free f*\>m mistakes, typographicau and other." — 
Saturday Review. 

trigonometry for BEGINNERS. With numerous 

Examples. New Edition. i8mo. 2j. 6r/. 
KEY TO trigonometry FOR BEGINNERS. Crown 8va 

8j. 6d. 
MECHANICS FOR BEGINNERS. With numerous Examples. 

New Edition. i8mo. 4s. 6d. 
KEY TO MECHANICS FOR BEGINNERS. Crown 8vo. 

6s, 6d, 
AN ELEMENTARY TREATISE ON THE THEORY OF 

EQUATIONS. New Edition, revised. Crown 8vo. 7j. 6d. 
PLANE TRIGONOMETRY. For Schools and Colleges, New 

Edition. Crown 8vo. ^s. 
KEY TO PLANE TRIGONOMETRY. Crown 8vo. 10s. 6d, 
A TREATISE ON SPHERICAL TRIGONOMETRY. New 

Edition, enlarged. Crown 8vo. 4J. 6d, 
PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 

Line and the Conic Sections. With numerous Examples. New 

Edition, revised and enlarged. Crown 8vo. ^s, 6d. 
A TREATISE ON THE DIFFERENTIAL CALCULUS. With 

numerous Examples. New Edition. Crown 8vo. lar. 6d. 
A TREATISE ON THE INTEGRAL CALCULUS AND ITS 

APPLICATIONS. With numerous Examples. New Edition, 

revised and enlarged. Crown 8vo. ioj. 6d, 
EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 

DIMENSIONS. New Edition, revised. Crown 8vo. 4J. 
A TREATISE ON ANALYTICAL STATICS. With numerouf 

Examples. New Edition, revised and enlarged. Crown 8vo. 

foj. 6//. 
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Todhunter. — Works by I. Todhuntkr, M.A., &c. (continued)-^ 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from the time of Pascal to that of Laplace. 
8vo. i8j. 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 
principally on the Theory of Discontinuous Solutions: an Essay to 
which the Adams* Prize was awarded in the University of Cam- 
bridge in 1 87 1. 8vo. 6s, 

A HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION, AND THE FIGURE OF THE EARTH, 
from the time of Newton to that of Laplace. 2 vols. 8vo. 24/. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEL'S FUNCTIONS. Crown 8vo. 10s, 6ri. 

Wilson (J. M.).— SOLID GEOMETRY AND CONIC SEC- 
TIONS. With Appendices on Transversals and Harmonic Division. 
For the Use of Schools. By Rev. J. M. Wilson, M.A. Head 
Master of Clifton College, New Edition. Extra fcap. 8vo. 3J. 6d, 

Wilson.— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY. Compiled and arranged by I. Wilson, M.A., 
and S. R. Wilson, B.A. Crown 8vo. 4J. 6a, 
"The exercises seem bea .tifully graduated and adapted to lead a student on most 

gently and pleasantly. "—E. J. Routh, F.R.S., St. Peter's College, Cambridge. 

(See also Elementary Geometry,) 

Wilson (W. p.).— A TREATISE ON DYNAMICS. By W. 
P. Wilson, M.A., Fellow of St. John's College, Cambridge, and 
Professor of Mathematics in Queen's College, Belfast, 8vo. 
9J. 6d, 

Woolwich Mathematical Papers, for Admission into 

the Royal Military Academy, Woolwich, 1880 — 1883 inclusive. 
Crown 8vo. 3^. 6d. 

Wolstenholme. — mathematical problems, on Sub- 
jects included in the First and Second Divisions of the Schedule of 
subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, D.Sc, late 
Fellow of Christ*s College, sometime Fellow of St. John's College, 
and Professor of Mathematics in the Royal Indian Engineering 
College, New Edition, greatly enlarged. 8vo. i8j, 
EXAMPLES FOR PRACTICE IN THE USE OF SEVEN 
FIGURE LOGARITHMS. By the same Author. [In preparation. 
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SCIENCE. 

(i) Natural Philosophy, (a) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (6) Anthro- 
pology, (7) Physical Geography and Geology, (8) 
Agriculture, (9) Political Economy, (10) Mental 
and Moral Philosophy. 

NATURAL PHILOSOPHY. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Astronomer- 
Royal :— 

UNDULATORY THEORY OF OPTICS. Designed for the Use 
of Students in the University. New Edition. Crown 8vo. 6s. 6^« 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the Use of 
Students in the University. Second Edition, revised and enlarged. 
Crown 8vo. gs. 

A TREATISE ON MAGNETISM. Designed for the Use of 
Students in the University. Crown 8vo. 9r. 6d, 

GRAVITATION: an Elementary Explanation of the Principal 
Perturbations in the Solar System. New Edition. Crown 8vo. 

Airy (Osmond).— a treatise on geometrical 

OPTICS. Adapted for the Use of the Higher Classes in Schools. 
By Osmund Airy, B.A,, one of the Mathematical Masters in 
Wellington College. Extra fcap. 8vo. ys, 6d, 

Alexander (T.).— elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of £Ie« 
mentary Mathematics. By T. Alexander, C.E., Professor of 
Civil Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown Svo. Part L 41. 6d, 

Alexander — Thomson. — elementary applied 

MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part II. Trans- 
verse Stress ; upwards of 150 Diagrams, and 200 Examples 
carefully worked out ; new and complete method for finding, at 
every point of a beam, the amount of the greatest bending 
moment and shearing force during the transit of any set of loads 
fixed relatively to one another — e.g,, the wheels of a locomotxr^ ; 
continuous beams, &c., &c. Crown 8vo. los, 6a, 
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Awdiy.— EASY LESSONS ON LIGHT. By Mrs. W. Awdry. 

Illustrated. Extra fcap. 8vo. 2s, 6d» 

Ball (R. S.).— EXPERIMENTAL MECHANICS. A Course of 
Lectures delivered at the Royal College of Science for Ireland. 
By R. S. Ball, M.A., Professor of Applied Mathematics and 
Mechanics in the Royal College of Science for Ireland. Cheaper 
Issue. Royal 8vo. loj. 6d, 

Chisholm. — THE SCIENCE OF WEIGHING AND 
MEASURING, AND THE STANDARDS OF MEASURE 
AND WEIGHT. By H.W. Chisholm, Warden of the Standards. 
With numerous Illustrations. Crown 8vo. 4^. do?. (Nature Series, 

Clausius.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. \os, 6d, 

Cotterill. — applied mechanics: an Elementary General 
Introduction to the Theory of Structures and Macmnes. By 
James H. Cotterill, F.R.S., Associate Member of the Council 
of the Institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval College, Greenwich. Medium 8vo. i8x. 

Cumming.— AN introduction to the theory of 

ELECTRICITY. By LiNNiBus Cumming, M.A., one of the 
Masters of Rugby School. With Illustrations. Crown 8vo. 

Daniell.— A TEXT-BOOK OF THE PRINCIPLES OF 
PHYSICS. By Alfred Daniell, M.A., D.Sc, Lecturer on 
Physics in the School of Medicine, Edinburgh. With Illustrations. 
Medium 8vo. 2 1 J. 

Day.— ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 
M.A., Evening Lecturer in Experimental Physics at King's 
College, London. Pott 8vo. 2j. 

Everett— UNITS and physical constants. By J. D. 

Everett, F.R.S., Professor of Natural Philosophy, Queen's 
College, Belfast. Extra fcap. 8vo. 4^. 6d, 

3ray absolute ivieasurements in electricity 

AND MAGNETISM. By Andrew Gray, M.A, F.RS.E., 
Professor of Physics i^ the Uniyersi^ CoJie^ of Nortifr Vales. 
Pott 8vo. y. td. 

a 2 
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Grove.— A dictionary of music and musicians. 

By Eminent Writers, English and Foreign. Edited by Sir George 
Grove, D.C.L., Director of the Royal Collie of Music, &c 
Demy 8yo. 

Vols. I., XL, and III. Price 2iJ. each. 

Vol. I. A to impromptu. Vol. II. IMPROPERIA to 
plain SONG. Vol. III. PLANCHE TO SUMER IS 
ICUMEN IN. Demy 8vo. cloth, with Illustrations in Music 
Type and Woodcut. Also published in Parts. Parts I. to XIV., 
and Part XIX., price y, 6d. each. Parts XV., XVI,, price 7x, 
Parts XVII., XVIII., price 7^. 

"Dr. Grove's Dictionary will be a boon to every intelligent lover of muac." — 
Saturday Rnnew. 

Huxley.— INTRODUCTORY PRIMER OF SCIENCE. By T. 
H. Huxley, P.R.S., Professor of Natural History in the Royal 
School of Mines, &c. i8mo. u. 

Kempe. — HOW TO DRAW A STRAIGHT LINE ; a Lecture 
on Linkages. By A. B. Kempe. With Illustrations. Crown 
8vo. is, 6d, {Nature Series,) 

Kennedy.— MECHANICS OF machinery. By A. B. W. 

Kennedy, M.lnst.C.E., Professor of Engineering and Mediani- 
cal Technology in University College, London. With Illus- 
trations. Crown 8vo. [In the press, 

Lang.— EXPERIMENTAL PHYSICS. By P. R. Scott Lang. 
M. A., Professor of Mathematics in the University of St. Andrews. 
Crown 8vo. [In preparation, 

Lupton.— NUMERICAL TABLES AND CONSTANTS IN 
ELEMENTARY SCIENCE. By Sydney Lupton, M.A., 
F.C.S., F.I.C., Assistant Master at Harrow School. Extra fcap. 
8vo. 2s, 6d, 

Macfarlane, — physical arithmetic. By Alexander 
Macfarlane, D.Sc, Examiner in Mathematics in the University 
of Edinburgh. [In the press, 

Martineau (Miss C. A.). — EASY LESSONS ON HEAT. 
By MissC. A. Martineau. Illustrated. Extra fcap. 8vo. zs, 6d, 

Mayer. — sound : a Series of Simple, Entertaining, and Inex- 
pensive Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Mayer, Professor of Physics 
til the Stevens Institute of Technology, &c. With numerous 
lUttttfalions. Crown 8vo. 2s. 6d. {Nature Series.) 
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Mayer and Barnard— light : a Series of simple. Enter, 
taining, and Inexpensive Experiments in the Phenomena of Light, 
for the Use of Students of every age. By A. M. Mayer and C. 
Barnajid. With numerous Illustrations. Crown 8vo. 2j. 6d. 
{Nature Series.) 

Newton.— PRINCIPIA. Edited by Professor Sir W. Thomson 
and Professor Blackburne. 4to, cloth. 31J. 6d. 
THE FIRST THREE SECTIONS OF NEWTON*S PRIN- 
CIPIA. With Notes and Illustrations. Also a Collection of 
Problems, principally intended as Examples of Newton*s Methods. 
By Percival Frost, M.A. Third Edition. 8vo. 12s, 

Parkinson.— A treatise on optics. By S. Parkinson, 
D.D., F.R.S., Tutor and Praelector of St. John's College, Cam- 
bridge. Fourth Edition, revised and enlarged. Crown 8vo. \os, 6d' 

Perry.— STEAM. AN elementary treatise. By 
John Perry, C.E., Whitworth Scholar, Fellow of the Chemical 
Society, Lecturer in Physics at Clifton College. With numerous 
Woodcuts and Numerical Examples and Exercises. i8mo. 41. 6d. 

Ramsay.— experimental proofs of chemical 

THEORY FOR BEGINNERS. By William Ramsay, Ph.D., 
Professor of Chemistry in University College, Bristol. Pott 8vo. 

Rayleigh.— THE theory of sound. ByLoRDlUYLEiGH, 
M.A., F.R.S., formerly Fellow of Trinity Collie, Cambridge, 
8vo. Vol. I. I2s. 6d. Vol. II. I2J. ed. [Vol. III. in the press. 

Reuleaux.— THE kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Medium 8vo. 2ls, 

Shann.— AN elementary treatise on heat, in 

RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo.4f. 6d. 

SpOttiswOOde.— POLARISATION OF LIGHT. By the late 
W. Spottiswoode, P.R.S. With many Illustrations. New 
Edition. Crown 8vo. 3^. 6d. {Nature Series ») 

Stewart (Balfour). — Works by Balfour Stewart, F.R.S., 
Professor of Natural Philosophy in the Victoria University the 
Owens College, Manchester. 

PRIMER OF PHYSICS. With numerous Illustrations. New 
Edition, with Questions. iSmo. is, {SiiituL' pj'U}iers.) 
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Stewart (Balfour).— Works by (cohHtm^dy- 
LESSONS IN ELEMENTARY PHYSICS. With numerous 

lUttstrations and Chromolitho of the Spectra of the Sun, Stars, 

and Nebulae. New Edition. Fcap. 8vo. 4J. 6d. 
QUESTIONS ON BALFOUR STEWART'S ELEMENTARY 

LESSONS IN PHYSICS. By Prot Thomas H. Core, Owens 

College, Manchester. Fcap. 8vo. 2j. 

Stewart— Gee.— PRACTICAL physics, elementary 

LESSONS IN. By Professor Balfour Stewart, F.R.S., and 

W. Haldane Gee. Fcap. 8vo, 

Part I. General Physics. [Ntarly ready. 

Part II. Optics, Heat, and Somid. [In pr^raiitm. 

Part IIL Electricity and Magnetism. [In preparation^ 

Stokes. — ON LIGHT. Burnett Lectures. First Course. On the 

Nature of Light. Delivered in Aberdeen in November 1883. 

By George Gabriel Stokes, M.A., F.R.S., &c., Fellow of 

Pembroke College, and Lucasian Professor of Mathematics in the 

University of Cambridge. Crown 8vo. 2t, 6d. 
Stone.— AN ELEMENTARY TREATISE ON SOUND. By 

W. H. Stone, M.B. With Illustrations. i8mo. 5^. 6d. 

Tait— HEAT. By P. G. Tait, M.A., Sec. R.S.E., Formerly 
Fellow of St. Peter's Collie, Cambridge, Professor of Natural 
Philosophy in the University of Edinburgh. Crown 8vo. 6s, 

Thompson.— ELEMENTARY LESSONS IN ELECTRICITY 
AND MAGNETISM. By SiLVANUs P. Thompson. Pro- 
fessor of Experimental I^iysics in University College, Bristol. 
With Illustrations. Fcap. 8vo. 4/. 6d, 

Thomson.— ELECTROSTATICS AND MAGNETISM, RE- 
PRINTS OF PAPERS ON. By Sir William Thomson, 
D.C.L., LL.D , F.R.S., F.R.S.E., Fellow of St. Peter's College, 
Cambridge, and Professor of Natural Philosophy in the University 
of Glasgow. Second Edition. Medium 8vo. i%s, 

Thomson.— THE MOTION OF VORTEX RINGS, A 
TREATISE ON. An Essay to which the Adams Prize was 
adjudged in 1882 in the . University of Cambridge. By J. J. 
Thomson, Fellow and Assistant-Lecturer of Trinity College, 
Cambridge. With Diagrams. 8vo. 6s, 

Todhunter.— NATURAL PHILOSOPHY FOR BEGINNERS. 
By L Todhunter, M.A., F.R.S., D.Sc. 
Part I. iThe Properties of Solid and Fluid Bodies. l8mo. ^f. 6d, 
Part II. Sound, Light, and Heat. i8mo. 35. 6d, 

Tumef i— EX AMPLES in teLECTRIClTY. By H. H. TtJtiiER, 
Fellow of Trinity College, Cambridge. Globe 8vo. [In thi press. 
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Wright (Lewis). — LIGHT ; A COURSE OP EXPERI- 
MENTAL OPTICS, CHIEFLY WITH THE LANTERN. 
By Lewis Wright. With nearly 200 Engravings and Coloured 
Plates. Crown 8vo. 7^. 6d, 

ASTRONOMY. 

Airy.— POPULAR ASTRONOMY. With lUustiatiolis by St 
G. B. Airy, K.C.B., formerly Astronomer-Royal. New Edition. 
i8mo. 4J. 6d, 

Forbes.— TRANSIT OF VENUS. By G. Forbesj M.A., 
Professor of Natural Philosophy in the Andersonian Umvcrsity, 
Glasgow. Illustrated. Crown 8vo. 3J. 6d. {Nature Series.) 

Godfray. — Works by HuGH Godpray, M.A., Mathematical 

Lecturer at Pembroke College, Cambridge. 
A TREATISE ON ASTRONOMY, for the Use of Colleges and 

Schools. New Edition. 8vo. 12s. 6d, 
AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 

with a Brief Sketch of the Problem up to the time of Newton. 

Second Edition, revised. Crown 8vo. 5^. 6d, 

Lockyer. — Works by J. Norman Lockyer, F.R.S. 
PRIMER OF ASTRONOMY. With numerous Illustrations. 

New Edition. l8mo. is, {Science Primers,) 
ELEMENTARY LESSONS IN ASTRONOMY. With Coloured 

Diagram of the Spectra of the Sun, Stars, and Nebulze, and 

numerous Illustrations. New Edition. Feap. 8vo. 5^. 6^. 
QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 

ASTRONOMY. For the Use of Schools. By John ForbHs- 

Robertson. i8mo, cloth limp, is, 6d. 
THE SPECTROSCOPE AND ITS APPLICATIONS. With 

Coloured Plate and numerous Illustrations. New Edition. Crown 

8vo. 3J. 6d, 

Newcomb.— POPULAR ASTRONOMY. By S. NfiWODMB, 
LL.D., Professor U.S. Naval Observatory. With ti2 Illustrations 
and 5 Maps of the Stars. Second Edition, revised. 8vo. i8f. 
'*It is unlike anything else of its kjnd, and will be of more use in circulating a 

Knowledge of Astronomy than nine-tenths of the books which have appeared on tne 

ybject of late years."— Saturday Rbvibw. 



CHEMISTRY. 

Fleischer.— A SYSTEM OF volumetric ANALYSIS. 
Ti;anslated, with Notes and Additions, from the Second German 
Edition, by M. M. Pattison MuiR, F.R.S.E. With Illustmtipns 
Crown 8vo. *]s, 6d, 
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Jones. — Works by Trancis Jones, F.R.S.E., F.C.S., Chemical 
Master in the Grammar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Sir Henry Roscoe, 
and Illustrations. New Edition. i8mo. 2s, 6d. 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inorganic and ( 'rganic Chemistry. Fcap. 8vo. 3J. 

Landauer.— BLOWPIPE analysis. By j. Landauer. 

Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4J. 6d, 

Lupton.— ELEMENTARY CHEMICAL ARITHMETIC. With 
1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 
at Harrow. Extra fcap. Svo. 5^. 

Muir.— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. is, 6d. 

Naumann.— TEXT-BOOK OF thermo-chemistry. 

An English Translation. Edited by M. M. Pattison Muir. 

[/» preparaHon, 

Roscoe. — Works by Sir Henry E. Roscoe, Fl.R.S., Professor of 

Chemistry in the Victoria University the Owens College, Manchester. 

PRIMER OF CHEMISTRY. With numerous Illustrations. New 
Edition. With Questions. i8mo. u. {Science Primers), 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous Illustrations and Chromolitho 
of the Solar Spectrum, and of the Alkalies and Alkaline Eardis. 
New Edition. Fcap. 8vo. 45. 6d. 

A SERIES OF CHEMICAL PROBLEMS, prepared with Special 
Reference to the foregoing, by T. E. Thorpe, Ph.D., Professor 
of Chemistry in the Yorkshire College of Science, Leeds, Adapted 
for the Preparation of Students for the Government, Science, and 
Society of Arts Examinations. With a Preface by Sir Henry E. 
Roscoe, F.R.S. New Edition, with Key. i8mo. 2s, 

Roscoe and Schorlemmer.— inorganic and OR- 
GANIC CHEMISTRY. A Complete Treatise on Inorganic and 
Organic Chemistry. By Sir Henry E. Roscoe, F.R.S., and 
Professor C. Schorlemmer, F.R.S. With numerous Illustrations. 
Medium 8vo. 

Vols. I. and IL—INORGANIC CHEMISTRY. 

Vol. I.— The Non-Metallic Elements. 21s, Vol. II. Part I.— 
Metals. i8j. Vol. II. Part II.— Metals. i8j. 

Vol. HI.— ORGANIC CHEMISTRY. Two Parts. 
THE CHEMISTRY OF THE HYDROCARBONS and their 
Derivatives, or ORGANIC CHEMISTRY. With numerous 
Illustralious. Medium Svo. 21^. each. 
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Schorlemmer.— A manual of the chemistry or 

THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. Schorlemmer, F.R.S., Professor of Che- 
mistry in the Victoria University the Owens College, Manchester. 
With Illustrations. 8vo. 14s. 

Thorpe.— A SERIES OF CHEMICAL PROBLEMS, prepared 
with Special Reference to Sir H, Roscoe's Lessons in Elemen- 
tary Chemistry, by T. E. Thorpe, Ph.D., Professor of Chemistry 
in the Yorkshire College of Science, Leeds, adapted for the Pre- 
paration of Students for the Government, Science, and Society oi 
Arts Examinations. Wijth a Preface by Sir Henry E. Roscoe. 
New Edition, with Key. x8mo. 2s, 

Thorpe and Riicker.— a treatise on chemical 

PHYSICS. By Professor Thorpe, F.R.S., and Professor 
RiJCKER, of the Yorkshire College of Science. Illustrated. 
8vo. [In preparation. 

Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c.. 
Lecturer on Chemistry in St. Mary's Hospital Medical School. 
Extra fcap. 8yo. 3^. 6d» 



BIOLOGY. 

Allen.— ON THE COLOUR OF FLOWERS, as Illustrated in 
the British Flora. By Grant Allen. With Illustrations. 
Crown 8vo. y, 6d. {Nature Series.) 

Balfour. — a treatise on comparative embry. 

OLOGY. By F. M. Balfour, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With Illustrations. In 
2 vols. 8vo. Vol. I. i8j. Vol. IL 2XJ. 

Bettany. — FIRST lessons in practical botany. 

By G. T. Bettany, M.A., F.L.S., Lecturer in Botany at Guy's 
Hospital Medical School. i8mo. is. 

Bower— Vines.— A course of practical instruc- 
tion IN BOTANY By F. O. Bower, M.A., F.R.S., 
Lecturer in the Botany Normal School of Science, South Ken- 
sington, and Sydney H. Vines, M.A., D.Sc, F.L.S., Fello^i 
and Lecturer, Christ's Collie, Cambridge. With a Preface by 
W. T. Thiselton Dyer, M.A., C.M.G., F.R.S., F.L.S., 
Assistant Director of the Royal Gardens, Kew. Crown 8vo. 

[Nearly ready 
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Darwin (Charles).— memorial notices ofcharles 

DARWIN, F.R.S., &c. By Professor Huxley, P.R.S., G. T. 
Romanes, F.R.S., Archibald Geikie, F.R.S., and W. T. 
Thiselton Dyer, F.R.S. Reprinted from Nature, With a 
Portrait, engraved by C. H. Jeens. Crown 8vo. 2j. 6</. 
(Nature Series,) 

Flower (W. H.)— an introduction to the oste- 
ology of the mammalia. Beinff the substance of the 
Course of Lectures delivered at the Royal College of Surgeons 
of England in 1870. By Professor W. H. Flower, F.R.S., 
F.R.C.S. With numerous Illustrations. New Edition, enlarged. 
Crown 8vo. lor. 6d, 

PbSter. — Works by Michael Foster, M.D., Sec. R.S., Professor 
of Physiology in the University of Cambridge. 
PRIMER OF PHYSIOLOGY. With numerous Illustrations. 
New Edition. i8mo. is, 

A TEXT-BOOK OF PHYSIOLOGY. With Illustrations. FourA 
Edition, revised. 8vo. 2\s, 

Poster and Balfour.— -THE ELEMENTS OF EMBRY- 
OLOGY. By Michael Foster, M. A., M.D., LL.D., Sec. R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M.A., Fellow 
and Assistant Lecturer of Trinity College, Cambridge, and Walter 
Heape, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With Illustrations. Crown 8vo. lOf. &/. 

Foster and Langley.— a COURSE OF elementary 

PRACTICAL PHYSIOLOGY. By Prof. Michael Foster, 
M.D., Sec. R.S., &c., and J. N. Langley, M.A., F.R.S., Fellow 
of Trinity College, Cambridge. Fifth Edition. Crown 8vo. p, 6d. 

Gamgee.— A text-book of the physiological 

CHEMISTRY OF THE ANIMAL BODY. Including an 
Account of the Chemical Changes occurring in Disease. By A. 
Gamgee, M.D., F.R.S., Professor ot Physiology in the Victoria 
University the Owens College, Manchester. 2 Vols. 8vo. 
With Illustrations. Vol. I. i8j. [Vai, 11, in the press, 

Gegenbaur.— ELEMENTS OF comparative anatomy. 
By Professor Carl Gegenbavr. A Translation by F. Jeffrey 
Bell, B.A. Revised with Preface by Professor E. Ray L\n 
kestbr, F.R.S. With numerous Illustrations. 8vo. 2is. 
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Gray-— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Phytography, and a Glossary of 
Botanical Tenns. By Professor AsA Gray, lLd. 8w. iqt. 6d. 
Hooker.— Works by Sir J. D. Hooker, K.C.S.L, C.B., M.D., 
F.R.S., D.C.L. » » , » 

PRIMER OF BOTANY. With numerous lUustrations. New 

Edition. i8mo. is, {Scimce Primers,) 
THE STUDENT'S FLORA OF THE BRITISH ISLANDS- 
Third Edition, revised. Globe 8vo. los, 6d, 
Howes. — AN ATLAS OF BIOLOGY. By E. B. Howes, 
Demonstrator in the Science and Art Department, South Ken- 
smgton. 4to. [/« the pros, 

HUxley.— Works by Professor Huxley, P.R.S. 
INTRODUCTORY PRIMER OF SCIENCE. i8mo. is. 

{Science Primers,) 
LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 

Illustrations. New Edition. Fcap. 8vo. as, 6d, 
QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 

By T. Alcock, M.D. i8mo. is, 6d. 
PRIMER OF ZOOLOGY. i8mo. (Science Primers.) 

[In preparation, 

Huxley and Martin.— a course of practical in 

STRUCTION IN ELEMENTARY BIOLOGY. By Professor 

Huxley, P.R.S., assisted by H. N. Martin, M.B., D.Sc New 

Edition, revised. Crown 8vo. 6s. 
Lankester. — Works by Professor E. Ray Lankester, F.R.S. 
A TEXT BOOK OF ZOOLOGY. Crown 8vo. [In preparation, 
DEGENERATION : A CHAPTER IN DARWINISM. lUus- 

trated. Crown 8vo. 2s, 6d. {Nature Series.) 
Lubbock. — Works by SiR John Lubbock, M.P., F.R.S.,D.C.L. 
THE ORIGIN AND METAMORPHOSES OF INSECTS. 

With numerous Illustrations. New Edition. Crown 8yo. Jf. 6d^. 

(Nature Series.) 
ON BRITISrt WILD FLOWERS CONSIDERED IN RE- 

LATION TO INSECTS. With numerous lUustrations. New 

Edition. Crown 8vo. 4J. 6d, {Nature Series), 
M'Kendrick.— OUTLINES OF PHYSIOLOGY IN ITS RE- 
LATIONS TO MAN. By J. G. M'Kendrick, M.D., F.R.S.E. 

With Illustrations. Crown 8to. 12s. 6d. 

Martin and Moale.— on the dissection OF verte 

BRATE ANIMALS. By Professor H. N. Martin and W. A 
Moale. Crown 8vo. \In prepataHon 

(See also page 41.) 
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MialU— STUDIES IN COMPARATIVE ANATOMY. 
No. I.— The Skull of the Crocodile : a Manual for Students. By 

L. C. MiALL, Professor of Biology in the Yorkshire College and 

Curator of the Leeds Museum. 8vo. 2s, 6d. 
No. II. — Anatomy of the Indian -Elephant. By L. C. Miall and 

F. Greenwood. With Illustrations. 8vo. Ss. 

Mivart. — Works by St. George Mi v art, F.R.S. Lecturer in 

Comparative Anatomy at St. Maiy's Hospital. 
LESSONS IN ELEMENTARY ANATOMY. With upwards oi 

400 Illustrations. Fcap. 8vo. dr. 6d, 
THE COMMON FROG. With numerous Illustrations. Crown 

8vo. 3J. 6^. {Nature Series,) 

MuUer. — the fertilisation of flowers. By Pro- 
fessor Hermann Muller. Translated and Edited by D'Arcy 
W. Thompson, B.A., Scholar of Trinity College, Cambridge. 
With a Preface by Charles Darwin, F.R.S. With numerous 
Illustrations. Medium 8vo. 2ij. 

Oliver. — Works by Daniel Oliver, F.R.S., &c., Professor of 

Botany in University Collie, London, &c. 
FIRST BOOK OF INDIAN BOTANY. With numerous lUus- 

trations. Extra fcap. 8vo. dr. 6J. 
LESSONS IN ELEMENTARY BOTANY. With nearly 200 

Illustrations. New Edition. Fcap. 8va 4;. 6d, 

Parker.— A COURSE OF INSTRUCTION IN ZOOTOMY 
(VERTEBRATA). By T. Jeffrey Parker, B.Sc. London, 
Professor of Biology in the University of Otago, New Zealand. 
With Illustrations. Crown 8vo. &r. 6^. 

Parker and Bettany. — THE morphology of the 

SKULL. By Professor Parker and G. T. BETfANY. Illos 
trated. Crown 8vo. lor. 6d, 

Romanes.— THE scientific evidences of organic 

evolution. By G. J. Romanes, M.A., LL.D., F.R.S., 
Zoological Secretary to the Llnnean Society. Crown 8vo. 2j. 6d, 
{Nature Series.) 

Smith. — Works by John Smith, A.L.S., &<;. 
A DICTIONARY OF ECONOMIC PLANTS. ITieir Hbtoiy, 

Products, and Uses. 8vo. 14^. 
DOMESTIC BOTANY : An Exposition of the Structure and 

Classification of Plants, and their Uses for Food, Clothmg, 

Medicine, and Manufacturing Purposes. With Illustrations. New 

Issue. Crown 8vo. 12s. 6d, 
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Smith (W. G,)— DISEASES OF FIELD AND GARDEN 
CROPS, CHIEFLY SUCH AS ARE CAUSED BY FUNGI. 
By Worthing G. Smith, F.L.S., M.A.I., Member of the 
Scientific Committee R.H.S. With 143 New Illustrations drawn 
and engraved from Nature by the Author. Fcap. 8vo. 4s, 6d, 

Wiedersheim (Prof.).— MANUAL OF comparative 

ANATOMY. Translated and Edited by Prof. W. N. Parker. 
With Illustrations. Crown 8vo.. [In preparation. 

MEDICINE. 

Brunton. — Works by T. Lauder Brunton, M.D., Sc.D., 
F.R.C.P., F.R.S,, Examiner in Materia Medica in the University 
of London, late Examiner in Mateiia Medica in the University of 
Edinburgh, and the Royal College of Physicians, London. 
A TREATISE ON MATERIA MEDICA. 8vo. [Nearly ready, 
TABLES OF MATERIA MEDICA: A Companion to the 
Materia Medica Museum. With Illustrations. New Edition 
Enlarged. 8vo. lor. 6d, 

Hamilton.— A text-book of pathology. By D. J. 

Hamilton, Professor of Pathological Anatomy (Sir Erasmus 
Wilson Chair), University of Aberdeen. 8vo. [In preparation, 

Klein.— MICRO-ORGANISMS AND DISEASE. An Intro- 
duction into the Study of Specific Micro- Organisms. By E. 
Klein, M.D., F.R.S., Joint Lecturer on General Anatomy and 
Physiology in the Medical School of St. Bartholomew's Hospital, 
London. With 108 Engravings. Fcap. 8vo. 4;. 6d, 

Zicgler-Macalister.— TEXT-BOOK OF PATHOLOGICAL 
ANATOMY AND PATHOGENESIS. By Professor Ernst 
Ziegler of Tiibingen. Translated and Edited for English 
Students by Donald Macalister, M. A., M.D., B.Sc, M.R.C.P., 
Fellow and Medical Lecturer of St. John's College, Cambridge, 
Physician to Addenbrooke's Hospital, and Teacher of Medicine in 
the University. With numerous Illustrations. Medium 8vo. 

Part I.--GENERAL PATHOLOGICAL ANATOMY. 12s, &/. 

Part II— SPECIAL PATHOLOGICAL ANATOMY. Sections 
I.— VIII. I2T. 6d. [Part IIL in preparation, 

ANTHROPOLOGY. 

Flower.— FASHION in deformity, as Illustrated in the 
Customs of Barbarous and Civilised Races. By Professor 
Flowsr, F.R.S., F.R.C.S. With Illustrations. Crown 8vo. 
"V. <5rtr. {Natun Series), 
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Tylor. — ANTHROPOLOGY. An Introduction to the Study ol 
Man and Civilisation. By K B. Ttlos, D.C.L., F.R S. With 
numerous Illustrations. Crown 8to. Js, 6d, 

PHYSICAL GEOGRAPHY & GEOLOGY. 

Blanford.— THE rudiments OF physical geogra- 

PHY FOR THE USE OF INDIAN SCHOOLS ; with a 
Glossary of Technical Terms employed. By H. F. Blanford, 
F.R.S. New Edition, with Illustrations. Globe 8vo. 2J. 6d. 

Geikie. — Works by Archibald Geikie, F.R.S., Director General 

of the Geological Surveys of the United Kingdom. 
PRIMER OF PHYSICAL GEOGRAPHY. With numerous 

Illustrations. New Edition. With Questions. i8mo. is. 

(Science Primers,) 
ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 

With numerous Illustrations. New Edition. Fcap. 8vo. 4J. 6</. 

QUESTIONS ON THE SAME. is. 6d. 
PRIMER OF GEOLOGY. With numerous Illustrations. New 

Edition. l8mo. is, (Science Primers,) 
ELEMENTARY LESSONS IN GEOLOGY. With Illustrations. 

Fcap. 8vo. \In preparation. 

TEXT-BOOK OF GEOLOGY. With numerous Illustrations. 

8vo. 28j. 
OUTLINES OF FIELD GEOLOGY. With Illustrations. New 

Edition. Extra fcap. 8yo. 51. ddT. 

Huxley.— PHYSIOGRAPHY. An Introduction to the Study 
of Nature. By Professor Huxley, P.R.S. With numerous 
Illustrations, anid Coloured Plates. New and Cheaper Edition. 
Crown 8vo. 6j. 

Phillips.— A TREATISE ON ORE DEPOSITS. By J. Arthur 
Phillips, F.R.S., V.P.G.S., F.CS., M.InstC.E., Ancien El^ve 
de r£cole des Mines, Paris ; Author of " A Manual of Metallurgy," 
"The Mining and Metallurgy of Gold and Silver," &c. With 
numerous Illustrations. 8vo. 251. 

AGRICULTURE. 

Frankland.— AGRICULTURAL CHEMICAL ANALYSIS, 
A Handbook of. By Percy Faraday Frankland, Ph.D., 
B.Sc, F.C.S., Associate of the Royal School of Mines, and 
Demonstrator of Practical and Agricultural Chemistry in the 
Normal School of Science and Royal; School of Mines, South 
Kensington Museum. Fr?uj;ded upoii Leitfadenfiir die Agriculture 
Chemiche Amiyse^ toi^ Dr, F, K|tocKBR. Crown 8vo. ^x. ^. 
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Smitb (Worthington G.). — diseases of field and 

GARDEN CROPS. CHIEFLY SUCH AS ARE CAUSED BY 
FUNGL By Worthington G. Smith, F.L.S., M.A.I., 
Member of the Scientific Committee of the R.H.S. With 143 
Illustrations, drawn and engraved from Nature by the Author. 
Fcap. 8vo, 4J. 6d, 
Tanner.— Works b^ Henry Tanner, F.C.S., M.R.A.C., 
Examiner in the Pnnciples of Agriculture under the Government 
Department of Science ; Director of Education in the Institute of 
Agriculture, South Kensington, London; sometime Professor of 
Agricultural Science, University College, Aberystwith. 

ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fcap. 8vo. y, 6d. 

FIRST PRINCIPLES OF AGRICULTURE. i8mo. is. 

THE PRINCIPLES OF AGRICULTURE. A Series of Reading 
Books for use in Elementary Schools. Prepared by Henry 
Tanner, F.C.S., M.R.A.C. Extra fcap. 8vo. 

I. The Alphabet of the Principles of Agriculture. 6d. 
II. Further Steps in the Principles of Agriculture, u. 
III. Elementary School Readings on the Principles of Agriculture 
for the third stage, ix. 

POLITICAL ECONOMY. 

CoSSa.— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. LuiGi CossA, Professor in the University 
of Pavia. Translated from the Second Italian Edition. With a 
Preface by W. Stanley Jevons, F.R.S. Crown 8vo. 4^. 6d, 
Fawcett (Mrs.).— Works by Millicent Garrett Fawcett:— 
POLITICAL ECONOMY FOR BEGINNERS, WITH QUES- 
TIONS. Fourth Edition. i8mo. 2s. 6d. 
TALES IN POLITICAL ECONOMY. Crown 8vo. 35. 

Fawcett.— A manual of political economy. By 

Ri^ht Hon. Henry Fawcett, M.P., F.R.S. Sixth Edition, 
revised, with a chapter on ** State Socialism and the Nationalisation 
of the Land," and an Index. Crown 8vo. 12s. 
Jevons.— PRIMER OF POLITICAL ECONOMY. By W. 
Stanley Jevons, LL.D., M. A., F.R.S. New Edition. i8mo. 
I J. (Science Primers.) 

Marshall.— THE economics of industry. By A. 

Marshall, M.A., Professor of Political Economy in the Uni- 
versity of Cambridge, and Mary P. Marshall, late Lecturer at 
Newnham Hall, Cambridge. Extra fcap. 8vo. 2j. 6d. 
Sidgwick.— THEPRINCIPLES OF POLITICAL ECONOMY 
By Professor Henry Sidgwick, M.A., LL.D. Knightbride. 
Professor of Moral Philosophy in the Univenity of Cambxidge. 
&c., Author of "The Methods of Ethics." 8vo. 16/. 
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Walker.— POLITICAL ECONOMY. By Francis A. Walker, 
M.A., Ph.D., Anthor of "The Wages Question," "Money," 
" Money in its Relation to Trade," &c. 8vo. lor. 6d, 

MENTAL & MORAL PHILOSOPHY. 

Caird.— MORAL philosophy. An Elementary Treatise on. 
By Prof. E. Caird, of Glasgow University. Fcap. 8vo. 

[In preparaiion. 

Calderwood.—HANDBOOK of moral philosophy. 

By the Rev. Henry Calderwood, LL.D., Professor of Moral 
Philosophy, University of Edinburgh. New Edition. Crown 8vo. 
6j, 
Clifford.— SEEING AND THINKING. By the late Professor 
W. K. Clifford, F.R.S. With Diagrams. Crown 8vo. y. 6d, 
{^Nature Series.) 

Jardine.— THE elements of the psychology of 

COGNITION. By the Rev. Robert Jardine, B.D., D.Sc. 
(Edin.), Ex-Principal of the General Assembly's College, Calcutta. 
Second Edition, revised and improved. Crown 8vo. dr. 6</. 

Jevons. — Works by the late W. Stanley Jevons, LL.D., M.A., 
F R S 

PRIMER OF LOGIC. New Edition. i8mo. is, {Science 
Primers,) 

ELEMENTARY LESSONS IN LOGIC ; Deductive and Induc- 
tive, with copious Questions and Examples, and a Vocabulary of 
Logical Terms. New Edition. Fcap. 8vo. y. 6d. 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Revised Edition. Crown 8vo. 
12S, 6d, 

STUDIES IN DEDUCTIVE LOGIC. Second Edition. Crown 
8vo. 6^. 

Keynes. — formal logic, studies and Exercises in. Including 
a Generalisation of Logical Processes in their application to 
Complex Inferences. By John Neville Keynes, M.A., late 
Fellow of Pembroke College, Cambridge. Crown 8vo. lOr. 6d. 

Robertson. — elementary lessons in psychology. 

By G. Croom Robertson, Professor of Mental Philosophy, &c., 
University College, London. [In preparation. 

Sidgwick. — the METHODS OF ETHICS. By Professor 
Henry Sidgwick, M. A., LL.D. Cambridge, &c. Third Edition. 
8vo. 14J. A Supplement to the Second Edition, containing all 
the important Additions and Alterations in the Third Edition. 
Demy 8vo. 6.*'. 
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HISTORY AND GEOGRAPHY. 

Arnold.— THE ROMAN SYSTEM OF PROVINCIAL AD- 
MINISTRATION TO THE ACCESSION OF CONSTAN- 
TINE THE GREAT. By W. T. Arnold, B.A. Crown 
8va 6s, 

"Ought to prove a valuable handbook to the student of Roman history.**— 
Guardian. 

Beesly.— STORIES FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. 8vo. 2s, 6if. 

" The attempt appears to us in every way successful. The sturies are interesting 
in themselves, and are told with peifect simplicity and g(X>d feeling." — Daily 
Nkws. 

Bryce.— THE holy ROMAN empire. By James Bryce, 
p.C.L., Fellow of Oriel College, and Regius Professor of Civil Law 
in the University of Oxford. Seventh Edition. Crown 8vo. ys. 6d, 

Brook.— FRENCH HISTORY FOR ENGLISH CHILDREN. 
Bv Sarah Brook. With Coloured Maps. Crown 8vo. df. 

Clarke.— CLASS-BOOK of geography. By C. B. Clarke, 
M.A., F.L.S., F.G.S., F.R.S. New Edition, with Eighteen 
Coloured Maps. Fcap. 8vo. 31. 

Freeman.— OLD English history. By Edward a. 

Freeman, D.C.L., LL.D., R^us Professor of Modern History 

in the University of Oxford, &c. With Five Coloured Maps. 

New Edition. Extra fcap. 8vo. 6s. 
Fyffc.— A SCHOOL HISTORY OF GREECE. By C. A. 

Fyffe, M.A., Fellow of University College, Oxford. Crown 

8vo. . [In preparation. 

Green. — Works by John Richard Green, M.A., LL.D., 

late Honorary Fellow of Jesus College, Oxford. 
SHORT HISTORY OF THE ENGLISH PEOPLE. With 

Coloured Maps, Genealogical Tables, and Chronological Annals. 

Crown 8vo. 8f. 6d, 105th Thousand. 
" Stands alone as the one general history of the country, for the sake of whicli 
all others, if young and old are wise, will be speedily and surely set aside. "-> 
Academy. 

ANALYSIS OF ENGLISH HISTORY, based on Green's " Short 

History of the English People." By C. W. A. Tait, M.A., 

Assistant-Master, Clifton College. Crown 8vo. 3J. 6d, 
READINGS FROM ENGLISH HISTORY. Selected an.i 

Edited by John Richard Green. Three Parts. Globe 8vo. 

IS, 6d, each. I. Hengist to Cressy. II. Cressy to CromweU. 

III. Cromwell to Bakklava. 
A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By 

John Richard Green and Alice Stopkord Green. With 

Maps. Tcap. Svo. ^. 6d, 
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Grove.— A PRIMER OF GEdORAPHY. fey Sir George 
Grove, D.C.L., F.R.G.S. With Illustrations. i8mo. is, 
(Science Primers,) 

Guest.— LECTURES ON THE HISTORY OF ENGLAND. 
By M. J. Guest. With Maps. Crown 8vo. 6s, 
** It is not too much to assert that this is one of the very best class books of English 
History for young stiidents ever published. "—Scotsman. 

Historical Course for Schools — Edited by Edward a. 

Freeman, D.C.L., late Fellow of Trinity College, Oxford, Regius 
Professor of Modern History in the University of Oxford. 

L—GENERAL SKETCH OF EUROPEAN HISTORY. By 
Edward A. Freeman, D.C.L. New Edition, revised and 
enlarged, with Chronological Table, Maps, and Index. i8mo. 3*. 6d. 

II.— HISTORY OF ENGLAND. By Edith Thompson. New 
Edition, revised and enlarged, with Coloured Maps. iSmo. 
2s. 6d, 

IIL~HISTORY OF SCOTLAND. By Margaret Macarthur. 
New Edition. i8mo. 2J. 

IV.— HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 
New Edition, with Coloured Maps. i8mo. Jj. 6«sf. 

v.— HISTORY OF GERMANY. Bjr J. SiME, M.A. i8ma 

VI.— HISTORY OF AMERICA. By John A. Doyle. With 
Maps. t8mo. 4f. 6d. 

VII.— EUROPEAN COLONICS. By E. J. Payne, M. A. With 

Maps. i8mo. 4;. 6d, 
VIII.— FRANCE. By Charlotte M. Yonge. With Maps. 

i8mo. 3J. 6d, 

GREECE. By Edward A. Freeman, D.C.L. \Ik prepdraHon, 
ROME. By Edward A. Freeman, D.C.L. [In prepamiioH, 

History Primers—Edited by jbkN Richard GRkEN, M.A., 
LL.b., Author of "A Short History df the English Peojple." 

ROME. By the ReV. M. CkEicHTON, k.A., late Fellow and 
TUbt of Merton CdUfege, Oxford. With £leven Maps. i8mo. I*. 
'*11ie dtdhor has been cnriousiy successful \xx feUing in an inteliis^t way 
the story of Rome from first to last. '^— School Board Chronicue. 

GREECE. By.C. A. fVFFB, M.A.» Fellow and lite Tatw ot 
University College, Oxford. With Five Maps. iSmo. it. 

* Wo give our imquaUfied pniae to this little manual. '— ^Scuoolmastbb. 
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History Primerd Coniinued'- 

EUROPEAN HISTORY. By E. A. I^-reeman, ti.C.L., LL.D. 
With Maps. x8mo. u. 

'*The work is alwajrs clear, and forms a luminous key to European history." 
—School Boakd Chronicls. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahaffy, M.A. 
Illustrated. kSmo. is, 

** All that is necessary for the scholar to know is told so compactly yet sp fully, 
and in a style so interesting, that it is impossible for even the dullest boy to look 
on this little woik in the same light as he regards his other schotol book&."'-Sci(io6L- 

MASTBS. 

CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. i8mo. u. 

"Another valuable aid to the study of the ancient World. ... It contains 
an enormous quantity of information packed into a small space, and at the same time 
communicated in a very readable shape." — John Bull. 

GEOGRAPHY. By Sir Geokge Grove, D.C.L. With Maps. 
i8mo. IS, 

"A model of what such a work should be. . . . We know of no short treatise 
better suited to infuse life and spirit into the dull fists of prc^ niiAes of which 
our ordinary class-books so often almost exclusively consi^— TiAxbs. 

ROMAN ANTIQUITIES. By Profess* Wilkins. IUus- 

trated. iSmo. is. 
*' A little book that throws a blaze of light on RomSA history, and is, moreover, 
intensely interesting.''— School Board Chronicle. 

FRANCE. By Charlotte M. YONGE. i&no. is. 

" May be considered a wonderfully successful piece of work. ... Its general 
merit as a vigorous and clear sketch, giving in a sm^l space a vivid idea of the 
history of France, remains undeniable." — Saturday Kevibw. 

Hole.— A GENEALOGICAL STEMmA 6? tHE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hole. Od 
Sheet. IS. 

Jennings.— CHRONOLOGICAL TABLES, tompiled by Rev. 
A. C. Jennings. [In the press. 

Kiepert— A manual of ancient geography. From 
the German of Dr. H. Kiepert. Crown 8v6. 51. 

Lethbridge.— A SHORT MANUAL O^ THE HISTORY OF 
INDIA. Wilh an Acconnt of India as it is. The Soil, 
Climate, tod Productions ; the People, their Races, Religions, 
Public Works, and Industries ; the Civil Services, and System 
of Administration. By Roper LethbAidge, M.A., CLE., 
late Scholar of Exeter College, Oxford, formerly Principal of 
Kishnaghur College, Bengal, Fellow and sometime Examiner of 
the Calcutta University. With Maps. Crown 8vo. 5j. 

Michelet.— A summary of modern history. Trans- 
lated from the French of M. Michelet, and continued to the 
Present Time, by M. C. M. Simpson. Globe 8vo. 4J. 6d, 

4 a 
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Ott*,— SCANDINAVIAN HISTORY. By E. C. OttA. With 
Maps. Globe 8vo. dr. 

Ramsay.— A SCHOOL HISTORY OF ROME. By G. G. 
Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown 8vo. \ln preparation, 

Tait.— ANALYSIS OF ENGLISH HISTORY, based on Green's 
"Short History of the English People." By C. W. A. Tait, 
M.A., Assistant-Master, Clifton College. Crown 8vo. 3^. 6d, 

Wheeler. — ^a SHORT history of india and of the 

FRONTIER states OF AFGHANISTAN, NEPAUL, 
and BURMA. By J. Talboys Wheeler. With Maps. 
Crown 8vo. i2j. 
*' It is the best book of the kind we have ever seen, and we recommend it to a place 
in every school library."— Educational Timbs. 

Yongc (Charlotte M.). — a PARALLEL HISTORY OF 
FRANCE AND ENGLAND : consisting of Outlines and Dates. 
By Charlotte M. Yonge, Author of **The Heir of Redely ffe," 
&c., &c. Oblong 4to. 31. 6^. 

CAMEOS FROM ENGLISH HISTORY.— FROM ROLLO 
TO EDWARD II. By the Author of " The Heir of Redclyffe.' 
Extra fcap. 8vo. New Edition. 5j. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY. — THE WARS IN FRANCE. New Edition. 
Extra fcap. 8vo. Sj. 

A THIRD SERIES OF CAMEOS FROM ENGLISH HISTORY. 
—THE WARS OF THE ROSES. New Edition. Extra fcap. 
8vo. 5J. 

CAMEOS FROM ENGLISH HISTORY— A FOURTH SERIES. 
REFORMATION TIMES. Extra fcap. 8vo. 5j. 

CAMEOS FROM ENGLISH HISTORY.— A FIFTH SERIES. 
ENGLAND AND SPAIN. Extra fcap. 8vo. 5^. 

EUROPEAN HISTORY. Narrated in a Series of Historical 
Selections from the ^zz^ Authorities. Edited and arranged by 
E. M. Sewell and C. M. Yonge. First Series, IC03 — 1154. 
New Edition. Crown 8vo. ts. Second Series, 1088 — 1228. 
New Edition. Crown 8vo. dr. 
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MODERN LANGUAGES AND 
LITERATURE. 

(i) English, (2) French, (3) German, (4) Modern 
Greek, (5) Italian. 

ENGLISH. 

Abbott.— A SHAKESPEARIAN GRAMMAR. An attempt to 
illustrate some of the Differences between Elizabethan and Modem 
English. By the Rev. E. A. Abbott, D.D., Head Master of the 
City of London School. New Edition. Extra fcap. 8vo. 6s, 

Brooke.— PRIMER OF ENGLISH LITERATURE. By the 
Rev. Stoppord A. Brooke, M.A. x8mo. is, {LUeratun 
Primers,) 

Butler. — HUDIBRAS. Edited, with Irtroduction and Notes, by 
Alfrsd Milne$, M.A. Lon., late Student of Lincoln College, 
Oxford. Extra fcap 8vo. Part I. 3^. 6d, Parte II. and III. 

Cowper's TASK: AN EPISTLE TO JOSEPH HILL, ESQ. ; 
TIROCINIUM, or a Review of the Schools; and THE HIS- 
TORY OF JOHN GILPIN. Edited, with Notes, by William 
Benham, B.D. Globe 8vo. is, {Globe Readings from Standara 
Authors,) 

Dowden.— SHAKESPEARE. By Professor Dowden. i8mo. 
is. (Literature Primers.) 

Dryden.— SELECT PROSE WORKS. Edited, with Introduction 
and Note^ by Professor C. D. Yonge. Fcap. 8vo. zr. 6d. 

Gladstone.— SPELLING reform from an educa- 
tional POINT OF VIEW. By 1. H. Gladstone, Ph.D., 
F.R.S.', Mernb^ of the School Board tor London. New Edition. 
Crown 8vo. is, 6d, 

Globe Readers. For Standards X.— VI. Edited by A. F. 
MuRisoN. Sometime English Master at the Aberdeen Grammar 
School. With Illustrations. Globe 8vo. 

Book III. (232 pp.) I J. 3^. 



Book IV. (328 pp.) I J. gd. 
Book V. (416 pp.) 2s. 
Book VI. (448 pp.) 2s, 6d, 



Primer 1. (48 pp.) 3^. 

Primer II. (48 pp.) 3</. 

Book L (96 pp.) 6d, 

Book IL(i36pp.) gd, 
"Among the numerous sets of readers before the public the present series is 
honourably distinguished by the marked superiority of its materials and the 
caielbl ability with which they have been adapted to the growing capacity of the 
puirils. The plan of the two primers is excellent for faclhtating the child's first 
attempts to read. In the first three following books there is abundance of enter- 
taining nading. .... Better food for young minds could hardly be found."—' 
Th« At 
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♦The Shorter G^dbe Re^^erg.-^wifti lUustrations. Globe 

8vo. 



Primer I. (48 pp.) 2^. 

Primer II. (48 pp.) ^d. 

Standard I. (92 pp.) 6d, 

Standard II. (124 pp.) 9</. 



Standard III. (178 pp.) I*. 
Standard IV. (182 pp.) is. 
Standard V. (216 pp.) is. yi. 
Standard VI. (228 pp.) U. 6^. 



* lliis Series has been abridged from " The Globe Readers" to meet the ^^^ m an d 
(or smaller reading books. 

GLOBE READINGS FROM STANPARD AUTHORS. 

Cowper'STASK: AN EPISTLE TO JOSEPH HILL. ESQ.; 
TIROCINIUM, or a Review of the Schools ; and THE HIS- 
TORY OF ]OHN GILPIN. Edited, with Notes, by William 
Benham, B.D. Globe 8vo. u. 

Goldsmith'^ VICA]^ OF WAKEFIE^-D. \^ith ^ Memoir of 
Qoldsm^th by professor Ma^son. Globe 8vq. \s. 

Lamb's (Charles) tales from Shakespeare 

Edited, with Preface, by Alfred Ainger, M.A. Globe 
8vo. 2s, 

Scptt's (Sir Waltpic) T^ay of tre la^t minstrel ; 

and THE LADY OF THE LAKE. Edited,* with Introductions 
and Notes, by FRANpi^ TufiNER Palg^ave. filpbe ^vo. ii. 
MARMION; and^the LORD OF THE ISLES. Py the same 
Editor, plob^^yo. if 

The Children-8 Garland from the Best Poets. — 

Selected ^d arnuiged by Coventry Patmore. Globe Bvo. 2s, 

Yo^ig^ (Charlptte M.)-— A BOOK qf CPXPEN deeds 

' OF ALL TIMES AND ALL COUNT'^IES. Gathered and 
narrated anew by Charlotte M. Yomge, tjlp. A^tl^or o^ " Th« 
Heir of Redclyffe.'^' Globe 8yo, '2j. 



Goldsplit^l. — THE f M"^^^^^^^' ^^ * Pro^Pfpt of Society ; 
and THE PESEJITEP VILLAGE. By 0;.iYE^ GoLpsMiTH. 
With Notes, Philological find Explanatory, \)y J. W. qALES, M.A. 
Crown 3vo. 6fif. 
THE VICAR OF WAKEFIELD. With a Memoir of Goldsmith 
by Professor MA^soif. Globe 8vo. u. (G\oke Ridings from 
Standard Au/hors,\ 
SELECT ESSAYS. Edited, with Introduction and Notes, by 
Professor C. D. Yonge. Fcap. 8vo. Zf. 6d, 
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Hales. — ^LONGER ENGLISH POEMS, with Notes, Philological 
and Explanatory, and an Introduction on the Teaching of English. 
Chiefly for Use in Schools. Edited by J. W. Hales, M.A., 
Professor of English Literature at King's College, London. New 
Edition. Extra fcap. 8vo. 4s, 6d, 

Johnson's LIVES OF THE POETS. The Six Chief Lives 
(Milton, Dryden, Swift, Addison, Pope, Gray), with Macaulay's 
"Life of Johnson." Edited with Preface by Matthew Arnolp. 
Crown 8vo. dr. 

Lamb (Charles).— tales from Shakespeare. Edited, 

with Preface, by Alfred Ainger, M.A. Globe 8vo. 2s. 
(Globe Readings from Standard Authors,) 

Literature Primers — Edited by John Richard Green, 
M. A., LL.D., Author of " A Short History of the English People.'* 
ENGLISH COMPOSITION. By Professor Nichol. iSmo. is, 
ENGLISH GRAMMAR. By the Rev, R. Morris, LL.D., some- 
time President of the Philological Society. i8mo, cloth, is. 
ENGLISH GRAMMAR EXERCISES. By R. Morris, LL.D., 
and H. C. BowEN, M.A. i8mo. u. 

EXERCISES ON MORRIS'S PRIMER OF ENGLISH 
GRAMMAR. By John Wetherell, of the Middle School, 
Liverpool College. i8mo. |j. 

ENGLISH LITERATURE. By Stopford Brooke, M.A. New 
Edition. i8mo. \s, 

SHAKSPERE. By Professor Dowden. i8mo. u. 

THE CHILDREN'S TREASURY OF LYRICAL POETRY. 
Selected and arranged with Notes by Francis Turner Pal- 
grave. In Two Parts. i8mo. is, each. 

PHILOLOGY. By J. Peile, M.A. i8mo. i*. 

Macmillan'S Reading ]0Opks. — Adapted to the English and 
Scotch Codes. Boiind in Cloth. 
PRIMER. i8mo. (43 PP.) ^' 

BpOK 



I. for Standard I. 


i8mo. 


(96 pp.) 


4^. 


IT. » n. 

III. „ IIL 


iSmo. 


(144 pp.) 


5^. 


i8mo. 


(160 pp.) 


6d, 


IV. „ IV. 


i8mo. 


(176 pp.) 


Sd. 


V. „ V. 


l8mo« 


(380 pp.) 


is. 
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Macmillan's Reading. Books Continued— 

BOOK VI. for Standard VI. Crown 8vo. (430 pp.) 2s, 
Book VI. is fitted for higher Classes, and as an Introduction to 
English Literature. 

" They are far above any others that have appeared both in form and substance. 

. . The editor of the present series has rightly seen that reading books must 
aim chiefly at giving to the pupils the power of acctirate, and, if possible, apt 
and skilful expression; at cultivating in them a good literary taste, and at arous* 
ing a desire of further reading.' This is done by taking care to select the extracts 
from true English classics, going up in Standard VT. course to Chaucer, Hooker, and 
Bacon, as well as Wordsworth, Macaulay, and Froude. . . . This is quite on the 
right track, and indicates justly the ideal which we ought to set before us.*'— 
Guardian. 

Macmillan's Copy-Books — 

Published in two sizes, viz. : — 

1. Large Post 4to. Price 4^. each. 

2. Post Oblong. Price 2cf. each. 

1. INITIATORY EXERCISES AND SHORT LETTERS. 

2. WORDS CONSISTING OF SHORT LETTERS. 

•3. LONG LETTERS. With words containing Long Letters- 
Figures. 

*4. WORDS CONTAINING LONG LETTERS. 
4a. PRACTISING AND REVISING COPY-BOOK. For Nos. 
I to 4. 

•5. CAPITALS AND SHORT HALF-TEXT. Words beginning 
with a Capital. 

*6. HALF-TEXT WORDS beginning with Capitals— Figures. 
*7. SMALL-HAND AND HALF-TEXT. With Capitals and 
Figures. 

•8. SMALL-HAND AND HALF-TEXT. With Capitals and 
Figures. 

8a. PRACTISING AND REVISING COPY-BOOK. For Nos. 
5 to 8. 
•9. SMALL-HAND SINGLE HEADLINES— Figures. 

10. SMALL-HAND SINGLE HEADLINES— Figures. 

11. SMALL-HAND DOUBLE HEADLINES- Figures. 

r2. COMMERCIAL AND ARITHMETICAL EXAMPLES, &c. 
T2a. PRACTISING AND REVISING COPY-BOOK. For Nofc 
8 to 12. 

* TTi^se numbers may be kad ivith Goodman^s Paicnf Sli<fins 
^*tnes. Large Post 4to. Price 6</. each. 
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Martin.— THE POETS HOUR : Poetry selected and arranged 
for Children. By Frances Martin, New Edition. iSmo. 

SPRING-TIME WITH THE POETS: Poetry selected by 
Frances Martin. New Edition. i8mo. y. 6d. 

Milton. — By Stopford Brooke, M.A. Fcap. 8vo. u. 6d, 
(Classical Writers Series,) 

Morris.— Works by the Rev. R. Morris, LL.D. 
HISTORICAL OUTLINES OF ENGLISH ACCIDENCE. 

comprising Chapters on the History and Development of the 

Language, and on Word-formation. New Edition. Extra fcap. 

8vo. fa, 
ELEMENTARY LESSONS IN HISTORICAL ENGLISH 

GRAMMAR, containing Accidence and Word-formation. New 

Edition. i8mo. 2j. 6^. 
PRIMER OF ENGLISH GRAMMAR. i8mo. \s, (See also 

Literature Primers,) 

Oliphant.— THE OLD and middle ENGLISH. A New 
Edition of "THE SOURCES OF STANDARD ENGLISH," 
revised and greatly enlarged. By T. L.. KiNGTON Oliphant. 
Extra fcap. 8vo. 9;. 

Palgravc— THE children's treasury of lyrical 

POETRY. Selected and arranged, with Notes, by Francis 
Turner Palgrave. i8mo. 2s, 6d, Also in Two Parts. 
i8mo. IS, each. 

Patmorc— THE children's garland from the 

BEST POETS. Selected and arranged by Coventry Patmorb. 
Globe 8vo. 2s, (Globe Readings from Standard Authors,) 

Plutarch. — Being a Selection from the Lives which Illustrate 
^ Shakespeare. North's Translation. Edited, with Introductions, 
^ Notes, Index of Names, and Glossarial Index, by the Rey. W. 
W. Skeat, M.A. Crown 8vo. 6s, 

cott's (Sir Walter) layofthe last minstrel, 

and THE LADY OF THE LAKE. Edited, with Introduction 
and Notes, by Francis Turner Palgrave. Globe 8vo. is. 
(GMe Readings from Standard Authors^ 

MARMION ; and THE LORD OF THE ISLES. By the 
same Editor. Globe 8vo. I/. (Globe Readings from Stan-lard 
Authors,) 
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Shakespeare.— A Shakespeare manual. By f. g. 

Flbay, M.A., late Head Master of Skipton Grammar School. 
Second Edition. Extra fcap. 8vo. 4s, 6d, 

AN ATTEMPT TO DETERMINE THE CHRONOLOGI- 
CAL ORDER OF SHAKESPEARE'S PLAYS. By the Rev. 
H. Pains Stokbs, B.A. Extra fcap. 8vo. 4r. 6d, 
THE TEMPEST. With Glossarial and Explanatory Notes. By 
the Rev. J. M. Jephson. New Edition. i8mo. ix. 
PRIMER OF SHAKESPEARE. By Professor Dowden. 
l8mo. If. {ISieraturg Pfimers.) 

Sonnenschein and Meiklejohn. — jHE ENGLISH 
METHOD OF TEACHING TO READ. By A. Sonnen- 
schein and J. M. D. Meiklejohn, M.A. Fcap. 8vo. 

COMPEISING : 

THE NURSERY BOOK, containing all the Two-Letter Words 
in the Language, id, (Also in Large Type on Sheets for 
School WsBs. SJ.) 

THE FIRST COURSE, consisting of Short Vowels with Single 
Consonants. 6d, 

THE SECOND COURSE, with Combinations and Bridges, 
consisting of Short Vowds with Double Consonants. 6</. 

THE THIRD AND FOURTH COURSES, consisting of Long 
Vowels, and all the Double Vowels in the Language. 6d, 

"These are admirable books, because diey are constructed on a prindple, and 
t]^( the simnlest principle on which it is possible to kam to read Englidi." — 
Spectator. 

Taylor.— WORDS and places ; or, Etymological Illustra- 
tions of History, Ethnology, and Geography. By ^e Rev. 
Isaac Taylor, M.A. Third and Cheaper Editiop, revised and 
compressed. Witn Maps. Globe §vo, ^. 

Tcnnysqn.— The collected works of Alfred, lprd 

TENNYSON, Poet Laureate. An Edition for Schools. In Four 
?arfs. Crown 8vo. 2s. 6d. e^c^L 

Thring.— THE ELEMENTS OF GRAMMAR TAUGHT IN 
ENGLISH. Bj Edward Thring, M.A., Head Master of 
Uppingliam. With Questions. Fourth Edition. i8mo. 2j. 

Trench (Archbishop). — Works by R. C. Trench, D.D., 
Archbishop of Dublin. 
HOUSEHOLD BOOK OF ENGLISH POETRY, Selected and 
Artanged, with Notes. Third Edition. Extra fcap. 8yo. y. 6d 
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Trench (Archbishop) Works by, continued-^ 

ON THE STUDY OF WORDS. Seyenteenth Edition, Revised. 
Fcap. '8vo. 5^. 

ENGHSII, PAST AND PRESENT. Eleveath Editipn^ revised 

and improved. Fcap. 8vo. 5j. 
A SELECT GLOSSARY OF ENGLISH WORDS, usedformerlj 

in Senses Different from their Present. Fifth Edition, revised 

and enlarged. Fcap. 8vo. 5^. 

Vaughan (CM.)-— WORDS from the poets. By 

C. M. Vaughan. New Edition. i8mo, cloth, u. 
Ward.— THE ENGLISH POETS. Selections, with Critical 
Introductions by various Writers and a General Introduction by 
Matthew Arnold. Edited by T. H. Ward, M.A. 4 Vols. 
Vol. I. CHAUCER TO DONNE.— Vol. II. BEI^ JONSON 
TO pRYDEN.— Vol, III. ADDISON to BLAKE.— Vol. IV. 
WORDSWORTH to ROSSETTI. Crown 8vo. Each 71. 6^. 

Wetherell.— Exercises on morris's primer of 

ENGLISH grammar. By John Weth|:rei.l, M.A. 
i8mo. IJ. (IMerature Primers^ 

WrightSOn. — the FUNCTIONAL ELEMENTS OF AN 
ENGLISH SENTENCE, an Exammation of. Together with 
a New System of Analytical Marks. By the Rev. W. G. 
Wrightson, M.A., Cantab. Crown 8yo. 5^^ 

Ypnge (Charlotte M.).— THE ABRIDGED 9PQK pF 

GOLDEN DEEDS. A Readier Boqk for Schools ^nd general 
readers. By the Author of " The Heir of RedclyfiFe." i8mo, 
doth. ij. ..... 

GLOBE READINGS EDITION. Complete Edition. Globe 
8vo. is, (See p. 53.) 

FRENCH, 

Beaurn^^rch^iS.— LE HARBIER DE SEVILL^. Edited, 
with introduction and Notes, by L. P. Blouet, Assistant Master 
in St, Paul's School. Fcap. 8vo. 31. (>d. 

BQWen-— FIftST LESSONS IN FRENCH. Bjr H. Cour- 
thope Bowen, M.A., Principal of the Finsbury Training follege 
for Higher and Middle Schools. Extra fcap. 8vo. \s, 

Br^ymann* — Works by Hermann Breymann, Ph.D., Pro- 
fessor of Philology in the University of Munich. 
A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES. Second Edition. Extra fcap. 8vo. 4^. dd. 
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Breymann — ^Works by Hermann Breymann, Ph.D. (continued) 
FIRST FRENCH EXERCISE BOOK. Extra fcap. 8vo. 41. &/. 
SECOND FRENCH EXERCISE BOOK. Extra fcap. 8vo- 2j. 6d 

Fasnacht.— THE organic method of studying 

LANGUAGES. By G. EuGfeNE Fasnacht, Author of " Mac- 
millan's Progressive French Course," Editor of ** Macmillan's 
Foreign School Classics/' &c. Extra fcap. 8vo. I. French. 

A SYNTHETIC FRENCH GRAMMAR FOR SCHOOLS. 
By the same Author, Crown Svo. y. 6</. 

GRAMMAR AND GLOSSARY OF THE FRENCH LAN- 
GUAGE OF THE SEVENTEENTH CENTURY. By the 
same Author. Crown Svo. [In preparation. 

Macmillan's Primary Series of French and 
German Reading Books. — Edited by G. EaoftNs 

Fasnacht, Assistant-Master in Westminster School. With 
Illustrations. Globe Svo. 

PERRAULT— CONTES DE FEES. Edited, with Introduction, 
Notes, and Vocabulary, by G. E. Fasnacht. u. 

LA FONTAINE— SELECT FABLES. Edited, with Introduction, 
Notes, and Vocabulary, by L. M. Mori arty, M.A., Assistant- 
Master at Rossall. \In preparation, 

GRIMM— HAUSM ARC HEN. Selected and Edited, with Intro- 
duction, Notes, and Vocabulary, by G. E. Fasnacht. [In the press, 

G. SCHWAB— ODYSSEUS. With Introduction, Notes, and 
Vocabulary, by the same Editor. \In preparation, 

Macmillan's Progressive French Course. — By G. 
EuG&Ns Fasnacht, Assistant-Master in Westminster School. 
I. — First Year, containing Easy Lessons on the Regular 

Accidence. Extra fcap. Svo. \s, 
II. — Second Year, containing an Elementary Grammar with 
copious Exercises, Notes, and Vocabularies. A new Edition, 
enlarged and thoroughly revised. Extra fcap. Svo. 2J. 
III. — ^Third Year, containing a Systematic Syntax, and Lessons 
in Composition. Extra fcap. Svo. 25, 6d, 
THE TEACHER'S COMPANION TO MACMILLAN'S 
PROGRESSIVE FRENCH COURSE. Third Year. With 
Copious Note«, Hints for Different Renderings, Synonyms, Philo- 
logical Remarks, &c. By G. E. Fasnacht. Globe Svo. 41. 6d, 
THE TEACHER'S COMPANION TO MACMILLAN'S 
PROGRESSIVE, FRENCH COURSE. Second Year. With 
Copious Notes, Hints for Different Renderings, Synonyms, Philo- 
logical Remarks, &c By G. E. Fasnacht. Globe Svo. 4J. 6d, 
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Macmillan's Progressive French Readers.— By 

G. Eug£ns Fasnacht. 

I. — ^FmsT Year, containing Fables, Historical Extracts, Letters, 

Dialogues, Fables, Ballads, Nursery Songs, &c., with Two 

Vocabularies: (i) in the order of subjects; (2) in alphabetical 

order. Extra fcap. 8vo. 2j. 6d. 

II. — Second Yf.ar, containing Fiction in Prose and Verse, 

Historical and Descriptive Extracts, Essays, Letters, Dialogues, 

&c. Extra fcap. 8vo. 2s. 6d, 

Macmillan's Foreign School Classics. — Edited by 
G Eugene Fasnacht. i8mo. 

FRENCH. 

CORNEILLE— LE CID. Edited by G. E. Fasnacht. is. 
DUMAS—LES DEMOISELLES DE ST. CYR. Edited by 
Victor Oger, Lecturer in University College, Liverpool. 

[/» preparation, 
MOLlfeRE— LES FEMMES SAV ANTES. By G. E. Fasnacht. 

IS, 

MOLlfeRE— LE MISANTHROPE. By the same Editor, is. 
MOLIERE— LE M^DECIN MALGRE LUL By the same 

Editor. I J. \ 

M0LI£RE— L'AVARE. Edited by L. M. Moriarty, B.A., 

Assistant-Master at Rossall. i^. 
MOLlfeRE— LE BOURGEOIS GENTILHOMME. By the same 

Editor, is, 6d. 
RACINE— BRITANNICUS. Edited by EuGtNE Pellissibr, 

Assistant- Master in Clifton College, and Lecturer in University 

College, Bristol. [In preparaiion, 

SCENES IN ROMAN HISTORY. SELECTED FROM 

FRENCH HISTORIANS. Edited by C. Colbeck, M. A., Ute 

Fellow of Trinity College, Cambridge; Assistant- Master al 

Harrow. [In preparation. 

SAND, GEORGE— LA MARE AU DIABLE. Edited by W. E. 

Russell, M.A., Assistant Master in Haileybury College, is, 
SANDEAU, JULES— MADEMOISELLE DE LA SEIGLlfeRE. 

Edited by H. C. Steel, Assistant Master in Wellington College. 

[Immediately* 
VOLTAIRE— CHARLES XII. Edited by G. E. Fasnacht. 

[Immediately. 
%* Other volumes to follcw, 
(See also German Authors, page 6a.) 
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MaSSbtt (Gust&Vfe).— A COMPE^DIOtJS DICT^tOkARt 
OF THE FRENCH LANGUAGE (French-English and EngUsh- 
French). Adapted from the Dictionaries of Professor Alfred 
Elwall. Followed by a List of the Principal Diverging 
Derivations, and preceded by Chronological and Historical Tables. 
By GuSTAVE Masson, Assistant Master and Librarian, Harrow 
School. New Edition. Crown 8vo. 6s, 

Moliere.— LE MALADE IMAGINAIRE. Edited, with Intro- 
daction and Notes, by Francis Tarv£R, M.A., Assistant Master 
at Eton. Fcap. Svo. 2s, 6d. 

(See also Macmillan*s Foreign School Classics.) 

GERMAN. 
Macmillan's Progressive German Course. — By G. 

EUGfeNS Fasnacht. 
Part I — First Year. Easy Lessons and Rules on the Regular 

Accidence. Extra fcap. Svo. is, 6d, 
Part II. — Second Year. Conversational Lessons in Systematic 

Accidence and Elementary Syntax. With Philological Illustrations 

and Etymological Vocabulary. Extra fcap. Svo. 2s, 
Part III. — ^ThirdYear. [In preparation^ 

Macmillan's Progressive German Readers. — By 

G. E. Fasnacht. First Year. [In Uu. press, 

Macmillan's Primary German Reading Books. 

(See page 59.) 

Macmillan'8 Foreign School Glassies. Edited bjG. 
EuGfeNE Fasnacht. iSmo. 

GERMAN. 

GOETHfc— GOTZ VON BERLICHINGEN. Edited by H. A. 

Bull, M.A., Assistant Master at Wellington College, ar. 
GOETHE— FAUST. Part I. Edited by Jane Leb, Lecturer 

in Modem Languages at Newnfaam College^ Cambridge. 

[In preparation, 
HEJNfe— SELECTIONS FROM THE REISEBILDER AND 

QTHER PROSE WORKS. Edited by C. Colbeck,. M.A., 

Assistant-Master at Harrow, late Fellow of Trinity College, 

Can^briplge. 2s, 6d. 
SCHILLER— DIE JUNGFRAU VON ORLEANS. Edited Ijjr 

Joseph Gostwick. 2s, 6d, 
SCHILLER— MARIA STUART. Edited by C. Sheldon, M.A., 

D.Lit., Senior Modem Language Master in Clifton College. 2j. 6(4 
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Foreign School Cl6S8ics(German) ConHnued-^ 

SCHILLER— WILHELM TELL. Edited by G. E. Fasnacht. 

\In preparation, 
UHLAND— SELECT BALLADS. A<lapfed as a First Easy Read- 
ing Book for Beginners. Edited by G. E. FASNACHt. li, 
%* Other Volumes to foUow, 
(See also French Authors, page 60.) 

Pylodet.— NEW GUIDE TO GERMAN CONVERSATION ; 
containing an Alphabetical list of nearly &00 Familiar Words; 
followed by Exercises ; Vocabulary of Words in frequent use ; 
Familiar Phrases and Dialogues ; a Sketch dif Germaii Liltferature, 
Idiomatic Expressions, &e* By L. PyIodbt. tSioOi ctoth limp. 

Whitney. — Works by W. D. Whitney, Professor of Sanskrit 
and Instructor in Modem Languages in Tide College. 

A COMPENDIOUS GERMAN GRAMMAR. Crown 8vo. 4J. 6/. 

A GERMAN READER IN PROSE AND VERSE. With Notes 
and Vocabulary. Crown 8vo. 51. 

Whitney and Edgren.— a C0l^t>ENbi0US GfeRMAN 
AND ENGLISH DICTIONARY, with Nbtfetion of tokest)6n- 
dences and Brief Etymologies. By Professor W. D, Whitney, 
assisted by A. H. Edgren. Crown 8vo. is, 6d, 
THE GERMAN-ENGLISH PART, separately, 5*. 

MODERN GREEk. 

Vincent and Dickson. — HANDBOOK TO MODERN 
GREEK. By Edgar Vincent and T. G. Dickson, M.A. 
Second Edition, revised and enlarged, with Appendix on the 
relatioh of Modeni aftd Classical Gfefck hf iW«dsor Jebb. 
Crown 8vo. 6f. 

ITALIAN. 

bante. — THE PURGATORY OF DANTE. Edited, with 
Translation and Notes, by A. J. Butler, M.A., late Fellow of 
Trinity College, Cambridge. Crown 8vo. I2r. 6d, 



DOMESTIC ECdttOMY. 

Barker.-FIRST LESSONS in the principles of 

COOKING. By Lady Bajucee. New Edition. iSmo. U. 
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Bcmers.— FIRST LESSONS ON HEALTH. By J. Bernbrs. 
New Edition. i8mo. is. 

Fawcett.— TALES in POLITICAL ECONOMY. By MiLLi- 
CENT Garrett Fawcett. Globe 8vo. y. 

Frederick.— HINTS TO HOUSEWIVES ON SEVERAL 
POINTS, PARTICULARLY ON THE PREPARATION OF 
ECONOMICAL AND TASTEFUL DISHES. By Mrs. 
Frederick. Crown 8vo. is. 

"This unpretending and useful little volume distinctly supplies a desideratum. 
.... The author steadily keeps in view the simple aim of 'making everjr-day 
meals at home, particularly the dinner, attractive/ without adding to Uie ordinary 
household expenses."— Saturday Rbvibw. 

Grand'homme.— cutting-out and dressmaking. 

From the French of Mdlle. E. Grand' homme. With Diagrams. 
i8mo. IS. 

Tcgetmeier.— H ousehold management and 

COOKERY. With an Appendix of Recipes used by the 
Teachers of the National School of Cookery. By W. B. 
Tegetmeier. Compiled at the request of the School Board for 
London. i8mo. is. 

Thornton.— FIRST LESSONS IN BOOK-KEEPING. By 
J. Thornton, New Edition. Crown 8vo. 2/. 6J. 
The object of this volume is to make the theory of Book-keeping^ sufficiently 
plain for even chiklren to understand it. 

Wright.— THE SCHOOL COOKERY-BOOK. Compiled and 
Edited by C. E. Guthrie Wright, Hon Sec. to the Edinburgh 
School of Cookery. i8mo. is. 



ART AND KINDRED SUBJECTS. 
Anderson. — linear perspective, and model 

DRAWING. A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers. By Laurence Anderson. With Illustrations. Royal 
8vo. 2s. 

Collier. — a primer of art. With Illustrations. By John 
Collier. i8mo. u. 

Delamotte.-.A beginner's drawing book. By 

p. H. Delamoti*e, F.S.A. Progressively arranged. New 
Edition improved. Crown 8vo. ys. 6d. 
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Ellis.— SKETCHING FROM NATURE. A Handbook for 
Students and Amateurs. By Tristram J. Ellis. With a 
Frontispiece and Ten Illustrations, by H. Stacy Marks, 
R.A., and Twenty-seven Sketches by the Author. Crown 8vo. 
2J. 6^. (Art at Home Series,) 

Hunt.— TALKS ABOUT ART. By William Hunt. With a 
Letter from J. E. Millais, R.A. Crown 8vo. 3^. 6d, 

Taylor. — a primer of pianoforte playing. By 

Franklin Taylor. Edited by Sir George Grove. i8mo. is, 

WORKS ON TEACHING. 

BlakistOn — the TEACHER. Hints on School Management. 

A Handbook for Managers, Teachers' Assistants, and PupU 

Teachers. By J. R. Blakiston, M.A. Crown 8vo. 2s, 6d. 

(Recommended by the London, Birmingham, and Leicester 

School Boards.) 
" Into a comparatively small book he has crowded a great deal of exceedingly 
useful and sound advice. It is a plain, common-sense book, full of hints to the 
teacher on the management of his school and his children."— School Board 
Chronicle. 

Calderwood — on teaching. By Professor Henry Calder- 
WOOD. New Edition. Extra fcap. 8vp, . 2s, 6d» 

Fearon.— SCHOOL inspection. By D. R. Fearon, M.A., 
Assistant Commissioner of Endowed Schools. New Edition. 
Crown 8vo. zr. 6d, 

Gladstone.— OBJECT teaching, a Lecture delivered at 
the Pupil-Teacher Centre, William Street Board School, Ham- 
mersmith. By J. H. Gladstone, Ph.D., F.R.S., Member of 
the London School Board. With an Appendix. Crown 
8vo. yl, 

" It is a short but interesting and instructiTe publication, and our younger 
tMchers will do well to read it carefully and thoroughly. There is much u these 
few pages which they can learn and profit by."— The School Guardian. 



DIVINITY. 

?4j* For other Works by these Authors, see Theolo<HCAI« 
Catalogue. 

Abbott (Rev. E. A.)— bible lessons. By tl^e Rev. 
E. A. Abbott, D.D., Head Master of the City of London 
School. New Edition. Crown 8vo. 4^. 6d. 
"Wise, SttggcstiTe, and really profound initiation into religious thought." 

•OUAXDIAM. 

/ 



Digitized by VjOOQiC 



66 MACMILLAN'S EDUCATIONAL CATALOGUE. 

Abbott— Rushbrooke.— THE COMMON TRADITION OF 
THE SYNOPTIC GOSPELS, in the Text of the Revised 
Version. By Edwin A. Abbott, D.D., formerly Fellow of St. 
John's College, Cambridge, and W. G. Rushbrooke, M.L., 
formerly Fellow of St. John's College, Cambridge. Crovm 8vo, 
3J. 6d, 

The Acts of the Apostles.— Greek Text. Edited with 
Introduction and Notes. By T. E. Page, M.A. Fcap. 8vo. 

[In preparation. 

Arnold. — A BIBLEREADING FOR SCHOOLS. —THE 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xl. — ^Ixvi.). Arranged and Edited for Yonng 
Learners. By Matthew Arnold, D.C.L., formerly Professor 
of Poetry in the University of Oxford, and Fellow of Oriel. 
New Edition. i8mo, cloth, is, 
ISAIAH XL.— LXVI. With the Shorter Prophecies allied to it. 
Arranged and Edited, with Notes, by Matthew Arnold. 
Crown 8vo. $s. 
ISAIAH OF JERUSALEM, IN THE AUTHORISED ENG- 
LISH VERSION. With Introduction, Corrections, and Notes. 
By Matthew Arnold. Crown 8vo. 4r. 6d, 

Benham.— A companion to the LECTIONARY. Being 
a Commentary on the Proper Lessons for Sundays and Holy Days. 
By Rev. W. Benham, B.D., Rector of S. Edmund with S. 
Nicholas Aeons, &c. New Edition. Crown 8vo. 41. 6d, 

Cassel.— MANUAL OF JEWISH HISTORY AND LITERA- 
TURE; preceded by a BRIEF SUMMARY OF BIBLE HIS- 
TORY. By Dr. D. Cassel. Translated by Mrs. HSNRY Lucas. 
Fcap. 8vo. 2J. 6d, 

Cheetham.— A church history of the first six 

CENTURIES. By the Ven. ArchdeacX)N CHfEBTHAM. 
Crown 8vo. [In i^^ press. 

Curteis.— MANUAL OF THE THIRTY-NINK ARTICLES 
By G. H. Curteis, M.A., Principal of the Lichfield Theo 
logical College. [In preparation 

Davies,— THE EPISTLES OF ST. PAUL TO THE EPHE- 
SIANS, THE COLOSSIANS, AND PHILEMON; with 
Introductions and Notes, and an Essay on the Traces of Foreign 
Elements in the Theology of these Epistles. By the Rev. J. 
Llewelyn Davies, M.A., Rector of Christ Church, St Mary- 
lebone; late Fellow of Trinity College, Cambridge. Second 
Edition, Demy 8vo. 7/. 6d, 



Digitized by VjOOQiC 



DIVINITY. 67 



Drummond.— THE study of theology, intro- 

DUCTION TO. By James Drummond, LL.D., Professor of 
Theology in Manchester New College, London. Crown 8vo. 

Gaskoin.— THE children's treasury of bible 

STORIES. By Mrs. Herman Gaskoin. Edited with Preface 
by Rev. G. F. Maclear, D.D. Part I.— OLD TESTAMENT 
HISTORY. i8mo. u. Part II.— NEW TESTAMENT. 
i8mo. IS. Part III.— THE APOSTLES : ST. JAMES THE 
GREAT, ST. PAUL, AND ST. JOHN THE DIVINE. 
i8mo. IS, 

Golden Treasury Psalter. — students' Edition. Being an 

Edition of "The Psalms Chronologically arranged, by Four 
Friends," with briefer Notes. i8mo. $s, 6d» 

Greek Testament. — Edited, with introduction and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Hort. Two 
Vols. Crown 8vo. lOf. 6d, each. 
Vol. I. The Text. 
Vol. II. Introduction and Appiendif . 

Greek Testament. — Edited bv Canon Westcott and Dr. 
Hort. School Edition of Text. Globe 8vo. [In the press. 

The Greek Testament and the English Version, 
a Companion to. By Philip Schaff, D.D., President 
of the American Committee of Revision. With Facsimile 
Illustrations of MSS., and Standard Editions of the New Testa- 
ment. Crown 8vo. 12s, 

Hard wick. — Works by Archdeacon Hardwick :— 
A HISTORY OF THE CHRISTIAN CHURCH. Middle 
Age. From Gregory the Great to the Excommunication of 
Luther. Edited by William Stubbs, M.A., Regius Professor 
of Modem History in the University of Oxford. With Four 
Maps. Fourth Edition. Crown 8vo. iCtf.^dT. ^^tt^txt/^ 

A HISTORY OF THE CHRISTIAN CHURCH DURING 
THE REFORMATION. Fourth Edition. Edited by Professor 
Stubbs. Crown 8vo. icw. 6d, 
Jennings and Lowe.— THE PSALMS, WITH INTRO 
DUCTIONS AND CRITICAL NOTES. By A. C. Jennings, 
B.A. ; assisted in parts by W. H. Lowe. In 2 vols. Crown 
Svo. loj. 6d. each. 
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Lightfoot. — ^Works by Right Rev. J. B. Lightfoot, D.D., 
Bishop of Durham :— • 

ST. PAUL'S EPISTLE TO THE GALATIANS. A Revised 
Text, with Introduction, Notes, and Dissertations. Seventh 
Edition, revised. 8vo. I2s. 

ST. PAUL'S EPISTLE TO THE PHILIPPIANS. A Revised 
Text, with Introduciion, Notes, and Dissertations. Seventh 
Edition, revised. 8vo. 12s, 

ST. CLEMENT OF ROME— THE TWO EPISTLES TO 
THE CORINTHIANS. A Revised Text, with Introduction and 
Notes. 8vo. &f. 6</. 

ST. PAUL'S EPISTLES TO THE COLOSSIANS AND TO 
PHILEMON. A Revised Text, with Introductions, Notes, 
and Dissertations. Seventh Edition, revised. 8vo. 12s, 

THE IGNATIAN EPISTLES. 8vo. [In the press. 

Maclear. — Works by the Rev. G. F. Maclear, D.D., Warden of 
St. Augustine's College, Canterbury, and late Head-Master of 
King's College School, London : — 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. New 
Edition, with Four Maps. iSmo. 45. 6d. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection of the Old and New Testaments. 
With Four Mapc. New Edition. l8mo. 5j. 6d, 

A SHILLING BOOK OF OLD TESTAMENT HISTORY, 

for National and Elementary Schools. With Map. i8mo, cloth. 

New Edition. 
A SHILLING BOOK OF NEW TESTAMENT HISTORY, 

for National and Elementary Schools. With Map. i8mo, doth. 

New Edition. 
These works have been carefully abridged from the author's 

large manuals. 

CLASS-BOOK OF THE CATECHISM OF THE CHURCH 
OF ENGLAND. New Edition. i8mo. is. 6d. 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. With Scriptuie Proofs, for Junior 
Classes and Schools. New Edition. i8mo. 6d, 

A MANUAL OF INSTRUCTION FOR CONFIRMATION 
AND FIRST COMMUNION. WITH PRAYERS AND 
DEVOTIONS. 32mo, cloth extra, red edges, aj. 
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Maurice.— THE lord's prayer, the creed, and 

THE COMMANDMENTS. A Manual for Parents and 
Schoolmasters. To which is added the Order of this Scriptures, 
By the Rev. F.Denison Maurice, M.A. iSmo, doth, limp. is. 

Procter.— A HISTORY of the book of common 

PRAYER, with a Rationale of its Offices. By Rev. F. Procter. 
M.A. Sixteenth Edition, revised and enlarged. Crown 8ya 
I or. 6d. 

Procter and Maclean— an elementary intro- 
duction TO THE BOOK OF COMMON PRAYER. Re- 
arranged and supplemented by an Explanation of the Morning 
and Evening Prayer and the Litany. By the Rev. F. Procter 
and the Rev. Dr. Maclear. New and Enlarged Edition, 
containing the Conmiunion Service and the Confirmation and 
Baptismal Offices. i8mo. 2s. 6d, 

The Psalms, with Introductions and Critical 
Notes. — By A. C. Jennings, B.A., Jesus College, Cambridge, 
Tyrwhitt Scholar, Crosse Scholar, Hebrew University, Prizeman, 
and Fry Scholar of St. John's College ; assisted in Parts by W. 
H. Lowe, M.A., Hebrew Lecturer and late Scholar of Christ's 
College, Cambridge, and Tyrwhitt Scholar. In 2 vols. Crown 
8vo. lOf 6d, each. 

Ramsay.— THE CATECHISER'S MANUAL ; or, the Church 
Catechism Illustrated and Explained, for the Use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Arthur Ramsay, 
M.A. New Edition. i8mo. is. 6d. 

Simpson.— AN EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By William Simpson, M.A. New 
Edition. Fcap. 8vo. 3J. 6d, 

St. John's Epistles. — ^The Greek Text with Notes and Essays 
by Brooke Foss Westcott, D.D., Regius Professor of Divinity 
and Fellow of King's College, Cambridge, Canon of Westminster, 
&c. 8vo. I2J. 6^. 

St. Paul's Epistles.— Greek Text, with Introduction and 
Notes. 
THE EPISTLE TO THE GALATIANS. Edited by the Right 
Rev. J. B. LiGHTFOOT, D.D., Bishop of Di»'-hair Seventh 
Edition. 8vo. 12s. 
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St. Paul's Epistles. ConHmud-^ 

THE EPISTLE TO THE PHILIPPIANS. By the same Editor. 
Seventh Edition. 8vo. I2j. 

THE EPISTLE TO THE COLOSSIANS AND TO PHI- 
LEMON, By the same Editor. Seventh Edition. 8vo. I2x. 

THE EPISTLE TO THE ROMANS. Edited by the Very Rev. 
C. J. Vaughan, D.D., Dean of Llandaflf, and Master of the 
Temple. Fifth Edition. Crown 8vo. 1$, 6d, 

THE EPISTLE TO THE THESSALONIANS, COMMENT- 
ARY ON THE GREEK TEXT. By John Eadie, D.D., LL.D. 
Edited by the Rev. W. Young, M.A., with Prefece hy Professor 
Cairns. 8vo. 12s. 

THE EPISTLES TO THE EPHESIANS, THE COLOSSIANS, 
AND PHILEMON; with Introductions and Notes, and an 
Essay on the Traces of Foreign Elements in the Theology of these 
Epistles. By the Rev. J. Llewelyn Davies, M.A., Rector of 
Christ Church, St. Maiylebone ; late Fellow of Trinity Collie, 
Cambridge. Second Edition, revised. Demy 8vo. 'js, 6d, 

The Epistle to the Hebrews, in Greek and English. 
With Critical and Explanatory Not^s. Edited by Rev. Frederic 
Rendall, M. a., formerly Fellow of Trinity Collie, Cambridge^ 
and Assistant-Master at Harrow School, Crown 8vo. 6*, 

Trench. — Works by R. C. Trench, D.D., Archbishop of Dublfau 

NOTES ON THE PARABLES OF OUR LORD. Fourteenth 
Edition, revised. 8vo. 12s. 

NOTES ON THE MIRACLES OF OUR LORD. Twelfth 
Edition, revised. 8vo. 12s, 

COMMENTARY ON THE EPISTLES TO THE SEVEN 
CHURCHES IN ASIA. Third Edition, revised. 8vo. %s.6d. 

LECTURES ON MEDIEVAL CHURCH HISTORY. Being 
the substance of Lectures delivered at Queen's College, London. 
Second Edition, revised. 8vo. 12s, 

SYNONYMS OF THE NEW TESTAMENT. Ninth Edition, 
revised. Svo. 12s. 
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WestCOtt. — Works by Brooke Foss Westcott, D.D., Canon of 
Westminster, Regius Professor of Divinity, and Fellow of King's 
College, Cambridge. 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. Fifth Edition. With Preface on 
** Supernatural Religion." Crown 8vo, los, 6d, 

INTRODUCTION TO THE STUDY OF THE FOUR 
GOSPELS. Fifth Edition. Crown 8vo. los. 6d. 

THE BIBLE IN THE CHURCH. A Popular Account of the 
Collection and Reception of the Holy Scriptures in the Christian 
Churches. New Edition. l8mo, cloth. 4/. 6d, 

THE EPISTLES OF ST. JOHN. The Greek Text, with Notes 
and Essays. 8vo. I2s. 6d» 

THE EPISTLE TO THE HEBREWS. Tlie Greek Text 
Revised, with Notes and Essays. 8vo. [In preparation, 

SOME THOUGHTS FROM THE ORDINAL. Cr. 8vo. is.6d. 

WestCOtt and Hort. — the new testament IN 

THE ORIGINAL GREEK. The Text Revised by B. F. 
Westcott, D.D., Regius Professor of Divinity, Canon of 
Westminster, and F. J. A. Hort, D.D., Hulsean Professor of 
Divinity ; Fellow of Emmanuel College, Cambridge : late Fellows 
of Trinity College, Cambridge. 2 vols. Crown 8vo. los, 6d, each. 

Vol. I. Text. 

Vol. II, Introduction and Appendix. 

Wilson.— THE BIBLE STUDENTS GUIDE to the more 
Correct Understanding of the English Translation of the Old 
Testament, by reference to the original Hebrew. By William 
Wilson, D.D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, carefully revised. 4to. 
doth. 2$s, 

Wright.— THE BIBLE WORD-BOOK : A Glossary of Archaic 
Words and Phrases in the Authorised Version of the Bible and the 
Book of Common Prayer. By W. Aldis Wright, M.A., Fellow 
and Burser of Trinity College, Cambridge. Second Edition, Revised 
and Enlarged. Crown 8vo. *js, 6d, 

Yonge (Charlotte M.).— SCRIPTURE readings FOR 
SCHOOLS AND FAMILIES. By Charlotte M. Yonge. 
Author of " The Heir of Reddyffe." In Five Vols. 
First Series, Genesis to Deuteronomy. Extra fcap. 8vo. 
I/. ^. With Comments, 3/. 6d, 
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Yonge (Charlotte M.). — {Continued)— 

Second Series. From Joshua to Solomon. Extra fcap. 

8vo. is. 6d» With Comments, p, 6d, 
Third Series. The Kings and the Prophets. Extra fcap. 

8vo. IS, 6d» With Comments, 3^. 6d, 
Fourth Series. The Gospel Times, is, 6d, With Comments. 

Extra fcap. 8vo, y, 6d, 

Fifth Series. Apostolic Times. Extra fcap. 8vo. u. 6d. 
With Conmients, 31. 6d, 

Zechariah — Lowe. — ^the HEBREW student's com- 
mentary ON ZECHARIAH, HEBREW AND LXX. 
With Excursus on Syllable-dividing, Metheg, Initial Dagesh, and 
SimanRapheh. By W. H. Lowe, M.A., Hebrew Lecturer at 
Christ's College, Cambridge. Demy 8vo. lOr. 6d, 



Digitized by VjOOQiC 



Digitized by VjOOQiC 



Digitized by VjOOQiC 



Digitized by VjOOQiC 



Digitized by VjOOQIC 



